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HOMOTOPY CONDITIONS WHICH DETECT SIMPLE
HOMOTOPY EQUIVALENCES

T. A. CHAPMAN

Let X, Y, and K be compact polyhedra, let p: YXK—Y
be the projection map, and let f: X—Y X K be a homotopy
equivalence which has a homotopy inverse g: YXK—X
along with homotopies fg~id, gf~id such that p(fg~id)
and pf(gf = id) are small homotopies. In this paper we prove
that if =, of each component of K is free abelian, then f
must be a simple homotopy equivalence.

1. Introduction. All spaces in this paper will be locally com-
pact, separable and metric, and a proper map is a map for which
preimages of compacta are compact. The following is the main
technical definition of this paper. If @ is an open cover of Y, then
a proper map f: X — Y is said to be an a-equivalence provided that
there is a map g¢g: Y — X, an a-homotopy of fog: Y — Y to the
identity, and an f‘(a)-homotopy of gof: X — X to the identity.
Here f%a) ={f(U)|Uea}, and a B-homotopy is a homotopy for
which the track of each point lies in some element of B (see § 2).

In [14] Ferry used Q-manifolds to prove the following result:

If Y is a polyhedron, then there is anm open cover & of Y so

that for any polyhedron X and a-equivalence f: X — Y, f must be
a simple homotopy equivalence.
(For the definition of a simple homotopy equivalence (s.h.e.) for
compact polyhedra we refer the reader to [24], and for noncompact
polyhedra we refer to [19], where the designation infinite s.h.e. is
used.) The above result represents the most general homotopy
conditions that the author knows of which detect s.h.e.’s. It easily
implies half of the Classification Theorem from @-manifold theory
[7, p. 88], which gives a homeomorphism condition which detects
s.h.e.’s (see Theorem 2 below). On the other hand it follows from
[16] that any cell-like map of polyhedra must be an a-equivalence,
for every «. Therefore the above result implies that every cell-like
map of polyhedra is a s.h.e., thus recapturing the main result of
[5].

The purpose of this paper is to generalize the above result,
while at the same time giving a proof which does not rely upon
@-manifold theory. In what follows K will be a compact polyhedron
for which each Whitehead group Wh(K x T*) vanishes, where T*
is the n-torus (T° = {point}). This includes, for example, all poly-
hedra K for which 7, of each component of K is free abelian or
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(more generally) poly Z [13]. Here is our main result.

THEOREM 1. For any wpolyhedron Y with projection map p:
Y X K— Y, there exists an open cover « of Y so that if X is a
polyhedron and f: X - Y x K is a p ' (®)-equivalence, then f is a
s.h.e. Moreover, a depends only on Y.

It is clear that we cannot completely remove the x, restriction
on K, for if Y is a point we can choose compact polyhedra X and
homotopy equivalences f: X — K which are not s.h.e.’s [11, p. 98].
Note that Theorem 1 implies that any homeomorphism between
polyhedra is a s.h.e., thus giving another proof of the topological
invariance of simple homotopy type for polyhedra [4].

The proof of Theorem 1 that we give here uses no @-manifold
theory. We will work entirely in the PL category of polyhedra,
and we rely on torus geometry in the spirit of [21]. The niceness
condition on 7, of each component of K is used to conclude that
some obstructions encountered in certain projective class groups and
Whitehead groups vanish. It would be interesting to know if the
7, condition on K could be replaced by the assignment of a torsion
to /1 X—>Y X K in a nice subgroup -of the Whitehead group
Wh(Y x K). :

The author feels that Theorem 1 is not the last word in results
of this type. It seems probable that the p~'(a)-equivalence condi-
tion in Theorem 1 can be replaced by a far more general condition
on homotopy equivalences f: X — Y, which would require that there
exists a homotopy inverse g: Y — X of f such that the homotopies
fog =~ id and gof =~ id would only “wind around nice elements of x,.”

As an application of Theorem 1 we give a short proof of the
following result, which is half of the Classification Theorem of [7,
p- 88]. We use Q to represent the Hilbert cube, the countable infi-
nite product of closed intervals. We need nothing at all from Q-
manifold theory. This is a far cry from the proof of this half of
the Clagsification Theorem given in [7], which uses a lot of @-mani-
fold theory.

. THEOREM 2. If X, Y are polyhedra, them a propver map f:
XY 4s a s.h.e. provided that f X id: X X @ - ¥ X @ 7s proper
homotopic to a homeomorphism.

The other half of the Classification Theorem asserts that given
any s.he. 1 XY, fxid: X x @ - Y X @ is proper homotopic to a
homeomorphism. There is a proof of this which uses elementary
PL techniques and nothing at all from Q-manifold theory [3].
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We point out that the splitting theorem of §7 (Theorem 7.2) is
in reality the main result of this paper. Once we have established
it, Theorem 1 follows by a more-or-less standard argument. Theo-
rem 7.2 is also the main tool used in [8] to investigate the problem
of approximating maps of @-manifolds to @-manifold bundles by
homeomorphisms.

Finally the author would like to thank Marshall Cohen for an
unusually helpful referee’s report. Our goal was to produce a
paper that would be readable by expert and nonexpert alike, but
without the input of the referee we would have certainly failed in
both departments.

Here is a list of the sections to follow:

§ 2. General preliminaries.

§ 8. Preliminaries on equivalences.

§ 4. A finiteness result. Here we show that a certain homotopy
domination can be extended to a homotopy equivalence in a
well-controlled manner. This result is only needed in § 5.

§ 5. The handle lemma. Here we use torus geometry to establish
the main technical result of this paper. The procedure is
similar to that of [6], but the absence of cell-like maps makes
the constructions much more complicated. The appearance of
the factor K appears to be more of a nuisance than a hind-
rance.

§ 6. The handle theorem. Here the inversion idea of [21] is used
to reverse the roles of 0 and o in the handle lemma.

§7. A splitting theorem. Here the handle theorem is applied to

prove a general splitting result. This is the form of the

handle theorem that is used in §8.

Proof of Theorem 1.

Proof of Theorem 2.

WD LN
© 0

2. General preliminaries. The purpose of this section is to
introduce some more notation and to establish some elementary
results which will be needed in the sequel.

If f,: X— Y is a homotopy, tel =[0,1], we use the notation
fii9 = h to indicate that f, =g and f, = h. If «a is an open cover
of Y, then fi: X — Y is an a-homotopy provided that the track of
each ze X, {f, ()]0 <t <1}, lies in some element of a. We say
that the maps u, v: X — Y are a-close if each set {u(x), v(x)} lies in
some element of a. We will need the following estimated version
of the homotopy extension theorem.

PrOPOSITION 2.1. Let f: X — Y be a map, X, X be closed,
and let g,: X, — Y be an a-homotopy such that g, = f|X,. Assume
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either (i) X, and X are ANRs, or (ii) Y is an ANR. Then g,
extends 0 an a-homotopy f,: X — Y such that f, = f.

