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THREE DIMENSIONAL HOMOGENEOUS ALGEBRAS

J. A. MACDOUGALL AND L. G. SWEET

An algebra A is homogeneous if its automorphism group
acts transitively on the set of one dimensional subspaces of
A. In this paper the structure of all three dimensional
homogeneous algebra is determined. These fall into three
classes: (1) truncated quaternion algebras over formally
real Pythagorean fields; (2) an algebra over GF(2) in which
x2 = x for all x in A, and (3) two algebras over GF(2)
which are generated by each of their nonzero elements.
The automorphism group is determined in each case.

All algebras considered are assumed to be finite dimentional but
not necessarily associative. If A is an algebra we denote its group
of algebra automorphisms by Aut (A). An algebra A is said to be
homogeneous if Aut (A) acts transitively on the set of one dimen-
sional subspaces of A. The reader is referred to a paper by one
of the authors [3] for a discussion of arbitrary homogeneous algebras
and a bibliography of the related literature. The purpose of this
paper is to determine the structure of all three dimensional homo-
geneous algebras.

Throughout this paper we assume that A is a nonzero three
dimensional homogeneous algebra. Such algebras can be divided into
four types in the following way. Let a be any nonzero element of
a and let (a) denote the algebra generated by a. Then the four
types are as follows:

Type 1. a2 = 0
Type 2. a2 = Xa, X a nonzero scalar
Type 3. dim <α> = 2
Type 4. dim (a) = 3.

We now investigate each type separately.

Type 1. a2 = 0.
Since a2 = 0 the homogeneity condition implies that x2 = 0 for

all x 6 A and this implies that A is anti-commutative. Clearly A is
not a quasi division algebra and so it follows from the results of
Shult [1] and Gross [2] that the underlying field K must be infinite.

Let a be any nonzero element of A. Suppose we can find a
nonzero be A, b ΦXa such that
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If λ2 = 0 then t r La = 0 (see [3]) implies that La is nilpotent. But
then the homogeneity condition implies that Lx and Rx are nilpotent
for all x and so A is a special nil algebra. Since K is infinite we
may use Theorem 2 of [4] to conclude that A2 = 0. If λ2 Φ 0 then
extend {a, ab} to a basis for A. It is now easy to contradict the
fact that La and Lab must be protectively similar. Hence ab never
depends on a and b when a and 6 are independent.

Now choose a basis a, δ, αδ for A. Then

- α , - A 0

-a, -β2 0

0 0 0.

If necessary we can choose a new δ to force aγ — 0 and then
tr Lα& = 0 implies that β2 = 0. So we assume we have a basis α, δ
and ab such that
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If α = 0 then the fact that La and Lb are projectively similar
forces β — 0 and then Lαδ = 0 which is impossible. Hence aΦQ and
similarly β Φ 0.

We now show that A is a homogeneous algebra under the
following conditions:

( i ) — a is a nonzero square in K.
(ii) β is a nonzero square in K.
(iii) ίΓ has the property that the sum of nonzero squares is

always a nonzero square (such a field is called a formally real
Pythagorean field).

Let σ 6 Aut (A). By considering σ(xy) — σ(x)σ(y) as x and y run
through the basis ab, a, b it is easy to show that

σ = -a/βCtl i

. 1/0 CM - l / α .

where C^ is the cofactor of the ij entry. Conversely any invertible
matrix of this form represents an automorphism of A. I t remains
to be shown under what conditions Aut (A) actually acts transitively
on the one dimensional subspaces of A. By considering compositions
of automorphisms it is easy to see that A is homogeneous if and
only if there exists a σ e Aut (A) such that σ(a) = Ύ(\a + λ2& + λ3α&)
for any nonzero triple (\, λ2, λ3). If such an automorphism exists
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then σLa = ΎLha+χ2b+Xsabσ and this implies t h a t

-a == 72(~α:λ? + βxl - βctλξ) .

Since a Φ 0 this equation forces conditions (1), (2), and (3). On the
other hand suppose conditions (1), (2), and (3) are true. We wish to
construct an automorphism σ of the form

σ =

"7λx

7 λ 2

.7λ3

X,

Xs

χδ

X2

X4 =

Cn -β/aCa βCa

C22 -aC23

l/aCsl - l / α C B C*.

