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A COMPARISON OF THE RELATIVE UNIFORM
TOPOLOGY AND THE NORM TOPOLOGY

IN A NORMED RIESZ SPACE

L. C. MOORE, JR.

It is well-known that if a normed Riesz space (L, p) is
/o-complete, i.e., a Banach lattice, then the relative uniform
topology and the norm topology are the same. Under weaker
conditions the two topologies show some measure of agree-
ment. In particular if L has (i) the local ^-property (a pro-
perty weaker than both the ^-property and local complete-
ness) and (ii) the property that for every ideal A the norm
closure of A equals the set of limit points of relatively uni-
formly convergent sequences of elements of A, then every
sequence un 10 with p(un)^>0 is a relatively uniformly con-
vergent sequence. (This generalizes a theorem of Luxemburg
and Zaanen.) However conditions (i) and (ii) are not suf-
ficient to imply that the relative uniform topology and the
norm topology agree on order intervals. Examples are given
illustrating increasing degrees of agreement of the two
topologies.

Let L be a Riesz space, {xn: neN} be a sequence in L, x e L,

and veL+, then {xn} converges v-uniformly to x, written xn-*x

(ΐ -unif.), if there is a sequence {an) of real numbers such that a% \ 0

a,nd I xn — x | ^ anv for each n in N. A sequence {xn} of elements

of L is said to converge relatively uniformly to xeL, written

vn—*x (r.u.), if xn~+x (v-VLniΐ.) for some v in L + . If S is a subset

of L, define S'ru to be the set of x in L such that there exists a

sequence {xn}S=S with xn—>x (r.u.). A subset S of L is said to be

relatively uniformly closed if S ~ S'ru, and the relatively uniformly

closed sets are exactly the closed sets for a topology, the relative

uniform topology τru, on L. For an arbitrary subset S of L the

set Sτru is called the relative uniform closure of S and is denoted

by Sr\

The relative uniform topology and its relation to the order

structure on L have been investigated in some detail. (See [2].) We

note here that although Sξ^S'ruQSru for every set S in L, it is not

necessarily true that S'ru = Sru. Recall that L is said to have the

σ-property if every sequence of elements of L is contained in a

principal ideal, i.e., given any sequence {un} in L+, there is a sequence

{λj of positive numbers and an element ueL+ such that un <; Xnu

for each neN. In particular if L has a strong unit, it has the

(7-property.
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The following is a theorem of T. Chow [2]:

THEOREM 1. Let L be an Archimedean Riesz space. Then the
following conditions are equivalent:

( i ) L has the σ-property.
(ϋ) S'ru = Sru for every subset S of L.
(iii) S'ru = Sru for every convex subset of L.

Now let p be a Riesz norm on L. It is well-known that if
(L, p) is a Banach lattice then the norm topology τP and the relative
uniform topology coincide. Since τru is determined intrinsically by
the order structure of L, this shows that the norm topology is
intrinsic for a Banach lattice and that, in this case, L has the
σ-property. Even if L is not ^-complete, it is of interest to de-
termine the relation between the norm topology and the relative
uniform topology. Luxemburg and Zaanen presented a result of
this type at the 1973 Oberwolf ach Conference on Riesz Spaces. Their
theorem is:

THEOREM 2. If L has the σ-property and A'ru = A9 for each
ideal A in L, then un\P0 implies un—+0 (r.u.).

Here un\p0 means un\0 (in order) and p(un)—+0. The main
element in the proof is due to Luxemburg and appears as Lemma 1
in the present paper. In Theorem 2 the assumption that L has the
σ-property guarantees a certain "richness" of elements in L (in lieu
of L being norm complete). As we shall see the assumption that
L has the σ-property may be replaced by the assumption that L is
locally complete (i.e., every order interval is ^-complete). Indeed
we need assume only that (L, p) has the local ^-property, a property
defined below which is weaker than both the σ-property and local
completeness (Theorems 4 and 5).

DEFINITION 1. A normed Riesz space (L, p) is said to satisfy
the local σ-property if for every ueL+, for every 0 <; υk\ in L and
for every ε > 0, there exist w eL and real numbers βk > 0 for
k = 1, 2, such that 0 <̂  w S u, p(u — w) < ε and if 0 <; z ^ w and
zS&Vk for some JceN then z ^ aβku.

