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DISCRETE GENERALIZED GRONWALL INEQUALITIES
IN THREE INDEPENDENT VARIABLES

B. G. PACHPATTE AND S. M. SINGARE

The objective of this paper is to establish some new
discrete inequalities of the Gronwall type in three indepen-
dent variables which can be used in the analysis of a class
of finite difterence equations involving three independent
variables.

1. Introduction. The role played by the discrete inequalities
of the Gronwall type [3] in the theory of finite difference equations
and numerical analysis is well known (see, [4]-[8] and the references
therein). Recently, in a series of papers [4]-[8], Pachpatte has
established a number of new discrete inequalities of the Gronwall
type which can be used in the theory of discrete time systems
involving one independent variable. To our knowledge such in-
equalities have not been considered before and seem to have much
future in the literature.

2. Main results. Before giving the main results in this section,
we first recollect a few of the basic notions and definitions from
[4]-[8]. Let N,=1{0,1,2, ---}. The expression u(0) -+ >.7=}b(s)
represents a solution of the linear difference equation Adu(n) = b(n)
for all ne N,, where 4 is the operator defined by du(n) = w(n + 1) —
#(n). The expression u(0) [17=; ¢(s) represents a solution of the linear
difference equation u(n + 1) = ¢(n)u(n) for all ne N,., We use the
usual convention of writing 3,,.,0(8) =0 and [[,coc(s) =1, if @ is
the empty set. We also use the following notions of the operators
du,(x, ¥, 2) = wx + 1,9, 2) —u, y,2), du,x, ¥y 2)=uxy+12) —
uw(x, ¥, 2), du(x,y,2) =@, 9,2 +1) —u vy, 2 and dui(x, y,?) =
du,(x, y + 1, 2) — du,(x, 9, 2) and so on. We often use the letters z,
y, and z to denote the three independent variables which are the
members of N,. For «,y, ze N,, and functions a, b, ¢ with domain
N,, and p with domain N3, set

da(s)
a(s) + b(0) + ¢(z)

5@, 9,2 0, b, ¢ 1) = [a(0) + ) + e(@)] T [1 +
A)
+ Z:JJ %p(sy ta 'r)] .

A useful three independent variable discrete inequality is
embodied in the following theorem.
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THEOREM 1. Let w(x, ¥, 2) and p(x, ¥, 2) be real-valued nonnega-
tive functions defined for (x, ¥, z) € Ni for which the inequality

8

~1y—1

(L)  ux,y,2) < a@) + by) + cz) + i o(s, t, Muls, t, ),

§=0 t=0 r=0

holds for (x, y, z) € Ni, where a(x), b(y), ¢(z) > 0; da(x), 4b(y), dec(z) > 0
are real-valued functions defined on N,. Then

(2) w(®, ¥, 2) = 6(x, ¥, ; a, b, ¢; D)
for (x, vy, z)e Ni.

Proof. Define a function m(x, y, 2) by

]

-1 y—1 2—1

m(zx, ¥, 2) = a(@) + by) + ¢(z) + o(s, t, r)uls, t,7) ,

s=0 t=0 r=0

so that, by definition

m(0, ¥, 2) = a(0) + b(y) + ¢(z),
m(x, 0, 2) = a(®) + b(0) + ¢(2) ,
m(x, v, 0) = a®) + b(y) + ¢(0) .

Then
(3) dm,(@, 9, 2) = da@) + 5 3 ple, b, Ve, B, 1)

and from (3) we have

(4) dm (e, y + 1,2) — dm,(z, ¥, 2) = Z;; o, ¥, rulx, ¥, 7) ,

(5) dm,(x,y + 1,2 +1) — dm, (2, ¥,z + 1) = Z‘,O o, ¥, rulx, ¥, r) .

From (4) and (5) we have

Lm,(x, Y, 2 + 1) — Lm,,(x, ¥, 2) = p(, ¥, 2)u@, ¥, 2) ,
which in view of (1) implies
(6)  Lm,(» Y,z +1) — L£m,(2 9, 2) = 0@, Y, 2)m@, ¥, 2) .