This gives us a homogeneous linear system of the form Bx = 0 where
x = (xίf x2, xs, xt, Xt, xt) and

B =

0 β\a 7λ3

/37λ3 0

1 0

0 1

0 -Ύ/aX,

-7λ, 0

0

0

0

1

1 0 0 β/aΎX, 0 -

0 1

0 7λ3

0

0 Ύ/a λ2

L 7λ2 0 - 7 λ x 0 0

and also another system of quadratic equations

yy^ =. 9L(χ x x x )

1

β

If λi = λ2 = 0 then it can be checked that xx = 0, x2 = -~/S7λ3,
xs = 1, x4 = 0, xδ = 0, x6 = 0 is a solution of both systems if we take
7 = l/i/wΓλg. Suppose λi and λ2 are not both zero. Let d =

Then it can be checked that—αλί +

a?, = , > «Ί j 9 «^3 — j J ^4 —

a a
= 0, x6 = d is a solution of both systems if we take

7 =
-αλ? +

Hence A is homogeneous.
So if A is a three dimensional homogeneous algebra of Type 1

we can choose a basis α, 6, ab so that the multiplication table
becomes
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a

b
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a

0

—ab
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b

ab

0

-βa

ab

ab

βa

0

where
( i ) — a is a nonzero square in K.
(ii) & is a nonzero square in K.
(iii) K is a formally real Pythagorean field.
These algebras are related to the so-called quaternion algebras.

Let K be any field and V be a 4-dimensional vector space over K
with basis 1, x1} x2, xz. Now define a multiplication on V by using
the following table where a, β are any nonzero scalars

1

xι

Xz

Xz

1

1

X2

Xz

X,

X,

al

-Xz

-ax2

xz

χ2

Xz

βl

αθ?2

-aβl

Then V is called a quaternion algebra with parameters a and β.
We can now define a 3-dimensional algebra over K by deleting the
top row, the left-most column and replacing the main diagonal of
the above table with zeros. The resulting algebra is called the
truncated algebra of pure quaternions.

We have shown that if A is a 3-dimensional homogeneous algebra
of Type 1 over a field K then A is a truncated quaternion algebra
with parameters a, —β where — a and β are nonzero squares and
K is formally real Pythagorean field. I t is interesting to note that
all such algebras over a given field are actually isomorphic. In
particular consider A19 the usual vector cross product with basis
ίf j , k where ij = —jί~ h, ik — —ki = — j , jk = —kj = ί, i2 = f =
k2 = 0. Suppose A2 is a homogeneous algebra with ab = —ba = c,
ac = — ca = ab, be = — cb = βa, a2 = δ2 = c2 = 0 where — α and β are
squares. Define a linear map σ: A2 —• Alf by extending ίr(α) =
—V—cci, σ(b) = Λ/~βj and σ(c) = —V—aβk. Then it is easily checked
that σ is an algebra isomorphism. So we have shown that a 3-
dimensional homogeneous algebra of Type 1 is isomorphic to the
usual vector cross product algebra over a formally real Pythagorean
field K.

Type 2. a2 = Xa, λ a nonzero scalar.
In this case the homogeneity condition implies that x2 = Xx for
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all x 6 A where λ is a nonzero scalar which may depend on x. Clearly
A must be power associative. It was shown in [3] that K must be
GF(2). But Gross showed [1] that the only nonzero homogeneous
algebras over GF(2) are always commutative, quasi division algebras.

Choose a, b e A with b Φ a. Then ab Φ a and ab Φ 6. Also since
tr La = 0 but det La = 1 it follows that ab Φ a + 6. Hence a, 6, ab
form a basis for A. With respect to this basis we have

1

0

0

0

0

1 1

L
b
 =

0

0

1

0

1

0

A
A
1

L
ah
 =

1

A
A
1

Since det La = det L6 = 1 we must have a2 = /3t = 1. If necessary
replace 6 by a + 6 to force aL = 1. Since det Lα6 = 1 we must have
/32 = 0. Also det (La + Lαδ) = 1 forces 72 = 0 and finally det (Lb +
Lab) = 1 forces 7X = 0.

Hence A is of the form

a

b

ab a -

a

a

ab

\-bΛ

b

ab

b

- ab a + ab

ab

a + b + ab

a + ab

ab

It is easily checked that A is a homogeneous algebra. In fact Aut (A)
is the group generated by

"0

1

.0

1

1

0

0"

1

1

and

"0

1

0

0

1

1

r
1

1.

Type 3. dim (a) = 2.
In this case (a) is a 2-dimensional subalgebra for each nonzero

a in A. Fix α e i ~ ( 0 ) and choose be A — (a). Then <α> and <δ>
are two distinct 2-dimensional subalgebras of the 3-dimensional sub-
algebra A and so (a) Π <&> is a 1-dimensional subalgebra <c>, con-
tradicting the first line of this paragraph. Hence there are no three
dimensional homogeneous algebras of Type 3.