Roughly (I/, p) has the local σ-property if locally (within order
intervals) L almost has the σ-property.

We include here for reference the following definition from [1]:

DEFINITION 2. Let (L, p) be a normed Riesz space and let L be
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the /0-completion of L. An element u e L+ is called a lower element
if there is a sequence {un}QL+ such that un[Pu, and u is called an
upper element if there is a sequence {un}QL+ such that un\pu.

The author wishes to express his appreciation to W. A. J.
Luxemburg for many helpful conversations about the results and
examples in this paper.

Main results. We describe the main results here and give the
proofs and examples in the next section. Consider the following
conditions on a normed Riesz space (L, p):

(1) Ap — Aru for every ideal A in L.
(2) Ap = Atr% for every ideal A in L.
(3) un\p0 implies un—*"0 (r.u.).
( 4 ) Sp = S'ru for every solid set S in L.
( 5 ) τru = τ> on order intervals.
( 6 ) τrW = τ<° on principal ideals.
( 7 ) r r w = r^ on principal bands.
( 8 ) τru = z> on L.
( 9 ) L is jO-complete.

THEOREM 3. Using the notation above we have:
( i ) (9) - (8) - (7) => (6) - (5) <=> (4) - (3) => (2) - (1).

(ii) Except for (4) » (5), wo we o/ ίfee reverse implications hold.

THEOREM 4. If (L, p) has the local σ-property, then (2)=>(3),
i.e., if (L, p) has the property that Ap = A'ru for all ideals A in L,
then un\P0 implies un-+0 (r.u.).

THEOREM 5. If L has the σ-property or if in the p-com,pletion
of L every lower element is an upper element (in particular if (L, p)
is locally complete) then {L, p) has the local σ-property.

Proofs and examples*

Proof of Theorem 3. The only implications which are not trivial
are (4) ~ (5).

((5) => (4)). Assume (L, p) satisfies (5), i.e., τp = τru on order
intervals. We have to show that Sp = S'ru for every solid set S in
L. Let S be a solid set and let xeSp. Then we have a sequence
{xn} in S such that xn—>x{p). Since x+ —• x+(ρ) and x~—>x~(p) and
since |inf(a?ί, x+) - inf(α? ,̂ x~)\<L\xn\ and |inf(α?i, x+) - mί(x~, x~)\ ^
I a? I, we may assume \xn\ ^ \x\. Then by assumption there is a sub-
sequence of {xn} which converges relatively uniformly to x. Thus
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x € S'ru and S'ru 2 Sp. Since the reverse inclusion holds in any normed
Riesz space, we are done.

((4) =*(5)). Assume (L, p) satisfies (4), i.e., Sp - S'r for every
solid set S in L. In order to show that τp = τru on order intervals,
it is sufficient to show that if weL+, if {un} is a sequence in [0, w],
and if un^+u(p), then there is a subsequence {unjc} such that
unje —>u (r.u.).

Suppose there is a subsequence {un]c} such that u%k S v* for all k.
In this case we may assume unk Φ u for all k. Let S be the solid
set generated by {unje: k e N). Since ueSp there exists by assump-
tion a sequence {vj} in S so that Vj—>u (r.u.). Pick kj for each
j e N so that 0 ^ ^ <; %njfe.. Since wΛJb ^ u for any &, we may assume
that the sequence of integers {nkj} is strictly increasing. Then we
have that 0 <; u — unjt. ^ u — vό for all i, so wnjfe. *^u(r.u.). Similarly
if there is a subsequence {u%k} such that w^ ^ 'M, for all Λ, then
arguing as above (with w — u replacing u) we again conclude that
{un} has a subsequence converging relatively uniformly to u. Now
we may assume un^u and u ^un for all w. Again let S be the
solid set generated by {un: n e N}. Again ueSp so there exists a
sequence {vd} in S so that % —> u (r.u.). If for some w and infinitely
many j we have ^ ^ un then wΛ ^ u which is a contradiction. Thus
we may assume that we have a strictly increasing sequence {%} of
integers so that vό <; unj for each i . Now repeating the argument
with the sequence {w — unj}9 we find that we may assume that for
each j 6 N there exists zά such that 0 <* zd ^ w — unj and z.—+w — u
(r.u.). Then w — zά-^ unj for all j and w — ̂  ̂ —>u (r.u.). Thus

Iw - un.I = (% - un.)
+ + (u - wn y)~

^ (% — ^j )4" + (u — (w — zό))~

^\u — v5\ + \u — (w — zs)\

and so unj—>u (r.u.).

