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DEFINABILITY IN THE LATTICE
OF RING VARIETIES

AW AD A. ISKANDER

A variety of associative rings B immediately covers its
subvariety A if every member of B outside A generates B.
The variety {2x = 0, xy = 0} is the unique equationally com-
plete variety with precisely two immediate covers in the
lattice of all associative ring varieties. The variety of all
Boolean rings is first order definable in the lattice of all
associative ring varieties. So are the varieties defined by
{2x = 0, xy — yx = 0} and {xy = 0}.

The set of all varieties of associative rings (not necessarily with
1) is a complete lattice under class inclusion. The variety of all
Boolean rings is a member of this lattice. In contrast to the several
equivalent axiomatizations of the theory of Boolean rings that can
be found in the literature, there does not seem to exist any descrip-
tion of the Bloolean variety as a member of the lattice of all ring
varieties. In this paper, a lattice theoretic notation is defined: b
immediately covers a if x ^ a is equivalent to x < δ. This notion
is applied to show that the varieties defined by {2x = 0, xy - 0},
{xy = 0}, {2x = 0, xy — yx = 0} and the variety of Boolean rings are
all first order definable members in the lattice of all associative ring
varieties.

In [5], Ralph McKenzie says that the variety of Boolean algebras
is a definable member in the lattice of all varieties of universal
algebras with two binary and one unary operation. The methods
of [5] do not yield our results. In the present paper, the variety
of Boolean rings with 1 is not defined as a member of the lattice
of all varieties of associative rings with 1, neither is the variety
of Boolean rings as a member of all varieties of commutative rings.

1* It is clear that b immediately covers a if and only if a < b
and a is the join of all elements of L strictly below 6. Equivalent-
ly: b is an immediate cover of a if and only if b is completely join
irreducible and a is the join of all elements of L that are strictly
less than 6. Thus, an element may have more than one immediate
cover—the atoms of L are the immediate covers of the least ele-
ment 0 of L. On the other hand, an element can immediately cover
no more than one element.

Let A be a subset of L. A is called first order definable in L
if there is a first order sentence F(x) in one free variable x9 relative
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to the lattice operations A and V of L, such that A is the set of
all elements a of L for which F{a) holds. An element a of L is
called first order definable in L if the singleton {a} is first order
definable in L.

Thus 0 is a first order definable element in L. The same is
true for the largest element of L. A set that is first order defina-
ble relative to first order definable sets is itself first order definable.
The predicate "x is an immediate cover of y" can be expressed as
a first order formula in two variables relative to meet and join.
The atoms are the immediate covers of 0 and hence the set of all
atoms is first order definable in L. The join of a definable set is a
definable element in L.

2* In this paper of importance are varieties of associative rings.
In order to fix the notations, some of the basic definitions and results
are recalled here. An account of the theory can be found in [1, 2,
6].

By the word "variety" will be meant a variety (equational class)
of associative rings, that is the class of all associative rings, not
necessarily with 1, satisfying a given set of polynomial identities
{Pafait '"> %na) = 0: a 6 /}. If %, i e M is a family of varieties, then
their meet Λ{%: ieM} is the variety of all A such that A e % for
all ieM. V{%: iel) is the smallest variety containing all the Sί̂ .
If 31, S3 are varieties, Sΐ Λ S3 denotes their meet and Sί V 33 denotes
their join. If A is an associative ring, var A will denote the variety
generated by A. Every variety *JΓ has free members of rank
1, 2, 3, . The free member of rank n in T is denoted by Fn(T).
The varieties form a complete lattice L with respect to A and V.
The least member of this lattice is the variety defined by {x = 0}.
The atoms of L are the equationally complete varieties [4, 7] and
they are given by P(p, 1) and Q(p) for all primes p, where P(p, n)
is the variety defined by {px — 0, x — xpn = 0}, Q(p) is the variety
defined by {px = 0, xy = 0}. Every variety contains an equationally
complete variety.

The variety of all commutative rings is a first order definable
member in the lattice of ring varieties. It is definable as the join
of all immediate covers of 0.

The following observation is useful.

LEMMA 1. The variety S3 immediately covers the variety 9ί if
and only if SI < S3 and every member of S3 that does not belong to
Sί generates S3.

This is clear since if K < S3, K cannot contain any member of
S3 outside % and so K ^ 9ί.
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3* Now the immediate covers of some varieties will be
determined*

THEOREM 2. A variety ^f is an immediate cover of P(p, 1) if
and only if ^ — P(p, r), where r is a prime.

Members (Φϋ) of P(p, r) are subdirect sums of subfields of the
Galois field of pr elements. If r is prime, the only subfields are Zp,
which generates P(p, 1), and the Galois field of pr elements, which
generates P(pf r). Thus, if r is prime, P(pf r) is an immediate cover
of P(pf 1).