Proof. We proceed in the usual manner.

(i) Let X X I— (X x {0}) U (X, x I) be a retraction obtained
as a composition 7 = 7,07, as follows. For N a small neighborhood
of X,,r, is a map of X x I into (X X {0}) U(N x I) defined by
r(z, t) = (x, tp(x)), where : X — I is a map which is 0 on X — N
and 1 on X,. 7, is a retraction of (X X {0}) U(N x I) onto (X X
{0h) U (X, x I), which exists because X and X, are ANRs. For N
close to X,, r, does not move points very far. Define h: (X x {0})U
(X, x I)— Y by h(z, 0) = f(x) and h(x, t) = g.(x), and define f,;: X —
Y by f.(x) = hor(x, t). Note that each track, {f;(x)|0 £t <1}, is a
single point for x¢ N. For xe€ N we may choose 7, and N so that
the track {fu(x)|0 < ¢ <1} is close to some track {g,(z')|0 <t <1},
where z' € X,. Thus f, is an @-homotopy.

(ii) If Y is an ANR, then there is a small neighborhood N’
of (X X {0hU (X, X I)in X x I and an extension of % to A': N'—Y,
where h = f,Ug is as above. If 7, is as above, we may choose
r(X x I)cN', and f,(x) = h'or(x, t) is therefore our desired a-
homotopy.

If a, B are collections of subsets of a set Y and AC Y, we
define

St(4,8) =U{4AuU|UepB ANU = 0},
St(e, B) = «,
St**(a, B) = {St (4, B)| A e St¥a, B)} .

If @ = B, then we simply write St™(«, 8) = St*(«a).

If f;: X— Y is a homotopy, Y has a given metric, and ¢ > 0,
then we say that f, is an e-homotopy provided that the track of
each point has diameter <e. A proper map f: X — Y is said to be
an e-equivalence if there is a map ¢g: Y — X such that fog is e-homo-
topic to id and gof is f'(¢)-homotopic to id. This latter statement
means that there is a homotopy ¢,:gef ~id such that fop, is an
e-homotopy. If AC Y is closed, then the proper map f: X —> Y is
said to be an a-equivalence over A (or e-equivalence over A) if there
is a map ¢: A — X such that fog is @-homotopic (or e-homotopic) to
the inclusion A= Y, and gof|f'(4) is f(@)-homotopic (or f7'(¢)-
homotopic) to f(A)=>X. We call ¢ an a-inverse of f over A.

In general, “id” will be used to represent identity maps and
“inc” will be used for inclusion maps. For any X and AC X, A
denotes the (topological) interior of A and Bd(A) denotes the
boundary of A. If X has a specified metric and xze X, then B.(x)
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is the open &-ball around xz. Also, f|A: A4 — Y is simply written
fl:A—Y.

A proper map f: X — Y is said to be a fine equivalence provi-
ded that it is an a-equivalence, for all open covers « of Y. We
say that f: X — Y is cell-like (or CE) if f is surjective and all
point-inverses have trivial shape in the sense of Borsuk [2]. We
recall the following basic connection between these two notions [16]:

A proper map f: X — Y between ANRs is a fine equivalence iff
it 1s cell-like.

A proper map f: X — Y is said to be contractible provided that
it is surjective and all point-inverses are contractible (in themselves).
Thus the above result implies that any contractible map of ANRs
is an a-equivalence, for all open covers a« of the range. In the
following result we collect some basic facts about a-equivalences
which are easy consequences of the definitions involved.

ProprosITION 2.2. (i) If f: X— Y 4s an a-equivalence and f
is B-homotopic to a proper map f: X — Y, then f is a St¥(B, a)-
equivalence. v

(ii) If /Y — Z is a B-equivalence and f: X — Y is an fY(a)-
equivalence, for amy open covers &, B of Z, then ff: X —Z is a
Sti(B, a)-equivalence.

Proof. (i) If g: Y — X is an a-inverse of f, then it is easy
to see that g is a St¥B, a)-inverse of f.

(ii) Let a be any open cover of Z and let g: Y — X be an
FYa)-inverse of f. Similarly let §: Z— Y be a p-inverse of f.
We leave it as an easy exercise for the reader to check that gg:
Z — X is a St¥B, a)-inverse of ff: X — Z.

REMARKS. There is a version of (ii) above in which f is only
assumed to be a gB-equivalence over A Z. In this case (ii) asserts
that if f: X— Y is an f (a)-equivalence over A4, then ff: X— Z is a St¥(5,
a)-equivalence over A. Finally we remark that the result from [16]
(quoted above), in conjunction with (ii), implies that if /1 X — Y is
a cell-like map of ANRs and f: Y — Z is a g-equivalence, then ff:
X — Z is also a B-equivalence.

By a polyhedron we will mean a space which admits a PL
structure in the sense of [17]. We will use notions from [17] such
as subpolyhedron, PL map, PL collapse, etc. ‘

For any map f: X — Y we let M(f) denote its mapping cylinder.
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It is the quotient space obtained from the disjoint union, X x|[0, 1]1L
Y, by identifying (x, 1) with f(x). We write M(f) =X x[0,1)U Y
and identify X with its O-level, X x {0} M(f). By the rays of
M(f) we mean the intervals {x} x [0, 1) U {f(x)} € M(f). There is a
natural collapse to the base, ¢: M(f)— Y, defined by ¢iY = id and
c(x, t) = f(x), for all (x,t)e X x [0, 1).

We will also need the direct mapping cylinder construction. Let
X be a space and f: X — X a map. The infinite direct mapping
cylinder of f, denoted D, is the quotient space obtained from the
disjoint union,

cerl X X [=1,01 L X X [0, 1] 1L X x [1,2] 0 -+,

by identifying (x, ) in X X [n —1, n] with (f(z),n) in X X
[7, » + 1]. Note that D, is just a union of countably many copies
of M(f). In a natural way D, may be set-wise identified with X x
R. We use Dfa, b] to denote the subset of D; which corresponds
to the subset X X [a, b] of X X R.

A map f: X — Y is a homotopy domination if there is a map
g: Y — X such that fog @ id. Let (X, X,) be a compact ANR pair,
X, # @, and let e: X — X be a homotopy idempotent rel X,. This
means that ¢/ X, = id and there exists a homotopy e,:e =~ ¢ rel X,.
Note that the subset of D, corresponding to X, x R is actually
homeomorphic to X, x R. So we identify it with X, x R. Define
s: D, — X by sz, t) = e,_,(x), for (x,t)e D,J[n, n + 1). Note that sis
continuous. Let ¢: X — D, be the map defined by i(x) = (x, 0). We
will need some information concerning this special situation which
comes up in §4. Compare with [9].