Type 4. dim <α> = 3.
In this case we have {a} = A. We first assume that A is com-

mutative. The either a, a2, aa2 or a, a2, a2a2 must form a basis.
We consider the two cases separately.

(a) Suppose α, a2, aa2 do not form a basis. Then aa2 = 7tα + 72α
2

and α, α2, α2α2 does form a basis. The homogeneity condition now
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implies that for any XeK

(a + λα2)(α + Xa2)2 = Ύ[(a + λα2) + %{a + λα2)2 for some 7ί, 7j e K .

Simplifying and comparing coefficients with respect to the basis
a, a2, a2a2 we get the following system

7ί 7ί(2λ7x) = Ύ,

+ 2λ72) = 72

= λ

λ(27172)

λ(271 +

λ 2 ( - 7 2 + 272)

272)

27t72) + λ3/92

Now solving the first two equations for 72 and comparing to the
third equation gives us

λ + λ2(272) + λ8(-471) + λ4(-47172 - az) + τB(4τ? - + αϋ - λ6/3x = 0

for all λ e K .

This implies that the field is finite and so we know that K = GF(2)
and A is a commutative quasi division algebra. Now with respect
to the basis a, a2, α2α2

0
1

0

1
1

0

a;

a2

1.

1

1

0

0

0

1

β;

β*

1 .

La2a2 =

a,

1 1 a, + βu

Now the fact that La and La2 are similar implies that β2 = 1.
Also det Lα2 = det (Lβ + Lα2) = det (Lα2 + Lα2α2) = 1 implies that βι = 0,
α2 = 0 and ίi = 1 respectively. Finally ξ2 = aγ = 0 because Lα2α2 and
Lα + ί/α2α2 are similar to Lα. It follows that A has a basis a, α2, α2α2

with the following multiplication table:

a

a?

a2a2

a

a?

a + a2

a2a2

a +

a? +

>

α2

I2

a2a2

a2

a

a2a?

a2a2

+ a2a2

+ αV

It is easily checked that A is indeed a homogeneous algebra. In fact
Aut (A) is a cyclic group of order seven generated by

σ =

•o

1

.0

0

0

1

Γ

0

1_

(b) Suppose a, a2, aa? do form a basis. If K is finite then
K = GF(2) and A must be a quasi division algebra. In fact it follows
from the papers of Gross [1] and Shult [2] that the characteristic
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polynomial of La must be xz + 1. Then with respect to our basis
a, a2, αα2 we have

•o

1

.0

0

0

1

r
0

0.

Ό

0

1

A ΎΓ

A %
A %.

o τ 2

LO /9 2 72

Now the equations det (Ίjja+LJ)=det (/92Lα + Laaz)=det Lα2=det Lαα2=
det(Lα2+Lαα2) = l imply that A = l + ^ = ( A = % ) = Cβi=fi) = (A+fi) = l
respectively. Since A is a homogeneous quasi division algebra
generated by each of its elements we know that each automorphism
(except the identity) is fixed point free. Consider the automorphism
σ for which σ(a) = a2. It is easily checked that this automorphism
has an eigenvalue if βz — 0. So we must have β3 — 1 and & = 0.
It follows that A has a basis a, a2, aa2 with the multiplication table:

a

a2

αα-2

a

a2

aa2

a

a +
a

a2

aa2

a2 + aa2

+ aa2

a

a2

aa2

a

+ αα2

+ aa2

It is easily checked that this is a homogeneous algebra. In fact
Aut(ii) is a cyclic group of order 7 generated by

"0

1

0

1

1

1

0

1

1_
σ =

Now assume that K is infinite. Then with respect to the basis
a, a2, aa2 we have

ry £
'I SI

Ύ £
' 2 ?2

0 -β2 -a,-'

Suppose a, = 0. Then det (λ!.Lβ + λ2Lα2 + λ3Lαα2) = 0 for all X19 λ2, λ3 e iΓ.
But

0

1

.0

0

0

1

a;

α 2

0

0
0

.1

A
A
A -A.

AA + A«2)
λ1λ2λ3(2α27 ι Af>)

det

- A%) = 0 .