Part (ii) of Theorem 3 follows from Examples 1-7 below.

EXAMPLE 1. ((1) =*> (2)). In this example we have Ap = Aru for
every ideal A of L but we do not have Ap = A'™ for every ideal
A of L.

In the Riesz space of all sequences let K be the ideal generated
by the sequences zk where zk(j) — j k for each k = 1, 2, . Let
Kn = K for w = 1, 2, and let L be the ideal in ΐ[neN Kn consisting
of those x such that there exist m and r in N and λ e iϋ (all de-
pending on x) such that if n > m then | xn(j) \<*Xnr for all j e N.
Note that if xeL then for n sufficiently large #„(•)£<4>. We define
a norm p on L by defining
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Pn{%) = Σ \χ*ψ\ for xeL and neN.

For each xeL there exist m and r 6Nand λe i? such that if n > m
we have

pn{x) ^ λ nr Σ ~

Thus we may define p by

(i) We show next that every relatively uniformly closed ideal
is a band and hence norm closed. This implies (1) since the relative
uniform closure of an ideal is again an ideal. (Note that this shows
that the particular choice of Riesz norm p is unimportant.)

Let A be a relatively uniformly closed ideal in L. Let M~
{(n, j): xn(j) Φ 0 for some x e A}. We assert that A consists exactly
of those x e L such that xn(j) — 0 if (n, j) g M. It then follows that
A is a band. So assume xeL such that xn(j) — 0 if (n, j)$M. For
each meN define x{m) by

(0 if n > m .

For each m and p in N define x{m>p) by

(#*(i) iί n ^ m and j ^ p

(0 otherwise .

Since for each m and p in iV the set {(w, i ) : #Γ ) P )(i) ^ 0} is finite, it
follows that α?(w>ί)) 6 A. We assert that for each m we have that

x(m,P) j ^ XW(TM.) and that α;(w) —̂  x (r.u.). Thus cc 6 A since A is re-
latively uniformly closed.

Now iί meN we have

»r } ω - *ίr rtω = 1° if j ~ p or n > m

la?»0") otherwise .
There exist constants βneR and kneN for n^m such that

βnj
k^ all ieΛΓ. Define v e L by

i*%+1 for % ̂  m

0 for 9t > m .

Since a^m)(:0 — ^Γ>p)(i) = 0 for j ^p we have K m ) ( i ) — xT'p)U)\ ^
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(βjp)jkn+1 for all j and p. Hence \x{m) - x{m'p)\ g (β/p) v where
β = max(/3L, /32, , /SJ. Thus x{m>p) ->α ( m ) (t -unif.) and α;(w) e A for
all m.

Finally pick m0 and reN and λ 6 R + such that |α?Λ(i)\^Xnr for
w ̂  m0. Then xim) ~*x (w-unif.) where w e L is defined by wn(j) = wr+1

for all i .
(ii) To complete the example we exhibit an ideal I such that

Γru Φ Tru. Let I be the ideal of all xeL such that for some m and
p (depending on x) xn(j) — 0 iί n > m oτ j > p. By the argument
above we see that Tu = L. Now if w e ΐru then for w sufficiently
large, un(.) is the uniform limit of sequences with finite support, i.e.,
for n sufficiently large lim^ un(j) = 0. Thus the element e defined by
en(j) = 1 for all n and j is in Ίru = L but is not in ΐru.

EXAMPLE 2. ((2)«(3)). In this example we have A9 = A!ru for
all ideals A but there exists a sequence un\P 0 which does not converge
relatively uniformly.