From the definition of m(x,y,z) we observe that m(z, y.2)'<
m(x, ¥,z + 1), for (x, v, 2) ¢ N!. Using this fact in (6) we have

Lm,, (@, y, 2 + 1) — LFm,,(2, 9, 2) = o, y, 2)mx, ¥,z + 1),

i.e.,
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LIm,(x,y,2 +1)  Lm,,(x, Y, 2)
7 : Y S r Y, 2
(D) ey 1D mwy sl =@

From (7) we observe that

Lmy,(x, Y, 2 +1)  Amy,(x, Y, 2)
8 zy\Wy Y, Y = pl, Y, 2
(8) mx, ¥, 2 + 1) m(x, Y, 2) P 1, 7).

Now keeping 2, ¥ fixed in (8), set z = » and sum over » =0,1.--,
z — 1 to obtain the estimate

(9) Lme(@, 9,2 <52 iy, 1)
m(x, Y, 2) 7=0

From (9) and in view of the fact that m(x, v, 2) < m(x, v + 1, 2) we
observe that

(10) dm,(x,y +1,2)  4m,@®, Y, 2) < Z o(x, Y, 7).
m(x, ¥ + 1, 2) m(x, Y, 2) =0

Keeping z, z fixed in (10), set y = ¢ and sum over t =0,1, ---,y — 1
to obtain the estimate

mx + 1, y, 2)

(11) da(x) =
= m(z, ¥, Z)[l OEORYT) §=L Z‘:, o(, €, 7")] .

Now keeping v, z fixed in (11), set x = s and substitutes =0,1, ---,
2 — 1 successively in (11) to obtain the estimate

da(s)
a(s) + b(0) + c(=)

(12) + f S s, t, r)]

=0 r=0

mia, v, ) = [a(0) + @) + e@I L[ 1 +

= ¢(x, ¥, %;a, b, ¢; D) -

Substituting this bound for m(x, ¥, 2) in (1) we obtain the desired
bound in (2).

REMARK 1. We note that for the method of proof to work in
Theorem 1 and all other theorems given below the following must
be satisfied:

mx, ¥,z +1) =mx,y,2) >0 and Lm,(z,y,2+1)=0;
Lmg, (e, y,0) =0, dm,(x,y+1,2) =0, dm,(z,y,2)=0.

REMARK 2. In relation to the notation ¢ defined in (A), we
observe that Theorem 1 have hypotheses which are symmetric in
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x, ¥, 2z as well as in a, b, ¢. Hence there are 3! = 6 different con-
clusions we can state in Theorem 1 corresponding to the 6 permuta-
tions of (x, ¥, 2) and corresponding permutations of (a, b, ¢). For
example, in Theorem 1, we can conclude, in addition to (2) that

(2%) u(@, ¥, ?) < ¢(2, 2, Y; ¢, a, b; D)
where, by (A) above, the right side of (2*) is

[e(0) + a(e) + b L[ 1 + dos) +3

o= ¢(s) + a(0) + b(y) = Tz::‘) 0(s, t, 'r)] .

Similarly we can use ¢(v, x, 2; b, a, ¢; p) etc. We also note that a
similar permutation applies to the conclusion of Theorem 2 given
below.

Our next theorem deals with the three independent variable
generalization of the discrete inequality established by Pachpatte [5,
Theorem 1], which in turn is a discrete analogue of the integral
inequality established by Pachpatte [9, Theorem 1].

THEOREM 2. Let u(x, ¥, z), p(x, 9, 2), and q(x, ¥, 2) be real-valued
nonnegative functions defined for (x,y,z)e N: for which the in-
equality

2—1 y—1 z2—1

A9 uw v, S ala) + @) + @) + 5 5 566, 1 1) uls, 1, 7)

+ 2>

k=0

Y

=

- o
Il
3

@ o
<

1

-

alk, 1, myu(k, 1, n)] ,

o~

=
S
o

holds for (x, y, ) € N¢, where a(x), b(y), c(z) > 0, da(x), 4b(y), de(z) = 0,
are real-valued functions defined on N,. Then

u(x, ¥, 2) = [a(0) + b(y) + c(2)]

(14) + ’2: AG/(S) + g g p(87 L T)R(S, t, 7')1 ’

for (x,y, 2)e Ni, where
(15) R(x,y,2) = ¢(x, ¥,2;0,0,¢;0 + Q) ,
for (x,y, 2) € N;.