PrROPOSITION 2.3. The composition 1ics: D, — D, is a homotopy
equivalence. Moreover, 1 1s a homotopy domination and we can
choose a right inverse of 1, s': D, — X, and a homotopy h,: 108’ ~ id
such that s'|X, X R =proj: X, x R—X,, h,/X, x R is given by
h(x, r) = (x, tr), and $'ot = e.

Proof. Let a:D,— D, be a map such that «|A4 = id, where
A = i4(X), the subset of D, identified with X x {0}. Also let 4, =
X, X {0} A.

Assertion. We can choose a homotopy inverse of «, say pB:
D, — D,, such that 8|4 =id, Boa =~ idrel A, @-B =~ id rel A.

Proof. It suffices to prove that a induces isomorphisms on all
homotopy groups, 7,(D,). If jis the inclusion-induced homomorphism,

ﬁn(A)iwr,,(De), then the commutativity of
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(D) = To(D,)
N A
AN
T, (A)

implies that all we have to do is prove that j is surjective. To
see this choose any element [¢]lex,(D,). By deforming down the
rays of the mapping cylinders in D,, and then using the fact that
e ~ ¢*, we can easily find an element []e 7,(A) for which j([4]) =

[#].

Returning to the proof of Proposition 2.3 consider s: D, — X
and note that 70s|A is given by dos(x, 0) = (e(x), 0). We only have
a homotopy in D,, ics|A =~ inc, obtained by deforming down the
rays of D,0,1], applying ¢* ~ ¢, and coming back up the rays of
D,[0,1]. Using Proposition 2.1 we can extend this homotopy tos| A~
id|A to a homotopy tos = «, where a|A = id. By the Assertion,
« is a homotopy equivalence. Thus ios is a homotopy equivalence
as we set out to prove.

Choose B: D,— D, as in the Assertion above and consider the
homotopy

hi: 10808 ~ @oB ~ id ,

where the first homotopy comes from 70s ~ a, and the second
comes from the Assertion. Thus s"” = so8 is a right inverse of 1.
We note that s”(z, 0) = e(x), for (x,0)e A4, and hi(z, 0) = (z, ), for
all xe X, (i.e., h; preserves the X -coordinate in A4,). We will now
modify s” and h:; to get our desired s’ and #h,.

Since s”(x, 0) = z, for all x € X,, we can find a homotopy of

s"|AU (X, X R) to id, U proj| X, X R,

where each level of the homotopy agrees with s” on A. By Pro-
position 2.1 we can extend this homotopy to a homotopy s” =&,
where s'|X, x R =proj| X, x R and s'(x, 0) = §""(X, 0) = e(x), for
(¢, 0)c A. We then get a homotopy

hy': tos’ = 408" =~ id ,

where the first homotopy comes from s =~ s, and the second is
hi. Thus h:'(x, 0) = (x, ), for all xe X, and ¢t€[0,1]. Our final step
is to show how h; can be modified to obtain our required #,.

Let H: D, x I— D, be defined by H(z, t) = h.'(z) and let
S=WD, x{0,lHhuX,xRx I)cD,x1I.
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The condition k(z, 0) = (z, 7), for x € X,, permits us to find a homo-
topy F,: H|S = F,, where F,|D, x {0} = i0s', F,|D, x {1} = id, and
F|X,x R x I is given by F,((x, r),t) = (x, tr). By Proposition 2.1
we can extend F, to a map K: D, x I — D,, and h,(z) = K(z, t) ful-
fills our requirements.

We will need one more result in §4. In addition to the above
notation let (Y, Y,) be a compact ANR pair and let u: (X, X,) —
(Y, Y,), v: (Y, Y,) — (X, X,) be maps such that wov|Y,=id, vou|X,=
id, e=wvou, and wuecv ~ id rel Y,.

PROPOSITION 2.4. The compositions wucs, uos’: D,— X —Y are

homotopy equivalences. Moreover uos’ has a homotopy inverse iov:
Y-X-—-D..

Proof. Here are the homotopies which show that <ov is a
homotopy inverse of wuos’. It is equally easy to show that wos is
a homotopy equivalence.

(1) o8 otov=1uos0i0v = Uoeov = ovouov ~ id, where the homo-
topy comes from wuewv =~ id.

(2) tovouos = jogos’ =~ 408’ ~ id, where the first homotopy
comes from ice ~ ¢ (by deforming down the rays of D,[0, 1]), and
the second is just the homotopy h, of Proposition 2.8.

REMARK. The statement that weos: D, — Y is a homotopy equi-
valence suffices for the proof of Theorem 4.3. However, in the
Addendum to Theorem 4.8 we will need to exercise some more
control, and for this we need the explicit construction of wuos’ in
the statement and proof given above.

Finally we introduce one more notational convention which will
be commonplace in the sequel. Let f, g: X —Y be maps and let ACY.
We say that f =g over A if f™(A)=97"(4) and f|f*(A)=g|f(4).
In general we say that f has property P over A if f|f*(4): f(A)—
A has property P.

3. Preliminaries on equivalences. In this section we will
establish some general results about a-equivalences which will be
needed in the sequel.

PrOPOSITION 3.1. Let (X, Y) be a compact ANR pair with 4:
Y = X an a-equivalence, for any open cover « of X. Then there
exists @ map 9: X — Y such that g|Y = id, and incog is St*(a)-homo-
topic to idgyrel Y.
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Proof. If reference to the cover a is omitted, then the result
is well-known [22, p. 81]. Let ¢g:X— Y be an a-inverse of 1.
This means that we have a-homotopies ¢, ~ idy and ¢|Y ~id,. By
Proposition 2.1 there is an a@-homotopy g, =~ ¢ such that ¢g|Y = id.
The «a-homotopies id ~ ¢, and ¢, =~ ¢g combine to give us a St (a)-
homotopy id =~ ¢g. Call this St (@)-homotopy F: X x [0, 1] — X, where
F,=1id and F, = g.

Define a homotopy

G: [(X x {0,1h U (Y x [0,1]D] x [0,1] — X
by the equations

G((x, 0),t) =, for allze X,
G((z, 1), t) = F(g(x),1 — t), for all xze X,
G((x, s), t) = F(x, (1 — ¢t)s), for all xe Y.

Note that G, extends to F: X x [0,1] - X and G is a St (a)-homo-
topy. Thus G, extends to H: X X I— X which is a St*(a)-homotopy
of id to grel Y.

ProrosiTioN 3.2. Let (X, X,), (Y, Y, be compact ANR pairs
and let f: X — Y be an a-equivalence such that f|X,;:X,— Y, is a
homeomorphism. Then there exists a map ¢g: Y —X such that
9| Y, = f Y, and there are homotopies fg ~ id rel Y,, gf =~ id rel
X,, where the former is a St'(a)-homotopy and the latter is an
F (St (e))-homotopy.

Proof. Form the mapping cylinder M(f) and let p: X — [0, 1]
be a map for which ¢ (1) = X,. Define Zc M(f) to be the union
of the base Y with all (z,t)e X x [0,1) for which o(x) <t < 1.
Thus

Z =Y U (U{la} X [p@), D]re X — X}) .

