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COMPLETE REDUCIBILITY OF ADMISSIBLE
REPRESENTATIONS OVER

FUNCTION FIELDS

STEPHEN J. HARIS

In his investigations of the "natural domain of validity"
for all Siegel Formulae over number fields, Igusa was lead
to a certain class of representations, which however, make
sense over any field, not just number fields. Calling these
representations absolutely admissible, Igusa analyzed their
arithmetic nature in "Geometry of absolutely admissible re-
presentations" [4], to find the ring of invariants, the
stabilizers of various points etc. The objective of [2] and
of this paper is to show that for function fields, the abso-
lutely admissible representations arise from the same
arithmetic questions concerning the Siegel Formula, as was
the case for number fields. In [2] we obtained a list of the
composition factors of the representations that arise in this
manner. In the present paper we show that these re-
presentations are in fact completely reducible, whence for
the characteristic of the function field sufficiently large (a
bound given explicitly for each group) the arithmetic of
invariants discussed in [4] hold for function fields, exactly
as for number fields.

The method of proof is cohomological, using the struc-
ture theory of semi-simple groups to find a sufficient condi-
tion, which will guarantee that the extensions split. A case
by case examination shows that this condition is satisfied in
every case save for SL2 and Eβ9 where further arguments
are needed.

The author wishes to thank John Sullivan for helpful
conversations concerning the cohomology.

1* A sufficient condit ion for extensions to split* Let G be a

linear algebraic group defined over a field k and fix a universal
domain Ω Z) k. Let V, W be two rational G-modules that are
finite dimensional vector spaces over Ω and set W* = Ή.omΩ (W, Ω).
By the theory of derived functors we can identify Ext^ (V, W)
with H(G, V®ΩW*), since the category of G-modules has enough
injectives [3]. In particular Ext^ (V, W) ̂  H\G, V ®Ω W*), whence
the extension of W by V splits if H\G, V®ΩW*) = 0.

PROPOSITION 1. Let G be a semi-simple algebraic group, V a
rational G-module, which is a finite dimensional vector space over
Ω. Fix a maximal torus T of G and a Borel subgroup Bz) T,
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which will serve to order the roots of G. If no weight of G in V
is of the form ±a a, where a ̂  1, integer, a a simple root of G,
then H\G, V) = 0.

Proof. Let Pa be the one parameter subgroup associated with
the root a, i.e., the image of the morphism xa:Ga—>G, where
txjjfiv1 = Xai^z). Here t e T, a is a root of G (with respect to T),
zeΩ and t" = a(t). Then G is generated by T, Pa, P_α for a e Δ,
the simple roots for the ordering determined by B. Let f:G-+V
be a 1-cocycle. Since the cohomology groups of tori are trivial, we
can modify / by a suitable coboundary to have fit) = 0, for all teT.
Now V = Σ* Vs, where Vs = {ve V\t.v = ί'v, all ί e T). So, writing
f(%a(z)) = Σ S ϊβ(«)f where « —> iβ(s) is a regular function Ga —• F s, since
it is given by a polynomial function, we have f(xa(z)) = Σi^o,s ^i.^
with Z,f< e F s . But /(id) = 0, so in fact f{xa{z)) = Σ^i,. «*«.,*.

Now, using the cocycle relation f(gg') = fig) + g-f{g') and the
conjugation relation txa{z)t~ι = a?β(t

α«) we see upon comparing the
coefficients of zί that if Zβt< Φ 0, then ίαi = t% so if the weights of
G in F are not of the form ±ia, i ^ 1 α e J we must have / = 0,
whence iP(G, V) = 0.

COROLLARY. J/ V, W are G-modules, then the extension of W
by V splits if the weights ofV® FF* are not of the form ±ia for
some i ^ 1, aed.

Further, every G-module all of whose composition factors have
the same highest weight λ, is completely reducible, for G semi-simple.
This is a consequence of the fact that for an irreducible representa-
tion there is a unique Borel stable line, the multiplicity of λ is one
and every other weight is of the form s = λ — Σaejma(s)a, with
mjβ) ^ 0 an integer [1]. We shall give a proof of this known result
because of its importance in our work and for lack of a convenient
reference.