Proof. Define a function m(zx, y, z) by
m(x, Y, 2) = a(x) + b(y) + c(2)
+ 5:.‘1 E i p(s, ¢, r)[u(s, )+ 35 S atk, I, wyuk, I, n)] ,

8=0 t=0r=0 =0 =0 7n=0

-

=

so that, by definition



DISCRETE GENERALIZED GRONWALL INEQUALITIES 201

m(0, ¥, ) = a(0) + b(y) + ¢(2) ,
m(x, 0, 2) = a(x) + blc) + ¢(2) ,
m(x, ¥, 0) = a(®@) + b(y) + ¢(0) .

Then by following the same steps as in the proof of Theorem 1 we
have

Lm,,(x, y, 2 + 1) — Lm,,(x, Y, 2)

-1

5.5 S ale, L mul, 1 m) |

x
k=0

= p(x, ¥, Z)[u(x, Y, 2) +

which in view of the definition of m(x, ¥, z) implies

Lm,,(x, ¥y, 2 + 1) — Lm,, (v, y, 2)

(16) = oz, ¥, z)lim(x, Y, 2) + g :: n;: q(k, I, nym(k, I, n)] .
If we put

17 v(x, ¥, 2) = mx, ¥, &) + ZZ,:) :Z ;;:q(k, I, n)ymk, [, n) ,

so that

v(0, ¥, 2) = a(0) + b(y) + c(2) ,
v(z, 0, 2) = alx) + b(0) + ¢(z),
v(@, ¥, 0) = a(@) + b(y) + ¢(0) .

Then by following the same argument as in the proof of Theorem 1
we obtain

szxy(x: Y,z + 1) - Ang(&'}, Y, Z)

18
(18 = fm,(x, Y, 2 + 1) — Lm,(x, ¥y, 2) + q, y, 2)m, y, 2) .

Using the facts that £m,,(z, ¥, 2+1)— £m, (2, ¥, 2) < p(x, ¥, 2)v(x, ¥, 2)
from (16) and m(z, ¥, 2) < v(x, ¥, 2) from (17) in (18) we have
L., Y, 2 + 1) — Lo,(x, ¥, 2) = [0, ¥, 2) + 92, ¥, D], ¥, 2) .

Now by following the same argument as in the proof of Theorem 1
we obtain the estimate

da(s)
a(s) + b(0) + c(2)

+ > 20, ¢, r) + (s, 8, T)]] = R, v, ?) .

=0 r=0

o(e, 9, 2) = [a(0) + b(w) + @I L[ 1+

Substituting this bound for v(x, v, z) in (16) and following the last
argument as in the proof of Theorem 1, we obtain the estimate



202 B. G. PACHPATTE AND S. M. SINGARE

z

m(@, v, 2) < [a(0) + b(w) + ¢@)] + 33| dals) + % 3, 805, 6, NG, 1,7) | -
Substituting this bound for m(x, v, 2) in (13) we obtain the desired

bound in (14).

REMARK 3. We note that, if (18) holds then from the definitions
of m(z, ¥, 2) and v(x, ¥, 2) we have

(14%) u(x, ¥, 2) = R(x, y, 2) ,

on Ni, where R(z, y, ) is defined by (15). Certainly (14*) is less
work to compute in any given case. On the other hand, in the
special case that @, b, ¢ are constant (>0), and » = p,, ¢ = ¢, are
also constants (>0), then we find

R, y,2) = (@ + b + o)[1 + (p, + 2)¥2]*,
while the bound in (14) is, say

—12—-12

)y Zl D[l + (D, + qo)tﬂ"}

=0 r=0 s=0
z—1

<(a+b+e {1 + pyz ;3 L+ (o + qo)yz]”}

=0

R(x,y,z):(a+b+c){1 +j

=(@+b+oft + —2 (1 + (p, + qyal — 1}

Do 0

< R(z, ¥, 2) .