We have an embedding f,: X — Z given by fi(x) = f(x), for ze X,
and fi(x) = (x, p(x)), for xe X — X,. Z is called a reduced mapping
cylinder with top f,(X) and base Y. There is a natural collapse to
the base, ¢: Z— Y, obtained by restricting the collapse of M(f) to
Z. Z is an ANR because it is a retract of the ANR M(f).

Since f: X — Y is an a-equivalence, it easily follows that f,: X—
Z is a ¢ (a)-equivalence. By Proposition 3.1 there is a map g,: Z—
fuX) such that ¢,|fi\(X)=1id and ¢, =idrel f,(X) via a Stic(a)-
homotopy. Then the reader can easily check that ¢g = fi%g,|Y: Y—
X is our desired map.
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For our next result let X, Y be polyhedra and f: X —>Y a
proper map. Lete: M(f) — Y denote the collapse of the mapping
cylinder to its base.

PRrOPOSITION 3.3. Let 9: Y —[0,4] be a map and let o be an
open- cover of Y such that diam o(U) < 1/2, for all Uea. If
[: X—Y is an a-equivalence over ¢ ([0, 8]), then there is a map
g:c ([0, 2]) > X such that incog is ¢ 'St*(a)-homotopic to id rel
F o ([0, 2]), with the homotopy taking place in M(f).

Proof. For each te]0, 4] let Y, = ¢7([0, ¢t]) and choose a map
9: Y;— X which is an a-inverse of f over Y,. Define a map
g.:: ¢ (Yy) = X by ¢, = goc|e™(Y;) and note that g, f7(Y,) is f(«)-
homotopic to id. We will show how to perform two modifications of
g, to arrive at our desired §: ¢ XY, — X.

Using Proposition 2.1 we see that g, is f(«@)-homotopic to a
map ¢,: ¢ (Y;) —» X such that g,|f (Y, =id. We have a c¢(a)-
homotopy

g, = fog, = fogoc|lec™(Y,) = ¢|lec™(Y,) =id,

where the first homotopy comes from deforming down the rays of
M(f), the second comes from fog ~ id, and the third comes from
deforming back up the rays of M(f). Thus we have a ¢ 'St(a)-
homotopy F:c¢ (Y, X I— M(f) from id to g,. We define our required
g:e(Yy)—»X by §=g9,¢c(Y,). In analogy with [22, p. 31] we
now show how to modify F' to obtain a ¢ St(@)-homotopy of § to
id rel f7Y(Y,).
Define

G: [(¢™(Y,) x {0, 1) U f7(Y. X I)] X I— M(f)
by the equations

G((z,0),t) =« , for all zec (Y, ,
G((x, 1), 1) = F(gy(x), 1L — ¢t),  for all zec(Y)),
G((z, s), t) = F(xz, (1 — t)s) , for all xe f7Y(Y,) .

Observe that in order for the third equation to make sense we
must have g,o¢™(Y,) C ¢ (Y,). This is the reason for choosing @ in
the prescribed manner.

Note that G, can be extended to Fle¢ (Y, X I and G is a
¢'St(a)-homotopy. By Proposition 2.1 we can extend G, to a map
H:c (Y, Xx I— M(f) which is ¢ St(a)-homotopic to Flc(Y, X I,
thus implying that H is a c¢*St'(a)-homotopy. Then H is our
required ¢ ' St'(@)-homotopy of id to g¢,|¢ (Y, rel f(Y,).
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PROPOSITION 3.4. There exists a number € > 0 so that if f: X—
Y is a proper map of polyhedra, ¢: Y —[—4,4] is @ map, @ is an
open cover of Y for which diam o(U) < ¢, for all Ueea, and f is
an a-equivalence over @ '([—3,1]) and @ *([—1,8]), then f is a
St¥(a)-equivalence over @ ([—2, 2]).

Proof. Let M(f) be the mapping cylinder of f. By Proposition
3.8 there is a map g¢,:c ¢ ¥([—2.5,.5]) > X for which incog, is
¢! St(@)-homotopic to id rel f ¢ *([—2.5,.5]). Similarly there is a
map ¢, ¢ ‘¢ ([—.5,2.5]) > X for which inecog, is ¢™ St*(e)-homotopic
to id rel f'¢~*([—.5, 2.5]). The map g¢,, along with the homotopy
incog, ~ id, easily give us a map §,: M(f) — M(f) such that §, =g,
on ¢ 'p}([—2.4, .4]), §, =id on X, and §, = id rel X via a St'c™(a)-
homotopy. Similarly there is a map §,: M(f)— M(f) such that
G, =g, on ¢ 'p ' ([—.4,2.4]), §, =1d on X, and §,=id rel X via a
Sttc *(@)-homotopy.

Now define g:¢c7'p7™([—2,2])) - X by g = g,°8.|c 97 ([—2,2]).
(This makes sense if ¢ is small enough.) Then incog = §,07,| =~ g,| =
id, where these are both St‘c™‘(a)-homotopies. Therefore incog ~ id
rel flp7Y([—2, 2]) via a St°¢'(a)-homotopy.

Now define g: ¢ ([ —2,2])—>X by g=g|p7([—2,2]). We leave it for
the reader to check that g is a St“(a@)-inverse of f over ¢~ *([—2, 2]).
(Compare this with the checking needed in Proposition 3.2.)

4, A finiteness result., In this section we prove Theorem 4.3,
a result which will only be needed in the next section. Its proof
uses some material from Wall’s finiteness obstruction theory which
we summarize below in Theorems 4.1 and 4.2.

The statements of the following results require the reduced
projective class group functor K,. Here is a brief description of
just what we will need.

1. For every topological space X there is an abelian group
K,(X). We will not need a definition of K,(X), but for the inter-
ested reader it is the direct sum of all K,Z[x,(C)], where C is a
path component of X and Z[r,(C)] denotes the integral group ring.
(See [23, p. 64] for a definition of K,Z[x,(C)].)

2. For each map f: X — Y there is induced a homomorphism
fo K(X)— K, (Y) so that K, becomes a covariant functor from the
homotopy category of topological spaces (and homotopy classes of
maps) to the category of abelian groups (and homomorphisms).

3. It follows from the fundamental theorem of algebraic K-theory
[1, p. 663] that K,(X) and Wh(X) are direct summands of Wh(X x S?),
where Wh is the Whitehead group functor [11, p. 39]. Although this
fact will not be needed in this section, it will be used in §5.
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Here is the basic geometric problem in which K, is used. Let
X Dbe a compact polyhedron, Y be any ANR, and let f: X —> Y be a
homotopy domination (cf. § 2 for a definition). In [23] Wall analyz-
ed the problem of extending f to a homotopy equivalence f: X — Y,
where X is a compact polyhedron containing X as a subpolyhedron.
Here is the main result from [23] which solves this problem.