LEMMA (Humphreys). G a semi-simple group, V a rational G-
module all of whose composition factors have the same highest
weight. Then V is completely reducible.

Proof. For y e Vs, xa(z)-y = y+ vectors of weights s + ia
(ΐ > 0). This can be seen exactly as in Proposition 1; hence if λ is
the highest weight that occurs in V, every ve Vλ gives rise to a
Borel stable line, since vectors of weight λ + ia{i > 0, a > 0) cannot
occur. Also span (G. v) = span ([7". v) for such ve Vx, so this has a
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unique line of weight λ, whence span (G. v) is an irreducible G-
module, since any G-submodule must have a Borel stable line, while
the only highest weights in V are λ, thus such a line must contain
v, by the uniqueness just remarked. Let W be the G-submodule of
V generated by the vectors of weight λ. Then W = <G. Vj) + +
<G. vr) is completely reducible. If W φ V, then V = W + V/W as
T-module, the highest weight that can occur in V/W is less than λ,
contrary to V having only λ as highest weight of the composition
factors.

The irreducible representations of G are characterized by their
highest weight and for a given λ, the irreducible G-module (in
characteristic P) having highest weight λ is a quotient of the cor-
responding module (in characteristic 0). Thus, to obtain complete
reducibility, it suffices to show that for the modules in characteristic
0 the weights are not of the form ±αα. By the above lemma, we
need only consider the composition factors corresponding to different
weights.

2* Complete reducibility of admissible representations. From
[2] and the previous remarks, we need to investigate the following
representations.

Type An. ft + ft, ft + ft, ft + pn_ίf ft + ft, ρn^ + pn, pPaΛl +

PbΛn. By the outer automorphism of the Dynkin diagram we have
p. = pn_i+1 where p denotes the contragredient representation.

Case Pi + pn. ft (x) ft = ft 0 ft. The simple roots are λx — λ2,
\ — ̂ 39 •> \» — λιΛ+1, while the weights of λx are X19 λ2, , λΛ,
λn+1 = (λi + + λ j , whence the weights ft 0 ft, being λ* + λ, are
never of the form ±α(λ* — λ m ) if n ^ 2.

For n = 1, a = 2\ and the weights of ft(x)ft are ±2λx, 0, so
a further argument is needed. But for /: SL2-> F(x) F a 1-cocycle,
modified so that f\τ = 0, we have t.f(xa(z)) = f(xa(taz)), so if V —
(vlf v2), f(xa(z)) = ^(zM (x) ̂  + ^(z)^ ®v2 + k(z)v2 (g) Vi + ί4(̂ )̂ 2 0 tf2.
Then the above relation implies that f{xa{z)) = az(v1 0 vx), f(x-a(z)) =
bz(v2 0 v2) for constants α, 6.

The cocycle relation applied to the element xa(z) X-a(z') when
zz' + 1 Φ 0, now implies that a = b = 0, whence H\SLnf ft 0 ft) = 0
for all w.

Case jOj, + ft. The analysis is similar to the above, since the
weights of ft are known to be λ< + λ, (i Φ j), ft = jθΛ_lβ
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Case pp*Aί+pbAn* PpaΛl <g> ppiA% has weights pa+b (weights of ft (x) ft),
whence for n Φ 1, we have complete reducibility. But by [2], w = 1
cannot occur, hence this case by case examination shows that every
one of the representations known to be admissible for SLn is com-
pletely reducible. As we know this listing is exhaustive for p >
S/2n(n + 1).

Type Bn. For G = Spin2%+1, we must show ft + pn is completely
reducible, for n = 2, 3, 4. The point now is to obtain the weights
of pn, the spin representation. By Chevalley's theorem [6, p. 14],
if W is the Weyl group acting on E, with F a subset of E, then
WFf the subgroup of W which keeps F point wise fixed is generated
by the reflections Wa. which keeps F pointwise fixed.