If ^ immediately covers P(p, 1), it cannot contain any of the
Q(Q) (by Lemma 1). Hence by a result of the author [3], <%f =
V{P(pif r<): 1 ̂  i ^ k}. But ^ is join-irreducible, and so % = P(plf r j ,
say. Also, P(p, 1)< ^ = P(px, rt) implies that p = pt. Unless rx is
prime, rx has a nontrivial divisor m and P(p, 1) < P(p, m) <

COROLLARY 3. The variety P(p) defined by {px = 0, xy — yx — 0}
is the join of all immediate covers of P(p, 1). P(p) is first order
definable in L relative to P(p, 1).

Every P(pf 1) has an infinite number of immediate covers P(p, r)
with r prime. The ring xZp[x] generates P{p). xZp[x] is a sub-
direct sum of Galois fields of pr elements for infinitely many primes
r.

4* In contrast to the varieties P(p, 1), none of the varieties
Q(p) has more than three immediate covers.

THEOREM 4. The immediate covers of Q(2) are the varieties
defined by:

( i ) {Ax = 0, xy = 0}, or

( i i ) {2x == 0, x2 = 0, #2/2 = 0}.

The immediate covers of Q(p), p ^ 2 are the varieties defined
by:

(1) {p2x - 0, xy - 0},
(2) {pec = 0, xy - ?/ίc = 0, xyz = 0}, or
( 3) {pa = 0, x2 = 0, #2/2 = 0}.
Before proving Theorem 4, some of its applications will be

shown.
It is immediate from Theorem 2.4 that
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COROLLARY 5. The variety defined by {2x = 0, xy = 0} is a first
order definable member in the lattice of all varieties of associative
rings.

It can be defined as the unique atom with precisely two im-
mediate covers.

COROLLARY 6. The variety defined by {xy — 0} is a first order
definable member in the lattice of all varieties of associative rings.

It can be defined as the join of all atoms that have precisely
three distinct immediate covers.

COROLLARY 7. The variety P(2) defined by {2x = 0, xy — yx = 0}
is a first order definable member in the lattice of all varieties of
associative rings.

It can be defined as the variety that:
(1) contains Q(2),
(2) is the join of all immediate covers of an atom with more

than three immediate covers.

COROLLARY 8. The variety of all associative rings defined by
{2x — 0} is a first order definable member in the lattice of all associa-
tive ring varieties. It can be defined as the largest variety that
meets the variety of all commutative rings in P(2).

The following corollary will conclude the applications of
Theorem 4.

COROLLARY 9. The variety of all Boolean rings {x — x2 — 0} is
a first order definable member in the lattice of all varieties of as-
sociative rings.

It can be defined as the atom with more than three immediate
covers contained in P(2).

5* Proof of Theorem 4* First, all immediate covers of Q(p)
satisfy the identity p2x = 0.

Let T* be an immediate cover of Q(p). Consider FtfΓ) = A the
free member of T* of rank 1. A is generated by one element, say
a. If the additive subgroup of A generated by a is infinite, then
the ideal of A generated by a2 is strictly contained in A (a e (a2) ==>
ma = 0 for some m > 0), and hence A/(a2) has nontrivial homomor-
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phic images satisfying {qx — 0, xy = 0} for all primes q. That is, Y
contains all Q(q) which contradicts the assumption that Y immediate-
ly covers Q(p). So ma — 0 for some positive integer m, and 0 <
s < m implies sa Φ 0. If q is a prime divisor of m, then qA =
{qx: xeA} is an ideal of A; moreover if q < m, then qA Φ A, and
0 Φ B = A\qAe Y. But JB satisfies ## = 0. Unless q = p, BiQ(p)
and hence (by Lemma 1) J5 generates 3*7 which is impossible since
Q(p) < 3*7 Hence p is the only prime divisor of m, i.e., pax — 0 is
an identity in 3*7 If α ^ 2 , i.e., pa ^ O in 3*7 A\p2Ae Y,
var (A|p2A) ^ 3*7 and as Q(p) < var(A|p2A), var (A|p2A) = 3*7 i.e.,
p2x = 0 is an identity in 3*7

Also x3 = 0 is an identity in 3*7 Let C = A/pA, where A =
^ ( 3 0 . C satisfies px = 0 and Ce 3*7 C = tZp(t)\g(t)Zp[t\, where
g(t) is a polynomial, with no absolute term, with coefficients from
Zp. g(t) = tr + Vg^t), where g^t) e tZp[t]. As C Φ 0, #(£) ̂  t and
r ^ 1. Assume that g,(x) Φ 0. Then the ideal I = (t + ^ ( ί ) ) ^ ^ ^
contains the ideal g{t)Zp[t\. tZp[t]/I is a homomorphic image of C
Otherwise, since tZp[t]/I Φ 0, I = tZp[t], and hence

0(t) = Γ-^έ + tgί(t))Zp(t) = ί'-1! - rZ,[ί] ,

we would have Zp as a homomorphic image of tZp[t]/I and hence
Zpe Yl i.e., 3^ contains P(p, 1) which is impossible. Hence C satisfies
xr = 0. Hence, in A, yr 6pA for all i / e i , and thus y2r — (yrf — (pz2) —
p2z2 = 0, i.e., y2r = 0, r > 0, is an identity in JFΊ(3H and hence also
in 3^ If x2 = 0 is not an identity in 3*7 then A/(α3) satisfies #2/2 = 0,
xy Φ 0 and hence generates the variety Y] i.e., 3 r satisfies xs = 0.