Since K is infinite this implies that all the coefficients must be zero.
It follows that ΎL = ξt = A(A + αs) = A% = 0. If A = 0 the equa-
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tion xy = a has no solution which is impossible in a nonzero homo-
geneous algebra. Hence βγ Φ 0 and β2 = — a:2. If α^ = 0, then rank
La = 2 but rank (Lαα2 — tf2LJ < 2 which is impossible. We conclude
that aγ Φ 0 and so A must be a quasi division algebra. Since (a) — A
we know that no automorphism of A (except the identity) can have
and eigenvalue.

Now consider the automorphism σ for which σ(a) = μ(a + Xa2)
where X is arbitrary and μ may depend on λ. Then it can be checked
that

σ =

Suppose char K Φ 2. If /33 ̂  0 then letting λ = —2/A, gives tf an
eigenvalue which is impossible. Hence we must have βz = 0. But
then consider the automorphism τ for which τ(α) = va2. It is easily
checked that τ has an eigenvalue. Hence it follows that char K = 2.

We now consider σ(α2α2) = σ(a2)σ(a2). This gives us a system of
3 equations which can be solved to get

'μ μ2x2β,

μX μ\l + X2β2)

0 μ2(2λ+λ2/32) μ3(l + Xβz - λ2/9

xβz + x\β

+ X\β\
2 + βsa, + β3Ύ2) + λ6(/S2 + β*ξ2 + Aftα, + β2βzΊ2)

+ A t o + A/3372)]

or f=μg where / and g are polynomials λ. Squaring we have
p z=z μ2g2. But since σ(a) = jw(α + λα2) we have a2 = jM2fe where fe =
^ 2 + (̂/5i + Mi + Ύ2 + βza2) + X\rί1 + βl + β3Ύ2) and so comparing we
have

cc2g
2 = f 2 h

and so

a2{l + λ8* + λ12* + λ14*) = (1 + X2βs + λ8* + λ10* + λ12*)

x (at + X(β, + a, + Ύ2 + βza2) + λ ^ + β\

Since the field is infinite and X is arbitrary all the coefficients of X
must be zero. Considering the coefficients of λ, λ4, and λ2 in that
order we conclude that

β1 + a, + τ 2 + βza2 = 0

% + β\ + 0 A = 0

a2 = 0 .
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Now a2 = 0 and since A is a quasi division algebra we may without
loss of generality assume that La has an eigenvalue of 1. That is,
we may assume that a1 — l. But again since σ(a) — μ(a + λα2) we
conclude that

1 - μ\l

or

1 = flfc .

From above we have P = μV and so comparing we have

/% - 03 .

That is

(1 + λ/33 + λ2/93

2 + λ3/S3

3 + + λ18*)(l + λ(7x + ft) + \\ββ2 + A ^ + ft)

+ λs(/S172 + ftTj) = 1 + λ4* + + λ21* .

As before all the coefficients of λ must be zero. Considering the
coefficients of λ and λ2 we find that

7i = A(A + 1) = 0 .

Now if β2 = 0 an above equation implies that /S372 = 0 . If β3 = 0
then σ has an eigenvalue which in impossible. If 72 = 0 then
det La2 = 0 which is impossible. Hence we must have β2 Φ 0 and
A = 1. But then βί + 1 + 72 = 0 implies that 72 = 0 which again is
impossible. Hence no such algebra exists over an infinite field.

We have determined all commutative homogeneous algebras of
dimension 3 and Type 4. Now let A be any 3-dimensional homogene-
ous algebra of Type 4. Pass from A to A+. Then A+ is a commu-
tative homogeneous algebra. Suppose A+ Φ 0. A+ cannot be Type 1
since there are no nonzero commutative homogeneous algebras of
Type 1. If A+ is of Type 2 we know that K = GF(2). A+ cannot
be of Type 3 since there are no nonzero homogeneous algebras of
Type 3. If A+ is of Type 4 we have just shown that K = GF(2).
So either A+ is a zero algebra or K — GF(2). If A+ is a zero algebra
then A is anti-commutative. But then we have 2α2 = 0 and since
a2 Φ 0 this implies that char K — 2. But then A is commutative
and so again we have shown above that K — GF(2). Hence the only
nonzero homogeneous algebras of Type 4 exist ς>ver K = GF(2). In
such cases we know that A is a commutative quasi division algebra
and so we have found all nonzero 3-dimensional homogeneous algebras
of Type 4. That is, if A is a nonzero 3-dimensional homogeneous
algebra of Type 4 then either A has a basis α, α2, αV such that
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2
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or A has a basis a, a2, act,2 such that

a

a
2

a
2
a
2

a

a
2

aa?

a

a
2

aa
2

a + a
2
 +

a + aa

aa
2

2
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2

a

a +

a
2
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2
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2
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