THEOREM 4.1. f: X — Y can be extended to a homotopy equi-
valence f: X — Y (in the above manner) iff an obstruction o(Y) in
R(Y) vanishes. o(Y) is independent of the choice of f and X.

The main use of this result is the case in which 7,(C) is free
or free abelian, for each path component C of Y; for then K, (Y)=
0 and therefore f extends in the required manner. (See [23, p. 67]
for references.)

We now introduce some notation for the next result. Let an
ANR Y be written as the union of closed ANRs Y, and Y, with
Y, =Y, NY, also an ANR. Let j;, be the inclusion Y,= Y, which
induces a homomorphism (j,).: K,(Y,) — K,(Y). The following Sum
Theorem computes (YY) in terms of the o(Y,) [19, p. 48].

THEOREM 4.2. If each Y, is homotopically dominated by a
compact polyhedron, then so is Y and

0<Y) = (jl)*0<Y1) + (32)*0(Y2) - (jo)*a(Yo) .

The main result. We now introduce some notation for Theorem
4.3, the main result of this section. Consider a compact polyhedral
pair (Y,, L), where K(L) =0. Form the polyhedron Y = Y, U(L x
[0, 6]) by sewing L x [0, 6] to Y, along L = L x {0}. For each ¢ let
Y, =Y, U x[0,¢t]) and let ¢: Y —[0,6] be the map for which
@740, t]) = Y,, for each t.

THEOREM 4.3. There exists an ¢ > 0 such that if X 1is any
compact polyhedron and f: X — Y is any p(e)-equivalence over Y,
them we can extend X to a compact polyhedron X and define a map
f: X Y such that

(1) F is a homotopy equivalence,

(2) f(®-X)cLxI[L6],

(3) fzf over Y,.

Proof. We will use the direct mapping cylinder construction
of §2 to reduce this problem to one in which Theorems 4.1 and 4.2
are applicable. Adopting the notation of Proposition 3.1 we consider
the mapping cylinder M(f), where X M(f) is the top and Y C
M(f) is the base. If ¢: M(f)— Y is the collapse to the base, it
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follows from Proposition 8.1 that there is a map g:¢(Y,)— X
which is ¢7'¢p(9¢)-homotopic to id rel f~(Y,). Consider the follow-
ing compact subset of ¢ %(Y),):

A=c(Y)U Y, UUlle) X [pof(@) — 8, D]zwe fH(Y, — Y} .

A=shaded regiony Y,
B Y,
£y Yy

There is a natural retraction »: M(f) — A obtained by first retract-
ing M(f) to AU Y by retracting down the rays of M(f), and then
retracting Y to Y, by retracting down the rays of L x [0, 6].

The map XQ»M(f)LA is a homotopy domination with right

inverse A% X. Thus we get a homotopy idempotent e: X — X rel
(YY),

e X M/f) — A2 X.

That is, e = ¢* rel f(Y,). Note that for a sufficiently small choice
of &, the homotopy e =~ ¢ takes f*(L X [8, 6]) into f~(L X [2, 6]) at
each level. Thus the restriction e|f (L X [t,6]) is a homotopy
idempotent of f™(L X [¢, 6]), for 0 £t < 2. In what follows we

S
will need the maps D, 2 X which were described in §2 preceding
1

Proposition 2.3.
Note that the composition fs: D, — Y is homotopic to the composition
D,— X = M(f)— 4

Ly,

By Proposition 2.4, D, 5 X M(f) L4isa homotopy equivalence.
Since ¢|: A — Y is clearly a homotopy equivalence we conclude that
fs: D,—-Y is a homotopy equivalence. Our strategy is to define
7= (fs)%, where i: X — D, is an extension of i: X — D, to a homo-
topy equivalence. In order to extend ¢ to such a homotopy equi-
valence we will have to invoke the condition K,(L) = 0.

Now choose compact subpolyhedra K, and K, of X so that

STHL X [2, 6) C K, < f(L X [5/8, 6]) ¢ f (L X [4/3, 6]) C K,
CSHL % [1,6]) .
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Let e; denote the restriction of ¢ to K;, j =1,2. By restriction
the homotopy domination i: X — D, gives us homotopy dominations
i;: K; — D,,.

Assertion. 1,: K,— D,, can be extended to a homotopy equi-
valence (in the manner of Theorem 4.1).

Proof. Using Theorem 4.1 it suffices to prove that the ob-
struction o(D,,) is zero. To do this first decompose D,, as D,,=D,, U
(D,, — D)), and note that D,, D, — D,, and D, N (D,, — D,) are all
homotopically dominated by compact polyhedra. In fact, D, is
dominated by K, D,, — D, = (K, — K,) x R, and D, n(D,, — D,) =
Bd (K,) x R. Using Theorem 4.2 we have

o(D,) = o(D,) + o(D,, — D,) — o(D,, N (D,, — D.)),

where we have omitted writing down the obvious inclusion-induced
homomorphisms on the right hand side. Since Dez—bel=(K2~I.{1)x
R and D, N (D, — Dal) = Bd (K,) Xx R we observe that the latter
two terms on the right hand side vanish. Thus ¢(D,,) is an element
of the inclusion-induced image of K,(D,) in K(D,,).

To finish the proof of our Assertion it suffices to prove that
the inclusion-induced image of K,(D,) in K(D,) is zero. Let s,
D, — K, be the restriction of s: D, —» X to D,, and note that Pro-
position 2.2 implies that the composition

81 € 1

0: D,

K, K, D,

€1

is a homotopy equivalence (because i,0¢, is homotopic to 7,). There-
fore ¢ induces an isomorphism 6,: K\(D.,) —K.(D,). So it suffices to
prove that the composition

[
0 -De1 —_ _De1 SN .De2

induces the 0-map from KO(D,,I) to IZ'O(DQ). Clearly ¢ is equivalent
to the composition

D, —5 K, =— (L x [5/3, 6)) — AN ¢™(L x [5/3, 6])
— FUL % [4/3, 6) =— K, = D, .

Applying the functor K, we conclude from this that (¢): K(D,)—
K\(D,,) factors through K (A Nc™'(L x [5/3,6])). But ANc (L x
[5/3, 6]) is homotopy equivalent to L. Thus K,(ANc(Lx[5/3, 6]))=0,
which implies that (0’)*(K0(Del)) = 0.

Using the above Assertion we can extend i,: K,— D, to a
homotopy equivalence 7,: K’z-»Dez, where K, is a compact polyhedron
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containing K as a subpolyhedron. This implies that : X —
extends to 7: X ->D by defining ¥ = XU K, (sewn together along

K,) and setting 7= zz on K, It is easy to prove that 7 is itself a
homotopy equivalence because D, — De2 = (X — K,) x R. Define f:
X > Y to be the following composition:

~ i s

Fx—p-,x 1.y,

We know from Proposition 2.4 that D, Ax = M(f) I A s a homo-
topy equivalence, and this easily implies that D, 5x ER Y is a homo-
topy equivalence. Thus f: X — Y is a homotopy equivalence and it
is clear that f = f over Y,.