Pick g 6 Li([0, 1]) such that g is continuous on (0, 1], g(x) > 0 for
all xe(0, 1], and limίC_0+ f(x) — oo. Let L be the Riesz subspace of
£i([0,1]) consisting of all / such that for some δ(f) e R+ and Ύ(f) e R
we have f(x) — y(f) g(x) for all 0 ^ x < δ(f). Define a Riesz norm p
on L by setting

( i ) We show that if A is an ideal in L then Anu = JΪΛ Suppose
0 <; A e A .̂ We may assume there exists a sequence {/J £ A+ such
that fn ί Λ and ρ(h-fn) -> 0. If Ύ(λ) = 0, then there exists δ = δ(Λ) > 0
such that fe(a ) = 0 for x e [0, δ). Then since Li([δ, 1]) is norm com-
plete, there exists w e LiflΌ, 1]) such that w(x) = 0 for x 6 [0, δ) and
fn~+h (w-unif.).

Assume Ύ(h) > 0. Then there exists meN such that τ(/w) > 0.
For some δ > 0

Now we can replace hby h — inf(fe, (7(h)/7(fm))fm) and argue as above,
(ii) Next we exhibit a sequence {fn} in L such that fn[P0 but

Z . ^ O (r.%.). Let f0 = g. Define fn by induction so that

(a) fn is continuous on (0, 1],
(b) O^Λ^Λ.,,
(c) fJXIk) = l/kfo(l/k) k = l,2,.-.,n,

(d) fn{x) = l/(n + l)flr(aj), a? e (0, l/(n + 1)],

(e) II/JL^ l/ίn
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Then p(fn) ^ l/(n + 1) + l/(n + 1) for all n, henee fn\P 0.
Now if h e L+ and Ύ(h) > 0 there exists δ > 0 such that for all

x 6 (0, δ] we have h(x) = Ύ(h)g(x). If k e N is sufficiently large that
1/k < δ, then k Ύ(h)fn(l/k) = h(l/k) for all n^k. Thus Λ 7* 0 (Λ-unif.)
and it follows that fn -/> 0 (r.u.).

(iii) We show that L does not have the local σ-property. This
follows immediately from Theorem 4. However we give here a
direct argument. Let u — g and define functions vk in L for k — 1, 2
so that

(a) i;* is continuous on [0, 1] ~ {1, 1/2, , 1/&}.
(b) l l ^ l l ^ l for all fc,
(c) lim^1/y ^(a?)= 00 for i = 1, 2, •••,&,
(d) vk(x) = 0 if 0 ^ a? ̂  l/(& + 1),
(e) v f c + 1 ^^.

Assume 0 ̂  w g r̂ can be found with p(g — w)<l/2 and {/Sfc: k — 1, 2, •}
can be found so that if 0 Sf^w and f^avk for some & e N then
f^aβkg. Now 7(w) > 1/2. Pick <5 > 0 so that if a?6(0, d] then
w(x) = δ(w)g(x) and pick k so that ϊ/k < δ. Now for every meN
there is an open interval 0m about 1/k so that if x 6 0m then ΐ>fc(cc)̂ m #(&).
Now construct fe to be continuous with support in 0m such that
h(l/k) = w(l/k) and 0 ^ /z, ̂  w. Then A ̂  1/m vk implies h ^ (βk)/m g
and so 7(w) ^ βjm for all meN. It follows that 7(w) = 0 which
is a contradiction. Thus (L, |tf) does not have the local ^-property.

EXAMPLE 3. ((3) =̂> (5)). In this example un\p 0 implies un —> 0 (r.^.)
but τ> ̂  τrM on every order interval. Let L be the Riesz space of
all real-valued continuous functions / on [1, oo) such that there exists
a = a(f) with f(x) = f(ϊ)/x for x ^ a. Let p be the maximum
norm. Note that the function u(x) = 1/x is a strong unit in this
space.

( i ) We show that (L, p) has property (3), i.e., if un\p0 then
un-+Q(r.u.). So assume wΛ|^0 and let ε > 0. Pick nι so that
p(un) < ε. Then ^%1(1) < ε and by definition there exists a ;> 1 such
that if x^a then w%1(α;) < e/a?. Hence \ί n^nx then ww(a?) < ε/x for
x ^ α. Now pick n2 ^ Wj. such that iί n^n2 then jθ(ΐO < ε/α. Then
un2(x) ^ ε/α ^ ε/x for a? 6 [1, a]. Thus for w ^ n2 we have ttΛ ^ ε/x
and so %n —• 0 (1/x — unif.).