Thus, in this case (14*) gives the simpler but not necessarily smaller
bound than (14).

REMARK 4. It is interesting to note that the bounds obtained
in (2) and (14) are independent of the unknown function u(z, ¥, 2).
The estimates in (2) and (14) have interesting applications to uni-
queness, boundedness, continuous dependence and other problems in
the analysis of a class of finite difference equations involving three
independent variables. Some of these applications are given in §4.

3. Furthermore inequalities. In this section we wish to
establish some interesting and useful nonlinear discrete inequalities
in three independent variables of the Bihari [2, pp. 8-9] and Pachpatte
[4]-[8] type which can be used in the theory of finite difference
equations involving three independent variables. In Theorems 3 and
4 given below we use the following notation. For z, y, z€ N,, and
functions a, b, ¢ with domain N, and p with domain N3, and 2, V
with domain (0, ), set
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(B) U(x,y, 2 a,b,c; 2, V(u), p) = 2[a(0) + b(y) + c(2)]

z—1 da(s)
+ [Vm@r+um+wwﬂ

g g (s, t, 'r):{ .

§=0

THEOREM 3. Let u(x,y,2)=u, >0 and plx,y,2) =0 be real-
valued functions defined for (x,y,z)e N¢ and let W be continuous,
positive, strictly increasing function on I = [u,, o), u, > 0. Suppose
Surther that the inequality

z2—

19)  uw, v,2) < a@) + b@) + @) + 3,

8=0

(s, t, ) Wuls, ¢, 7)) ,
r=0
18 satisfied for (x,y,z)e N:, where a(x), b(y), c(z) >0, da(x), 4b(y),
de(z) =0, are real-valued functions defined on N,. Then for 0 <z <Zux,
O=sy=y,0=sz2=z3,

(20) ul, ¥, 2) = ¥, v, 2 a, b, c; 2, Wu), p)},

where

@1) mm:Y A5 _ > u with 7= %
n W(s) a o

027" is the inverse of 2 and x,, Y., # are chosen so that
(2,9, 2;a, b, ¢; 2, W(w), p) € Dom (27" ,

for all x,9,2z lying in the subintervals 0 Zx =2, 0=y =y,
0=z==z of N,

Proof. Define a function m(x, ¥, 2) by the right member of (19)
so that m(0, y, 2) = a(0) + b(y) + c¢(z), m(x, 0, z) = a(x) + b(0) + c(z),
m(zx, ¥, 0) = a(x) + b(y) + ¢(0). Then by following the same argument
as in the proof of Theorem 1 we obtain

Azmxy(xy Y, 2 + 1) - Azmxy(xa Y, z) = p(w: Y, Z) W(u(xy Y, Z)) ’

which in view of the definition of m(x, v, 2) and the fact that
m(x, ¥, #) = m(x, ¥, z + 1) implies

Azmzy(x: Y, % + 1) - Azmxy(xr Y, Z) _.S-_ p(.’L’, Y, Z) W(m(x, Y, = + 1)) ’
ie.,

Lm,,(x, Yy, 2 + 1) Lm,,(x, Y, 2)
22 zY ] » — y S , ’ .
(22) Wim(z, ¥,z + 1)) Wm, 4,2 + 1) o(z, ¥, 2)
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From (22) we observe that

dLmy(@, 9,2+ 1) _ Lm.,@ 9, 2)
23 ,
(23) Wm(x, v,z + 1)) Wm(x, y, 2)) = p(, ¥,2) -

Now keeping z, y fixed in (28), set 2 = » and sum over » = 0,1, ---,
z — 1 to obtain the estimate

2 A mzy(xy Y, z)
(24) om0, 2) = Zp(x Y, 7).

From (24) and in view of the fact that m(z, ¥, 2) < m(x, ¥y + 1, 2) we
observe that

dm,(x, ¥y + 1, 2) Am,(x, Y, 2) 21
25 ~
) Wm(x, ¥y + 1, 2)) W(m(x, ¥, 2)) = 720 o, ¥, r) .