Finally, in the following Addendum we improve the above
result so that a certain homotopy inverse of f is constructed sub-
ject to restrictions. For additional notation let @ be an open cover
of Y and assume that f: X — Y is also an a-equivalence over Y..

Addendum to Theorem 4.3. We can choose the homotopy equi- '
valence f:X — Y so that in addition to satisfying (1)~(3) of the
statement of Th~eorem 4.3, it ha~s a homotopy inverse, §: Y — X, and
homotopies 6, fof =id, @, gof = id which satisfy the following
properties: ~

(1) 6, is a St¥(a)-homotopy on Y, and on Y — Y, it takes
place in Y — ff

(2) o, is a f St{a)-homotopy on f(Y,), and on Yy — Y)
it takes place in f (Y — Y,).

Proof. We will redefine F slightly so that we can write down
a homotopy inverse § in terms of the control given in Proposition
2.4. Using the notation set up in the proof of Theorem 4.8 we know
that e: X — X is a homotopy idempotent rel (X — 10{1). If : D, - X
is defined as in Proposition 2.8, then s'|(X — K,) X R = proj: (X —
K) X R—X — K By Proposition 2.4 we know that D, —»XQ»
M( f)HA is a homotopy equivalence with homotopy inverse A4 %
X5 D,, where g: ¢7(Y,) — X is chosen so that it is ¢ St*(a)-homo-
topic to id rel f7'(Y,). Moreover, by Proposition 2.4 we can choose
homotopies 7os’otog =~ id and <ogoros’ ~ id subject to the following
restrictions:

(1) 7os’otog =~ id via a homotopy (in A) which is a ¢ St¥a)-
homotopy on ¢ '(Y,), and on A—c‘l(Yl) it takes place in A¥c‘1(YO).

(2) iogores’ =~ id via a homotopy (in D,) which takes D, into
D,, and on De—ﬁelz(X ~If1)><R it preserves the (X— K,)-coordinate.
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Now define f: X — Y to be the following composition:
1 D, s x f

X Y.
It is clear that f satisfies properties (1)-(3) of the statement of
Theorem 4.38.

Using the fact that D, — DOe2 = (X — Kz) x R it is easy to con-
struct a homotopy inverse of ¢, j: D,— X, so that j: (X — Kz) X
R = proj: (X — Ki) X R—>X— K2 and so that we have homotopies
toj = id, jot ~ id subject to the following restrictions:

(1) 70j ~id via a homotopy which takes D,, into D,,, and on
(X — Kz) X R it preserves the (X — K,)-coordinate.

(2) joi ~ id via a homotopy which is the identity on X — K'.l,
and on K, it takes place in K,. (Indeed, j can be taken to be s”:
D,—» X< X, for s’ is a right inverse of 7 and 7 extends i to a
homotopy equivalence.)

Then f: X > Y has a homotopy inverse,

G YoM a4t xp 2%,

We leave it to the reader to check that § fulfills our requirements.

5. The handle lemma. In this section we use Theorem 4.3
to prove the handle lemma, which is the main technical step of
this paper. It is essentially an “extension theorem” for e-equi-
valences. The proof uses torus geometry in the customary manner
(cf. [6] and [21]). For notation, let B denote the standard n-ball
in Euclidean n-space R". Throughout this section K will denote a
compact polyhedron such that Wh (K x T) = 0, for all » = 0. Also
p: Z x K— Z will always denote projection to Z, for any space Z.

HANDLE LEMMA. For each ¢ > 0 there exists a 6 > 0 so that if
X is a polyhedron and f: X — R" X K 1s a proper map which is a
p(0)-equivalence over By x K, then there exists a polyhedron X, a
proper map Ff: X > R* x K, and a PL homeomorphism p: f(Br %
K) > f(Br x K) such that

(1) Ffisa p7'(e)-equivalence,

(2) f is a PL homeomorphism over (R* — Bl) x K,

(3) fo = f over E{‘ % K.

N

REMARK. ¢ is independent of K.

Proof. For convenience let B =[—7»,r]"C R* and omit the
subscript when » = 1. We will use the metric on R" defined by
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d((@;), (¥,)) = max {|a; — y,|}i- .

Let e: R — S' be defined by e(x) = exp (wix/4), where S' is the set
of complex numbers of absolute value 1. Note that ¢ is a covering
map, and if T =8"X --- x S* is the n-torus, then e¢* =¢e¢ X -+ X
e: R~ — T" is also a covering map. Represent the punctured torus
by Ty = T™ — {x,}, where z,¢ e"(B").

There are three large steps in the proof.

A. Pulling back to Ty x K

B. Capping off to get T x K

C. Lifting to R" X K.

There are also intermediate steps which are displayed in the
diagram below. We remark here that steps A and C are easy in
comparison with B. B requires Theorem 4.3 along with some results
from simple homotopy theory. We assume that the reader is fami-
liar with some of the standard results from simple homotopy theory
such as those found in [11]. We will not require any infinite simple
homotopy theory in this section.

Here is our “main diagram.”

R*xKxB™ : R*xK
[} f5 o
B < KxB™ B!x K
T xid 7 xid
fs
R*x K x B™ R*"x K
enxid e"Xid
7 fs
T x K x B™ X, T"x K

HC
=
C -

Y, xK

N C .

Ji
) Y. XK
aol aXid
f
X R*"XK
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The goal of step A is the construction of the map f,, while the goal
of B is the construction of the maps 7 and f,. Finally, in step C
we produce our desired “extension” f at the top of the diagram.

A. Pulling back to To x K. We will first need an immersion
a: Ty — R*. (An immersion is a local open embedding.) For the
construction of o we refer the reader to [14] for an elementary
proof. We may clearly assume that a(Ty)c B, and by using the
Schoenflies theorem we can adjust « to obtain the additional restric-
tion, aoe"|By =id (see [18,p. 48]). In what follows we assume
that » = 2. The case » = 1 is much simpler (it does not require
torus geometry).

Form the pull-back diagram,

x, Lk

aoi 1a><id=&

xL.rx K

where X, = {(z, )| f(x) = a(y)}c X x Ty x K and «,, f, are projec-
tion maps. We leave it as an exercise for the reader to prove that
«, is also an immersion and that f, is a proper map. Then it is
easy to define a PL structure on X, making X, into a polyhedron.
(See [17, pp. 76-T7] for the definition of a PL structure.) Write
Ty = Y, U (@S"* X [0, «)), where S"* x [0, ) is attached to Y,
along S* ' = 8" x {0} and e*(By)CY,. Let Y,=Y,U(S"* x]O0, t]).
With this notation, T* — ¥, is an n-ball.