LEMMA. The weights of ρn are {l/2(±λ1 ± λ2 ± ± λj}

Proof. In characteristic zero, ρn is a representation of degree
2W. For Λn the highest weight of pn, W the Weyl group, W. An,
the orbit of Λn has [W: WAJ elements. By Chevalley's theorem,
we have W/!naW(An_1), the Weyl group of type An-X whence

\W. Λn\ ^ \W: W(An-i)\ = 2nnl/nl = 2n ,

so that W acts transitively on the weights of pn. In particular pn

is of degree 2n in characteristic p with the weights {W. Λn) =
{l/2(±λ1 ± ± λj}. Note that pn is self contragredient.

For Bn, the simple roots are {λj. — λ2, , λw_1 — λΛ, Xj with the
weights of ft being ±λ,. Thus ±λ< + l/2(λx ± ± λ j is never of
the form ±aa, aeJ, whence JEί1(Spinail+1, ft (g) pj = 0. Therefore
all the representations of a group of type Bn listed in [2] are com-
pletely reducible.

Type Cn. Now G = Sp2w and we must show ft + ft to be com-
pletely reducible where ft is the standard realization of G on MZnΛ

and ft is the representation on M2n>1 Λ Λf2n>1. Thus the weights of
ft are ±λ,, for λ2 they are ±Xi9 λ, , 0. But the simple roots are
{λi — λ i+1l 5g i <n, 2Xn) so we . see that ft + p2 is completely
reducible.

Dn Now G = Spin2% and we must show that the following
are completely reducible.
n =4: ft + ρz + ft, ft + ft, ft + ft, ft + ft
n = 5: ft + ft, ft + ft, ft + ρδ

n = 6: ft + ft, ft + ft in general and if characteristic of k — 2, for
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n = 5: p2Al + ft, ρ2Aι + ft. Exactly as was the case for type Bn, we
see that the Weyl group operates transitively on the weights of
Pn-u Pn (resp.) and as W(Dn) = Sn (Z/2Z)*"1 with λ,-* ±λ, with an
even number of negative signs, so that the weights are, for pn-γ\
{l/2(±λ1 ± λ2 ± ± λj(even number of negative signs}, for pn:
{l/2(±λ1 ± λ2 ± ± λj |odd number of negative signs}.

Therefore ft ® pn-19 pi (x) ρn do not have weights of the form
±aa, a e {Xt — λ<+1 1 ^ i < n, K-ι + λ»h whence ft + pn-ίf ft + ρn

are completely reducible for all n. Also by the above, for n — 4,
ft (x) Λ has weights l/2(±λx ± λ2 ± λ3 ± λ4) + l/2(±λ! ± λ2 ± λ3 ± λ4)
where in first parenthesis have an even, in second parenthesis an
odd number of negative signs, thus again p3 + ft is completely
reducible. Finally, pί + ρ3 + p4 is completely reducible, since if V
is the module for plf V the module for ρz + ft, then V — V' and
the weights of V (x) V are the weights of ft ® ft, ft (x) ft, whence
by above, never of the form ±αα, aeA.

For w = 5 the weights of ft are ±λ* ± λ5 (i ^ j) so it is self
contragredient, whence ft + ft seen to be completely reducible.

If the characteristic is two, n = 5, ft^ has weights 2 {weights
of ft}, so weights of ρ2Aι + ft (resp. p2Aχ + ft) are ±2λ* +
l/2(±λx ± ••• ± λ5) odd (resp. even) number of negative signs, so
once again it is completely reducible.

Type EQ. Here our notation differs from that of Bourbaki, with
the labelling of the Dynkin diagram being

1 2 3 4 5
0 0 0 0 0 .

0
6

We need to investigate ft + ft.
The method used to find the weights of the spin and half spin

representations cannot be used now, since there is no convenient
description of the Weyl group for E6. However, we can apply
Springer's criterion [5], which involves only the highest weights
Λ19 Λ5. We find 3(Λ5 + ft Λδ + ft) = 135 where 2ρ = sum of the posi-
tive roots, hence for p Φ 2 ft + ft is completely reducible.

Thus we have shown, by the above case by case examination
that every representation listed in [2] is completely reducible, which
if the characteristic is sufficiently large, shows all absolutely admis-
sible representations to be completely reducible.
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