(ii) We show that (L, p) does not have property (5). (Recall
(4) <=> (5).) Define un e L such that un(n) = l/n, un{x) = 0 if
x ί [̂  - 1, n + 1], and 0 <: wn ^ I/a? for all x and w = 1, 2, . Then
un~+0(ρ) but no subsequence converges to 0 relatively uniformly.
Thus τp Φ τru on order intervals in L.

EXAMPLE 4. ((5) =^> (6)). In this example τru = τp on order intervals
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but not on principal ideals. For each n e N let vn be the sequence
defined by vjjt) — kn for n = 1, 2, . In the Riesz space of all
sequences let L be the ideal generated by {vn: n e N}. We define a
Riesz norm p on L by setting

( i ) In order to show that the norm and relative uniform topo-
logies agree on order intervals it is sufficient to show that if
{un} Q [0, vm] for some m and p(uJ —• 0 then un —> 0 (r.w.). But
P(un) —> 0 implies lim^ wΛ(ft) = 0 for each keN. Since vm(ft) =
I/ft vw+1(ft), it follows easily that wM —> 0 (vm+ί — unif.).

(ii) We give a principal ideal Ao in L for which the norm and
relative uniform topologies do not agree. Let u be the constant
sequence u(k) = 1 for all ft and let Ao be the principal ideal generated
by u. Note that we have shown in (i) that (L, p) has property
(A, ΐ), i.e., %Λ I 0 implies p(un) —• 0. Now for each m inf (w w, vm)]nvmf

so {inf(^ u, vTO): n = 1, 2, •} is a p-Cauchy sequence for each m.
Let ft and m be given. Pick pm so that if n7>pm then

/)(inf (ti u, vm) — inf (pmu, vn)) ^ l/(2m+k). Now since vw ί Ao there exists
r eiV such that vm(r) > 2 p w . Pick qm > pOT such that [mί(qmu, vm) —
inί(pmu, vm)](r) > (vJr))/2. Let zk

m = inf(gmw, vm) - inf(^mu, vm) for
all ft and m. Note zk

m e Ao, zk

m S (l/2)vm and ρ(z*M) S l/(2m+k) for all ft
and m. Let wh — z\ + z\Λ Vzk

kf so iθ(^) ^ l/(2fc). Hence w&—>0(io)
and wk e Ao for each ft. But if for some subsequence wkj —> 0 (r.w.)
then ^ f c i —> 0 (vTO-unif.) for some m. However if ^ > m then

and we have a contradiction. Thus τp Φ τru on Ao.

EXAMPLE 5. ((6) =*> (7)). In this example L has a weak unit,
τp — τru on every principal ideal, but τp Φ τru on L.

Let L be the ideal in J[n /^ of all x such that
(a) p(x) — sup% ||a?n|| < oo (where || || is the supremum norm

in /oo) and

(b) except for finitely many n (depending on x) %%ecQ. Note
that if ueL is defined by un(k) = I/ft for all k, neN then u is a
weak unit in L.

( i ) We show that the norm topology equals the relative uniform
topology on principal ideals in L. Suppose {x{r)} is a sequence in a
principal ideal. Then there exists m such that if n i> m we have
x{n] 6c0 for all r . Passing to a subsequence if necessary we may as-
sume Σ?=i p(rx{r)) < oo. Define v e I L ^ by vn(r) = Σ?=i r | %ίr) \. Since
c0 is uniformly closed in /^ we have that wn e c0 for all n^m and
so w e L . Clearly |α;(r) | ^ (l/r)w, so α;(r)—>0 (r.^.). Thus τ^ = τru on
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every principal ideal
(ii) We give a sequence which is norm convergent to 0 but

such that no subsequence converges relatively uniformly to 0. Thus
τru Φ τp on L.

Define x{r) e L f or r = 1, 2, by

, w v fl/r if n < r

(0 if n > rn > r .

Then p(x{r)) = 1/r —> 0, but clearly no subsequence converges relative-
ly uniformly.

EXAMPLE 6. ((7) **> (8)). Let L be the Riesz space of sequences
with finite support and let ρ{x)~ ΣϊU I s(fc) l It i s obvious that τp=τr%

on principal bands and that τp Φ τru.

EXAMPLE 7. ((8) =*> (9)). Let (L, p) be any Riesz space with a
strong unit such that L is not complete with respect to the corre-
sponding uniform norm.