Assertion. For any o0, >0 we can choose ¢ small enough so
that f, is a p7'(0,)-equivalence over Y, x K.

Proof. Let g: B x K— X be a map which is a p '(d)-inverse
of f over B x K. We want to define a map g,: Y, x K — X, which
is a p7'(0,)-inverse of f, over Y, x K. Choose any z€ Y, x K and
consider goa(z)e X. Note that fogodi(z) is p7'(0)-close to &(z). For
any fixed metric on T choose f < §,/2 small enough so that «|B,(y)
is an open embedding, for each ye Y,. Then 6 is chosen small
enough so that B;(a(y))c aB.(y), for each yecY,. We therefore
define g, by

9Y, k) = (goa(y, k), (@| B.(y) x K)(fegoa(y, k))) .

g, is well-defined because im (@) € By X K = domain (g).
To see that fiog, is p~'(d,)-homotopic to id we first choose
a p~'(6)-homotopy 6,: fog ~ id. Define a homotopy 8,: Y, x K — T X
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K by
0_:('!/; k) = (@|B(y) x K)'(0,ca(y, k)) .

It is clear that 4, is a p~(6,)-homotopy of f,og, to id.

To see that g,of,|fi (Y, x K) is (pof,)~*(d,)-homotopic to id let
@ (B X K)— X be a (pof)'(6)-homotopy of gof|f (B x K) to
id. Define a homotopy &,: f; (Y, x K)— X, by

P, (Y, k) = (@), (@|Buy) X K)(fop,())) -
This is a (pef,)"'(6,)-homotopy of g,of,|fi (Y, x K) to id.

Now, since f, is proper we may choose a compact subpolyhedron
X, of X, so that

[ (Yo, x K)C X, Cfi(Y, x K) .

Note that if 0, is small enough, then f, = f,|X;: X, > Y, x K is a
p~'(0,)-equivalence over Y, x K.

B. Capping off to get T x K. We first construct f,: X;—T"X
K, a p7'(d,)-equivalence which agrees with f, over Y, x K. This is
done in two steps.

I. Construction of X,. By Theorem 4.3 we can choose §, small
enough so that we can add a compact polyhedron to fi'(S"™' X
[2, 4] X K) and thereby replace f, by a homotopy equivalence f,:
X,— Y, x K which agrees with f, over Y, x K. Moreover we have
fo( X, — Xl)c (Y, — f’z) x K, and f, has a homotopy inverse g,: Y, X
K — X, which behaves in the following well-controlled manner (for
0, small and dependent on 4,):

(1) fio9, =~ 1id via a homotopy which is a p~'(d,)-homotopy on
Y, x K, and on (Y, — V,) x K it takes place in (Y, — Y,) x K.

(2) g,of, =~ id via a homotopy which is a (pef,)'(0,)-homotopy
on fiYY, x K), and on fi(Y, — Y,) x K) it takes place in f;*(Y,—
Y) X K).

II. Construction of X,. Choose a PL map B:S"'xX K — X,
such that B(z, k) is close to g,(x, 4, k), for all (x, k)e S** x K. Form
the mapping cylinder M(gB), which is a polyhedron containing S"7*Xx
K and X, as subpolyhedra ([10, p. 224]). If ¢: M(B) — X, is the
collapse to the base, then f,oc: M(B) — Y, x K is a homotopy equi-
valence. The restriction f,oc|S"™* x K is just fyeB8: 8" ' X K— Y, X
K. Since p(x,k) is close to g, x;4,%) we have f,o8 close to
f200,1S*™ x {4} x K, which is homotopic to id with the homotopy
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taking place in (Y, — Y,) x K. By the homotopy extension theorem
we have f,oc ~ f,, where fo=7f, on X, (the base of M(B)) and
Fuz, k) = (2, 4, k), for all (x, k)eS** x K. Define X, = M(8) U (T"—
Y, x K, where (T" — Y, x K is sewn to M(B) by identifying (z, k)
in S** x K< M(B) with (x,4, k) in (T* — Y,) x K. Then f,: M(8)—
Y, x K extends to f;: X; — T" x K by defining f,| X, — M(B) = id.

Assertion. For every d; > 0 we can choose 6, small enough so
that f;: X;— T x K has a homotopy inverse g, T x K — X, which
behaves in the following well-controlled manner:

(1) fiog9, =~ id via a homotopy which is a p~*(d;)-homotopy on
Y, x K, and on (T" — Y,) x K it takes place in (T" — Y,) x K.

(2) gsofs ~ id via a homotopy which is a (pof,)~(0;)-homotopy
on fi(Y, x K), and on f;((T"—Y,)xK) it takes place in f;y'(T*—
Y,) x K).

Proof. Consider the homotopy equivalence f,: M(B) — Y, x K
with inverse ¢,: Y, x K — X, <> M(B). Since ﬂ,|S"“1 X K:S"'x K—
S** x {4} x K is a homeomorphism we can produce a new inverse,
7. Y, x K— M(B), subject to the following restrictions (for é; small):

(1) Gy, 4, k) = (x, k), for every (x,4,k)eS"* x {4} x K,

(2) foof,~id rel S** x {4} x K via a homotopy which is a
p~'(6))-homotopy on Y, x K, and on (Y, — Y,) x K it takes place in
(Y, —Y,) x K.

(3) Grofs~id rel S*'x K via a homotopy which is a
(pofo)~X(0;)-homotopy on fi'(Y, x K), and on fi'(Y, — Y, x K) it
takes place in f,'((Y, — Y,) x K).

All of this is a consequence of Proposition 3.2. Then our desir-
ed g, T x K-> X, extends §, by defining g, =id on (T — Y,)x K.

Using the above Assertion we conclude that if 7" — Y, has a
small diameter, then f, is a p~'(d,)-equivalence. Moreover 06, can be
chosen small corresponding to a small choice of §,. This completes
the construction of f,.

To finish step B we must construct »: T x K X B™ — X,. Since
Wh(K x T") =0, it follows that the homotopy equivalence f; is a
s.h.e. Thus the homotopy inverse ¢, T" x K — X, is also a simple
homotopy equivalence. It follows from [12] that there is a PL
homeomorphism % of X, to a subpolyhedron X, of T" x K x B™, for
some m =0, and a PL collapse T" x K x B™— X,. (See [17, p.
42] for the definition of a PL collapse.) Moreover if ¢: T" X K X
B™ — X, is the contractible PL retraction arising from the collapse,
then fioh 'oc: T* X K x B™— T™ x K is homotopic to the projection
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map. Then let » = h7%c: T X K X B™— X,. It is a contractible
PL map for which f;or is homotopic to the projection. By Proposi-
tion 2.2 (i) of §2, fior: T" X K X B™— T x K is a p(d,)-equi-
valence. This completes step B.