Keeping z, z fixed in (25), set ¥y = ¢ and sum over ¢t =0,1, ---,y — 1
to obtain the estimate

@26 Am,9.2) Aa(x) LS
Wm(x, v, 2)) ~ Wa(x) + b0) + ¢(z)) ==

From (21) and (26) we have

v, t, r) .

=}

m(z+1,Y9,2) dS

Q0w +1,9,2) — 2m(@, v, 2) = |

w2 W(S)
27 < dm,(x, Y, 2)
— Wim(z, v, 2))
da(z) Z: S o, 1, 7) -

= Wla(x) + b0) + ¢(2)] =0 =0

Now keeping ¥, z fixed in (27), set = s and sum over s =0, 1, ---,
x — 1 to obtain the estimate

2(m(x, y, 2)) — 2a(0) + b(y) + ¢(2)

28) o Ja(s) o
= Z[ Wla(s) + b(0) + c(2)] 2‘) 2P, ¢, "’)]

The desired bound in (20) now follows by substituting the bound
for m(x, v, z) from (28). The subintervals of N, for z, ¥ and z are
obvious.

REMARK 5. The estimate in (20) is independent of the choice of
u,€ I used in defining 2. One can use this fact to show that the
case u, =0, W(u) >0 on (4, ) and W(u, = 0 can be obtained as
a limiting case from the theorem. This will allow W(u) =% on
(0, ). For details, see Bessack [2, pp. 8-9].



DISCRETE GENERALIZED GRONWALL INEQUALITIES 205

REMARK 6. If we compare Theorem 3 with W(u) = w for v = 1,
with Theorem 1 we see that the hypotheses (1) and (19) are then
the same, but the bounds are now (2) and

da(s)
a(s) + b(0) + ¢(2)

+ S S ]

t=0 r=0

(20 u(w,, 2) = [a(0) + b) + @] 1] exp|

Using the fact that expu =1 + u for all we R, it follows that (2)
gives the better bound than (20%).

Our next result is a three independent variable discrete genera-
lization of the integral inequality recently established by Pachpatte
[10, Theorem 2].

THEOREM 4. Let u(x, y, 2), p(x, ¥, 2) and W satisfy the hypotheses
of Theorem 3, and suppose further that the inequality
z—1 y—1 z—1
w@, U, 2) < a@) + bw) + @) + 3, 5 5005, 6, )| uls, 1, 7)
(29) ottt pe
+ S5 Sk, L Wtk L, ) |,

is satisfied for (x, vy, z)e Ni, where a(x), b(y), ¢(z) > 0, da(x), 4b(y),
de(z) = 0, are real-valued functions defined on N,. Then for 0 <
=S X, 0SY=SY, 05252,

(30) u(z, v, 9=S[a0)+bW)+e@]+3, | a(e) + 3, 5 (s, &, M6, 8,7 |

where

(31) Qw, v,2) =G ¥ (2, v,20abc G u+ Wau),p)},

in which

(32) G(r) = S 48 gy with 7=
r 8§ + W(s)

Gt is the imverse of G and x,, Y, %, are chosen so that
¥(x, y,%;a,b,¢; G, w + W(u), p) € Dom (G™) ,

for all z, y, z lying in the subintervals 0 Zx <, 0y < ¥,
0=z2z=<7%, of N,

Proof. Define a function m(x, y, 2) by the right member of (29),
so that m(0, y, 2) = a(0) + b(y) + c(z), m(x, 0, 2) = a(x) + b(0) + c(z),
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m(zx, ¥, 0) = a(x) + b(y) + ¢(0). Then by the same argument as in the
proof of Theorem 2 we obtain

Lm,,(x, Y, 2 + 1) — £m,, (2, Y, 2) = p(z, Y, z)[m(w, Y, %)
(33) ot yet o
+ S5 S otk 1w Wontk, L, w) |

k=0

If we put

B o, 1,2 =mlz, ¥, ) + 5 5 500k, L n) Womdk, 1, w) ,

so that

v(0, 9, 2) = a(0) + b(y) + ¢(2),
v(x, 0, 2) = a(w) + b(0) + c(z),
v(@, ¥, 0) = a(@) + b(y) + c(0) .