This completes the proof of Theorem 3. Before giving the proof
of Theorem 4, we give a lemma of Luxemburg.

LEMMA 1. If (L, p) is a normed Riesz space such that Ap = A'ru

for all ideals A in L and unlP0 then there exists vk\ in L such that
( i ) nx^vl9

(ii) for every m and k in N there exists n = n(m, k) such that
un <̂  (1/m)^! + (l/k)vm.

Proof. Let m e N be fixed and let A be the ideal generated by
{((1/m)̂ ! — un)

+: n = 1, 2, •}. Then ux € Ap, hence there exists a
sequence {wk} in A such that 0 <; wfc ^ ux for all r and wk\u (r.u.).
Indeed we may assume that for some vm 6 L+ we have ux — wk <; (l/k)vm

for & = 1, 2, . Now also let r be fixed. Then since ((l/m)^—un)
+

is increasing in n, we have that wfc belongs to the principal ideal
generated by ((1/m)^ — un)

+ for some n = ^(m, &). Now wr is dis-
joint from (un — (l/m)^!)"^ for this n. Thus for n = n(m, k) since
(un — (l/m)u!)+ ^ ^» ^ ^i = ^A + (Wi — ̂ fc) we have un — (l/πήu^
(un — (l/m)u1)

+ 1kuλ~ wk<L (l/k)vm and wΛ ^ (l/m)^ + (l/k)vm. Finally
we note that we may assume vk\.

Theorem 2 now follows easily from this lemma. Assume (L, p)
has the σ-property and for every ideal A we have A9 — Afru. If
un\pQ in L, we want to show un—>0(r.u.). So let un\p0 and let
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vk\ be selected as in Lemma 1. By the σ-property there exist w eL+

and positive scalars a0, alf such that u ^ aQw and vm 5g amw for
m — 1, 2, . Now given β > 0 pick m so that (ajm) < e/2 and
then pick k so that αm/fc < e/2. If n ^ w(m, &) we have 0 ^ MW ^

+ (l/k)vm ^ (e/2)w + (e/2)w =-^εw. Thus wΛ ~* 0 (w-unif.).

Proo/ o/ Theorem 4. Assume (L, <o) is a normed Riesz space
with the local σ-property and such that for every ideal A in L we
have Ap = A'ru. Let uJ^O. We want to show un —• 0 (r.ie.).

Let Vjfct be selected as in Lemma 1. Now by the local σ-property
there exist wλeL and scalars {/Ji: fc = 1, 2, •} such that 0 <; i^ 5̂  ^^
^ ( ^ — w,) < 1/2 and if 0 <>z<avk then s ^ aβlut. Again there
exist w2eL and scalars {/8*: fc = 1, 2, •} so that 0 g w2 < wt - wL,
(̂̂ ίL — wι — w2) < 1/4 and if 0 ^ z ^w2 and 0 <̂  g ^ αvA then

z ^ ccβlWi ^ aβlu^ Continue this selection process by induction to
obtain {w{: i = 1, 2, •} QL+ and {/Ŝ : i, k - 1, 2, •} S i?+ such that
uγ = Σϊ^i w< (^-convergence) and if 0 ^ g ^ wt and g ^ α: vk then g ^ αiSJ ĵ.
f or i = 1, 2, .

Now let A be the ideal generated by {wt:i = 1, 2, •••}. Since
^ e l ^ there exists a sequence {?/r} in A so that # r —>u1(ζf-unif.) for
some q eL+. We may assume uι — yr^ (l/r)q for r = 1, 2, . For
each r we have yr e A so there exist a positive scalar Mr and preN
such that # r ^ Λf̂ WiH-w2H hwP f). Let 7 r = max(/S;: ί = l, 2, , ί?r)
and pick kreN so that (pr7r)/kr < 1/r. By Lemma 1 there exists n
satisfying un ^ (l!r)ui + (1/A;r)'?;r. By the Riesz Decomposition Pro-
perty we may write un = an + bn where 0 ^ an g (1/r)^! and
0 ^ &„ ^(l/kr)vr. Again b^u^u, so &„ ^ (w1-i/r) + Λfrw1 + + ΛfrwPr.
Hence 6W = b°n + 6̂ H + 6 ^ where b°n ̂ n ι - yr<> (l/r)q and 61 ̂  M ^ ^

for i = 1, 2, - . . , p r . Now (l/ΛΓr)&* ^ w, and (1/Λfr)δ* ^ (l/(Jlfrfcr)K
imply that (1/Afr)6ί ^ (/3*)/(MAK ^ (7r)/(ΛfrfcrK for ΐ = 1, 2, , p r .
Thus b{ ^ (Ύjkjv,! for i = 1, 2, , p r . Hence ^ w ^ (1/rX + (l/r)g +
(prΎr)/kr^i ^ (l/r)(2^ + g). It follows that un-+0(r.u.).