C. Lifting to R x K. Since f;or is homotopic to the projec-
tion, it follows from elementary covering space theory that fyor
can be covered by a proper map f,:R* X K X B®»— R* x K for
which there is a bounded homotopy to the projection map. This
means that there is a homotopy of f, to proj: R* x K X B™ — R* X
K, and p composed with this homotopy yields a bounded homotopy
into R". (Recall our -convention regarding the map p.) By using
an argument similar to that of the Assertion in step A we conclude
that f; is a p~'(¢)-equivalence (where ¢, is small corresponding to a
small choice of 4,). It is easy to check that (e* x id)|: (f))™ (U x
K) — (fior)(e"(U) x K) is 1 — 1 and onto, for any open set Uc R"
for which e |U: U —e*(U) is 1 — 1.

Now choose a large d (to be specified later on) and use the
bounded homotopy of f, to the projection map to construct a
bounded homotopy of fi to f,: R* X K X B™ — R" x K for which

(1) fi=fi on B} Xx K X B",

(2) qof, =q on (R — B}.,) X K X B™, where q is the projec-
tion map to K,

(8) pofi= p°f4,-

(The homotopy f. =~ f, is easily constructed by applying the homo-
topy f. =~ proj only in the K-coordinate.) If we choose (f))™(By X
K)Yc B} x K x B™, then we see that f, = f, over By X K.

Let v: B*— R* be a radially-defined homeomorphism which is
the identity on B;. Then f; is defined to make the appropriate
rectangle commute. The map f; extends f; by defining f; to be the
projection map of (R" — Br) x K x B™ to (R — B x K. This is
continuous because pof, is a bounded distance from p and also
because qof, = q near . We note that f; = foa,oro(e” X id)o(v xid)
over By X K, because aoce™|B,; = id.

Assertion. For every ¢ > 0 we can choose ¢ small enough so
that f; is a p~!(¢)-equivalence.

Proof. We will use Proposition 3.4 by showing that for some
w and v, 0 <u<v<4, f;is a “small” equivalence over B x K
and over (R" — B;‘) x K, where the “smallness” is measured in the
R™coordinate. Choose +' so that (f))™(B%» x K)C By x K x B™.
Then f, = f, over B, X K and therefore f, is a p7'(¢)-equivalence
over B X K. If we let v"*(By) = B} then f; is a p~'(¢)-equivalence
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over B X K. We can make v close to 4 by choosing d large and
we can make ¢ small by choosing ¢, small.

Now for the other half we must prove that f, is a “small”
equivalence over (R* — B*) x K, where u < v < 4. We will const-
ruct a proper map g,: R* X K — R" X K X {0}c R* x K x B™ so that

(1) g, is a bounded distance from p,

(2) gecg, = q on the complement of a large compactum,

(38) there are bounded homotopies 6,: f,o9, ~id and @,: g,of, =~ P
so that gof, = q and gop, = ¢ on the complements of large compacta,
where P(x, k, y) = (%, k, 0) and the image of ¢, lies in R" x K X {0}.

Then define g¢; = (v X id)teg,o(v X id) along with homotopies
0; = (v X id)™ef,0(v X id) and o; = (v X id)Fe@,o(v X id), which are
homotopies of fiog, to id and g,of; to P, respectively. By conditions
(1) and (2) we see that g, extends via the identity to a map g,: R"X
K — R"x Kx{0}. Similarly, 6; extends via the identity to a homo-
topy 4, fyogs ~ id. The restriction of 4, to (R* — B*) x K is “small”
for w close to 4. Also ¢; extends via P to a homotopy of geofs to
P, and combining this with a homotopy of P to id we obtain a
homotopy #;: geof; =~ id. We have pop, = p on (R" — B x K x B™,
S0 feo@, is a “small” homotopy on (R" — B* x K x B, for u close
to 4. This suffices to prove that f; is a “small” equivalence over
(R* — B?) x K. We now give the details for the construction of 9,
and the homotopies 6,, ¢,.

First choose a p7'(¢)-inverse g¢;: R x K— R* x K x B™ of f
and collapse out its B™-component so that gi(R" x K)C R" x K X
{0}. Let ¢: R* X K— R" X K x {0} be defined by i,z, k) = (x, k, 0).
Then we have bounded homotopies

o = G fi0i = 1,9 = 9, (7 =proj: B* Xx K Xx B"—— R*" X K).

Using this we can construct a bounded homotopy of ¢ to a map
9:R*"X K— R"x K x B~ for which g¢og, =¢q and pog; = pog,.
(Recall that p means projection to everything except K, and in this
case it is to R" X B™.) Moreover, this homotopy affects only the
component of g; in the K-coordinate.

Since f, = f, and g, =~ gi, we have obvious bounded homotopies
0,: fieg, =~ id and o@,: g,of, =~ P. However, we want to construct 6,
and ¢, so that condition (8) above is fulfilled. For this we must
do a little more work. Because of the similarity of the cases, we
will only give the details for 4,. Let f" = (pof), ¢): R* x K X B™—
R" x K and let h,: ¢ =~ gog; be a homotopy. Define a homotopy «,
of R* x K to R* X K by

a, = (pofie(pegi, hy), Q) .
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Note that a, = fi'cg, and a, = (pofiegi, q). If 6i:flogi~1id is a
bounded homotopy, then B, = (pof:, q) gives us a bounded homotopy
from B, = a, to B, = id. Thus

(*) f:'°g4=ao:“1::80:,81:id

is a bounded homotopy of fi og, to id. Finally we only need to
notice that there is a bounded homotopy of f, to fi so that ¢ of
the homotopy is constantly ¢ on the complement of B}, X K X B™,
So this gives a bounded homotopy ficg9, = f/ °g., and using (*) above
we get our desired homotopy 6,: f,°9, =~ id.

We now enter into the final phase of the proof of the Handle
lemma. Our first task is to construct X. Let

@, = (" xid)(v xid) | f(Br x K): f{(Be x K) — v (e(BH) < K)
P, = a,| fr(e"(Br) x K): fiie(By) x K)— f(Br x K),

which are easily seen to be PL homeomorphisms. Choose a compact
subpolyhedron C of fi(e*(Bf) x K) which contains fi(e*(B) x K).
Then X is defined to be the decomposition space X = R* x K x B™/
<7, where the nondegenerate elements of < are

{{} X {k} x B"|wxe R* — Bike K} U {prior~(x)|x e C} .

Let 7: R* X K x B™— X be the natural quotient map, which is
clearly a contractible map as defined in §2. Now define f: X —
R* x K by f = fir™, which is well-defined. By [10,p. 241], X
supports a PL structure for which f |: w((R* — B) X K X B™) —
(B — B?) X K is a PL homeomorphism. Also if ¢: f‘l(é” x K)—
FU(B® x K) is defined by @ = @,orop,, then @ is a PL homeomorphism
and fop = f over Bl x K. Finally we leave it as an exercise for
the reader to prove that f is a p~*(e)-equivalence. (If g R* 