Then by following the same argument as in the proof of Theorem 2
we obtain

A, (2, Y, 2 + 1) — Lo, (2, ¥, 2) < (2, ¥, 2)[v(®, ¥, 2) + W, ¥, 2))] .

INow by following the same steps as in the proof of Theorem 3 we
obtain the estimate

o, ¥, 2) < G{G(a«» + b(y) + e(2)

“"‘[ da(s)
a(s) + b(0) + c(z) + Wla(s) + b(0) + ¢(2))

y—1 z—1

+ 2, 20, ¢, r)ﬂ = Q(, ¥, ?) .

t=0 r=0

$=0

Substituting this bound for v(x, ¥, 2) in (33) we have
Azmw(x) Y, < + 1) - Azmw(xr Y, z) é p(x, Y, Z)Q((B, Y, Z) ’
which implies the estimate
@, v,2) = [60) +b(w) + @] + 3| o) + 5, 5, w5, 6, MAG, 8,7 | -

Substituting this bound for m(z, ¥, 2) in (29) we obtain the desired
bound in (80). The subintervals of N, for z, ¥, and z are obvious.

REMARK 7. As pointed out in Remark 2 there are five other
alternative conclusions corresponding to permutations of (z, v, z),
(a, b, ¢), in addition to the conclusion (20) of Theorem 3. The same
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is true in case of the conclusion (30) of Theorem 4. Further we
note that, if (29) holds then from the definitions of m(x, ¥, z) and
v(x, ¥, ) we have

(30%) ux, ¥, 2) = Q, v, 2) ,

on N, where Q(z, 9, z) is defined by (31). In this case (30*) gives
the simpler but not necessarily smaller bound than (30). If we
compare Theorem 4 with W(u) = w for w = 1 with Theorem 2 with
p=gq we see that (13) and (29) coincide. In this case a simple
analysis shows that R(zx, v, z) < Q(x, ¥, 2) so that the bound obtained
in (14) is better than (30).

4. Some applications. In this section, we present some appli-
cations of our results to the boundedness, uniqueness, and continuous
dependence of the solutions of diserete versions of hyperbolic partial
differential equations involving three independent variables. It
appears that these inequalities will have many applications for finite
difference equations involving three independent variables, but those
presented here are sufficient to convey the importance of our results.

ExaMpPLE 1. As a first application, we obtain a bound on the
solution of a summary difference equation

-1 y—1 z—1
(35) Ly, = f [x Y, %, U, >, yZ > h(x, v,z 8¢, u)] )
§=0 t=0 r=0

with given boundary conditions at x =0, y =0, 2 =0, where all
the functions are defined on their respective domains of definitions
and

(36) Iflz, ¥, 2, u, v]| £ p(x, ¥, 2[|u] + |v]],
37 Iz, ¥, 2, 8, t, v, w)| = q(s, ¢, v)|ul,

where p and ¢ satisfy the hypotheses of Theorem 2. By using the
given boundary conditions, equation (35) can be represented by the
equivalent summary difference equation

{
N
|
-

z—1 y—1 z

w®, ¥, 2) = 9(x, ¥, 2) + >, f[s, t, r, u(s, t, r)

r=0

o

o~
I}

-3

I

@

(38)

1

o
-
<
1
-

8

h(s, t, 7, K, 1, m, uh, I, n))] ,

k=0 L=

=Y

»

it
o

where g(x, ¥, z) depends on the given boundary conditions. If
lg(x, ¥, 2)] < a(®) + b(y) + ¢(2), where a(x), b(y), and c(z) are as defined
in Theorem 2, then using (36), (87) in (38) and then applying Theorem
2, we obtain a bound on the solution u(x, ¥, 2) of (35).
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ExAMPLE 2. As a second application we establish the uniqueness
of solutions of (35) with the given boundary conditions. We assume
that the functions % and f in (35) satisfy