Note that the local σ-property is not enough to conclude (3) => (5).
Example 3 shows this since the Riesz space in that example has a
strong unit.

Proof of Theorem 5. ( i ) We first show that the σ-property
implies the local σ-property. Assume (L, p) is a normed Riesz space
such that L has the σ-property and let u e L+, vk\ and s > 0 be given.
We have to show there exist w eL and a scalar βk > 0 for each k
such that 0 ^ w <; u, p(u — w) < ε, and if 0 <^ z ί^w and if 2 ^ α ^
for some keN then z <; α£fcw. By the σ-property we have that
there exist v e L+ and scalars δk > 0 for each k so that δkvk ^ v. Now
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pick a small positive scalar λ so that if w = (u — Xv)+ then ρ(u — w)<ε.
Then if 0 <^ z ^ w and z ^ av it follows that z ^ (a/X)u. So if
0 ^ 3 <; w and z ^ αvfc, we have z ^ α/δfcv and hence z tί a/(δkx)u.
Thus we can let βk = l/(3kX) f or ft = 1, 2, .

(ii) Assume now that in the ^-completion of L every lower
element is an upper element. Again let u, vk\ and ε > 0 be given.
As above we have to show there exist w eL and scalars {βk: ft eN}
with the appropriate properties.

We first note that \imλ_+Q+p(u — (u — Xvλ)
+) — 0. Pick a positive

integer m1 such that ρ(u — (u — l/m^)"1") < ε/4. Now set u0 = u and
^ = (μ — 1/m^!)4". Then if 0 ^ « ^ ux and 2 <; α^, we have z ^ m^au.
Now proceeding by induction, we obtain a positive decreasing sequence
{un} in L and a sequence of positive integers {mn} so that p(un — ttΛ_i) <
ε/(2w+1) and if 0 ^ 2 ^ avw and zt=kun then 2 <; m^α^^.i <; mnau. Now
{t6̂ } is a decreasing p-Cauchy sequence, so by assumption there
exists an increasing ^o-Cauchy sequence {yn} such that p(un — 3/J—*0.
Since p(u — un) < ε/2 for all n, there exists n0 such that ^(u — yno) < ε
and ^ 0 ^ wΛ for all w. Then we may set w = yΛ0 and /8* = mk for
ft = 1, 2,

We include here examples to show that for a normed Riesz
space (L, p), the σ-property and the property that every lower
element in the /^-completion is also an upper element are inde-
pendent.

EXAMPLE 8. Let L be the Riesz space of continuous functions
on [0,1] and let p be the LΓnorm. Then L has the σ-property since
it has a strong unit but (L, p) does not have the property that every
lower element in the ^-completion is also an upper element.

EXAMPLE 9. This is the same as Example 4. Here (L, p) is
locally complete but it does not have the σ-property, since the parti-
cular sequence {vn} is not contained in a principal ideal.

REMARKS. 1. Note that if L has a strong unit u then if τp = τru

on order intervals we have τ9 = τru on L, i.e., (5) ==> (8). To see this
let ρu be the uniform norm on L generated by u, i.e., pu(x) =
inf{λ: I a? I <̂  λu}. Now suppose {fn} is a sequence such that p(fn)~*Q
but pu(fn) y> 0. Indeed we may assume pu(fn) ^ n for each n. Then
[l/ρu(fu)]fn —> ()(/?) and the sequence [1/Pu(fn)]fn is order-bounded, so
there exists a subsequence which converges uniformly to 0, a con-
tradiction. Thus every /9-convergent sequence is order-bounded and
the result follows.

2. If L has the σ-property then τp = τru on principal ideals
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implies τp = τru on L, i.e., (7) => (9), since every sequence is contained
in a principal ideal.
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