One now distinguishes between the cases where px = 0 is an
identity in 3*7 and where px — 0 is not an identity in ψl

( a) p2# = 0, px Φ 0.
In this case 0 Φ F1(Y)lpF1(Y) does not generate T, and hence

var(F1(3r)/pF1(3^)) = Q(p) Thus, the identity a ̂ /^O is a consequence
of the identities in Y* and px = 0; xy = v(x, y) + pg(x, y), where
v(x, y) = 0 is an identity in 3*7 By putting one of the variables
x, y at a time equal to 0, we can assume that both v and # are
the sums of monomials involving both x and y. Thus every monomial
in v and g has ## or ## as a factor. Now

p#?/ = pv(x, y) + p2g(xf y).

As p2x = 0 is an identity in 3*7 we get that p#2/ — 0 is an identity
in 3*7 and so pgix, y) — 0 is satisfied in 3*7 Hence ## = v +
P#(#> 2/) = 0 is an identity in 3*7 Thus, if Y satisfies p2x = 0 but
not px = 0, then 3*̂* satisfies #7/ = 0. It is easy to check that the
variety defined by {p2x = 0, xy — 0} is an immediate cover of Q(p).
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(b) ψ* satisfies px = 0. We have shown that T* satisfies also
xz = 0; we have two cases:

(bj x2 = 0 is not an identity in ψl
Hence Ft(T) = xZp[x]/xzZp[x] e Q(p). Hence (by Lemma 1) T =
var F^T), i.e., Y* is the variety defined by {px = 0, xy — yx — 0,
#2/2 = 0}. This variety immediately covers Q(p) if and only if
p Φ2.

Indeed any polynomial in one variable is equivalent (relative to
T) to a polynomial of the type:

ax + βx2.

If a Φ 0, such a polynomial identity is equivalent to x = —7#2 im-
plying a? = 7V = 0. If a = 0 and β Φ 0 it is equivalent to x2 = 0,
implying cc?/ + yx = 0. As p Φ 2, this implies ## = 0 (relative to T%).

Any polynomial in two variables is equivalent (relative to 3O
to a polynomial of the type

Λ%) + g(y) + o:xy

where / and g are polynomials in one variable. Thus any variety
satisfying the identities of JΓ and a polynomial of this type will
satisfy f(x) = 0 = g{y) and α#?/ = 0. If this polynomial is nontrivial,
one can derive x — 0 or xy — 0 from it (relative to Y1). The same
is true for polynomial identities in more than two variables

(b2) x2 = 0 is an identity in T

FX{T) - xZp[x]/x2Zp[x] . Q(p) = var (Ftfr)) .

Since 3Γ satisfies x2 = 0, it satisfies also xy + yx — 0. The ele-
ments of F2{7r) can be written in the form

ax + βy + Ίxy + dyx

because any monomial of degree >2 involves (because xy = — y»)
cc2 or y2 and hence is 0.

In F2{jΓ) the product of any three elements is zero but xy Φ 0
in FIT). Thus F2(5H ί Q(p) and again by Lemma 1 var (F2(T)) = T,
i.e., T satisfies also xyz = 0. 3^ = {p# = 0, x2 = 0, #2/2 = 0} im-
mediately covers Q(p) for all p, including p = 2.

As #2 = 0 in ψ\ the nontrivial polynomials in one variable would
lead to x = 0 (in 3O Nontrivial polynomials of two variables will
lead in T to Ίxy + %#. An identity Ίxy + dyx = 0 is equivalent
(relative to T) to one of the identities xy = 0, xy — yx — 0, #2/ +
y$ = 0. The third one is trivial, the second is equivalent to the
first if p Φ 2, and to the third if p = 2. The first implies that the
new variety is contained in Q(p).
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In case p — 2, the variety {2x = 0, xy — yx = 0, xyz — 0} strictly
contains the variety {2x = 0, x2 — 0, xyz — 0}, and cannot immediately
cover Q(2).

In conclusion it should be noticed that considering only commuta-
tive rings Theorem 4 would not distinguish between Q(2) and Q(p),
p Φ 2. Thus the results of this paper cannot be immediately applied
to the lattice of varieties of commutative rings.

The author is grateful to the referees for a number of com-
ments.
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