(39) ]h(x, Y, %, 8, t, r, u) - h/(x’ Y, %8, t, 7, ﬁ‘)l = Q(S, t, 7") Iu - al ’
40)  |flx v, 2 u, v] — flx, ¥, 2, %, 7| < p(x, ¥, D|u — @| + [v — 7],

where p and ¢ are as in Example 1. The problem (35) is equivalent
to the equation (88). Then for any two solutions w and # of (35)
we have

u—u=4g19 2 — g2

8—1t—1r—1

-

y—1 z—1

(41) + z;; Ss { f[s, t, v, u,

t=0

(s, t,r, k, L, n, u)}

k=0 =0 2=0
1r—1

- f[s} t’ 1" ?’—L’ 5 ti‘l i h(s’ t’ T’ k’ l’ n) /ﬁ)]} ’
k=0 =0 n=0

where g(z, ¥, 2) and g(z, ¥, z) depends on the given boundary condi-

tions. Using (39) and (40) in (41) and further assuming |g — g| < ¢,

for arbitrary ¢ > 0, we have

—1t—1 r—1

-l Se+ 58 06t -7l + 55 S el L —1al] .

s
§=0 t=0 r=0 k=0 I=0n=0

Now a suitable application of Theorem 2 (with a + b + ¢ = ¢) gives

2—

z—1 y—1 1
(@, ¥, 2) — @@, ¥, 2)| < & + ¢ 3, 3 3,05, T, K, 8, 7)
8=0 t=0 r=0
where

Kt =111+ 5 5 00 L) +ae ) |,
Since ¢ > 0 is arbitrary we have w = #, i.e., there is at most one
solution of the equation (35).

We note that, here is a case where the simpler bound |u — | <
R = ek(x, y, 2) gives the conclusion # = # more easily.

ExAMPLE 8. Our third application is an example of continuous
dependence of the solution on the equation and boundary data.
Consider the boundary value problem (35) given in Example 1 and

42 LU, = F[m 0,2 U,SS S Hw, v, 25t U)] ,

8=0 t=0 r=0

with given boundary conditions at x =0, y = 0, 2 = 0, where all the
functions are real-valued and defined on their respective domains of
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their definitions and

8

U,SSS H, t,r,k,l,n,w]

k=0 {=0n=0
s—

lf[s, t, r,
- F[s, t, r, gtz_f S

=0 n=0

43)
H(s, t, 7, b, 1, m, U>] <,

and suppose further that the functions » and f in (85) satisfy the
conditions (39) and (40) with q(s, ¢, ) = M, and p(z, ¥, 2) = M,, where
e, M,, and M, are positive constants. The equations corresponding
to (35) and (42) are (38) and

U@, 4, 2) = G, 4,2 + 3,

IIM!

S F|s b, Uls, t,7),
(44) e =
S5 S Hs, 6k Lo, Ul L) |

where G(z, 9, 2) depends on the given boundary conditions for the
equation (42). From (38) and (44) we have

w-U=@-@+ 5SS {dstnu S5 She bk Luw]

0 l=0n=0
— F[s, t,»r, U, S HTZ:IH(S t,r, kL, m, U)}}
By subtracting and adding

fl:s, t,r, U, h(s t,r, kL, n, U):l

M
IIMI

in the braces of the above equation, and further assuming |g — G| = ¢
and using (43), (39), and (40) as mentioned above we obtain

-+ SES (M u- 0+ S5 S M- l]+ 4
A suitable application of Theorem 2, on the compact set 0 <, 9, 2 < C,
yields

5—1

m-mgmﬁ+%§§ggnﬂm+mmﬁgw5

where M =1 4+ C% and M* is obtained by replacing =z, y, 2z by C
in the expression in brackets. Thus the solution of the given
boundary value problem (35) depends continuously on f and the
boundary values. If ¢ — 0, then ju — U]— 0 on the set.

In concluding this paper we note that the inequalities and their
applications presented here can be extended very easily to » inde-
pendent variables. We omit the details.
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