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ON THE TOPOLOGY AND GEOMETRY OF ARCWISE
CONNECTED, FINITE-DIMENSIONAL GROUPS

SicMUND N. HUDSON

If G is an arcwise connected, finite-dimensional group,
then it is known that there exists a connected Lie group
G~ and a continuous, one-one, onto homomorphism <: G~ —
G. Results are obtained for describing the topology of G
in terms of the geometry of the manifold G~ and of 7. The
major result is that there is a closed subgroup S of G~ and
arbitrarily small neighborhoods U at the identity of G such
that there are real numbers » and s satisfying < 4(U) is
the union of mutually disjoint open balls in G~ of radius 7
scattered along the submanifold S in such a manner that
the balls are separated by at least s. In the case that G
is embedded in a locally compact group, more detailed infor-
mation is given for the distribution of the open balls in G~.

1. Introduction. If G is an arcwise connected, finite-dimen-
sional topological group, then Gleason, Palais, Montgomery, and
Zippin have shown that there is a Lie group (connected) G~ and a
continuous, one-one, onto homomorphism ¢: G~ — G. Thereby the
study of the algebraic structure of an arcwise connected, finite-
dimensional group is reduced to that of connected Lie groups. The
main interest in this theorem is for the case that G is not locally
compact (for in the case of locally compact G, it follows that G is
a Lie group). In this paper the local and global topological structure
of G is studied (assuming G is not locally compact).

One may assume that as sets G = G-, and the topology of G~
is obtained by using as a base of open sets the arc components of
open subsets in G. Also 4: G~ — G is the identity function.

To describe the topology of G, the geometry of the manifold
structure of G~ serves as a tool. It is shown below that there is
a right invariant Riemannian metric d for G~ and there is a base
# of neighborhoods at 1 € G such that for all », n>0 there is We <&
and subsets S and D of G with W = SD and with S x D and SD
homeomorphic, where S is an open ball in G~ of radius less than 7
with respect to d and where D is a discrete subset of G~ whose
members are separated by at least n. This means that no two of
them simultaneously belong to any translate of B", where B is the
open ball of radius 1 at 1. Also there is a closed subgroup L of
G such that for every We <% the arc components Sd of W all
intersect with L. With respect to this property, L is minimal in
dimension, and furthermore L is a normal subgroup and G/L is a
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Lie group (see Theorems 1,3,and 4). One could say that each
neighborhood in <Z is the union of its arc components, where each
arc component is an open ball of radius 7, these components being
distributed along the subgroup and submanifold ¢7*(L) in G™~.

A special case of interest is the case that G is embedded in a
locally compact group (see Theorem 2). In this case it is shown
that there exists a discrete, abelian subgroup E of G~ such that
every D as given above is contained in K. If the locally compact
group is Lie, even more detailed information is obtained on E.

Examples show that, in the case that G is not embedded as an
analytic subgroup of a locally compact group, there may be no such
abelian, discrete subgroup E of G~. In fact, Nienhuys and Rolewicz
have constructed a topology for the real numbers R so that R is
a topological group with this topology, is arcwise connected, and
has only {0} and R as closed subgroups. Using modifications of the
method of construction for R, examples are constructed for a topo-
logy for R™ so that {0} and R" are the only closed subgroups.

In the last section of this paper, a study is made of compact
subgroups of G and of the closure of arcwise connected subgroups
of G. It is shown that G has maximal compact subgroups; in fact,
they are i(K), where i: G~ — G and where K is a maximal compact
subgroup of G~. In proving this theorem, it is shown that for each
compact subgroup K of G, 1 %K) is compact in G~. One can ask
whether for each compact subset C of G i7(C) is compact in G~. An
example shows the answer to be no; however it is shown that for
each compact arcwise connected subset A of G, i7*(4) is compact in
G~. There are other examples to show that certain known results
for one-parameter or for closed subgroups of locally compact groups
cannot be generalized to the case of such subgroups of arcwise con-
nected, finite-dimensional groups.

2. Preliminary definitions and results, For a topological
group G, there is a topological group G~ obtained from G by using
the same algebraic structure for G~, and defining a topology for
G~ by using as a base for the topology the collection of all arc
components of all open subsets of G. The identity function ©:G~—G
is continuous; and if G is arcwise connected and finite-dimensional,
then G~ is a connected Lie group. Other relationships between G
and G~ are discussed in [4] and [10].

The following two theorems do not seem to be readily available
in the literature.

THEOREM. Let G be a compact connected abelian group. Then
there is a compact totally disconmected subgroup D of G such that
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G/D is a toral group. A toral group is one isomorphic (as topologi-
cal groups) with the product of a collection of circle groups, the
collection possibly being infinite.

The proof of this theorem uses Pontrjagin duality and a Haus-
dorff maximality argument.

THEOREM. Let G be arcwise comnected and finite-dimensional,
with 1: G~ — G. If S is a closed subgroup of G, then i7(S), as a
subgroup of G~ with the relative topology, is isomorphic to S~.

Proof. Since G~ is a connected Lie group, 7+ *(S) is a Lie group
with a countable number of arc components. We define 7,1 < n=<
3, as the identity function from a set onto itself, where j:77%(S)—
S~, where 7,: S~ — S, and j,;: i (S)— S. Clearly j, and j, are con-
tinuous. Then j, is continuous by [4, p. 643]. So j, is a continu-
ous, one-one, onto homomorphism from a o-compact locally compact
group to itself, so it is an isomorphism by [8, p. T].

By a vector group it is meant a topological group isomorphic
to R™ for some n.

For a connected Lie group L, there exists a metric d on L and
a real number ¢ > 0 such that (1) d is a so-called Riemannian metric
on L and d is right invariant (d(yz, zx) = d(y, z) for all z, y, ze€ L),
(2) the neighborhood N(1,t) = {xe L:d(x,1) < t} is a normal neigh-
borhood of 1€ L with respect to exp: &©(L) — L and d, and N(1, £)” is
compact (8) d(x, y) = inf {335, d(2;y 2,11): 2, = @, 2, = ¥, and there is
a geodesic in L connecting z, to 2;,,}. Such d are discussed in [6].
We assume without loss of generality that d has been “normalized”
so that ¢ (from (2) above) is the real number 1. This may be done
by using a scalar multiple of d.

DEFINITION. Let L be a connected Lie group. We say that L
has a normalized Riemannian metric d in the case that a metric d
with respect to the above properties is used for L, including the
property that N(1, 1)~ is compact.

3, Main theorems. We begin with a theorem describing the
neighborhoods of 1 in an arcwise connected, finite-dimensional group
G, a theorem of fundamental importance. The theorem says that,
with respect to the manifold G~ and its metric d, smaller neighbor-
hoods at 1e€G have arc components which have smaller diameter
and which are separated from one another by greater “distances”.
The quotes are used for the following reason. Customarily one
defines subsets P and @ of G~ to be separated by at least n to mean
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that d(P, Q) > n for a metric d on G~. For our purposes, this is
not appropriate, because N(1,n) may not have compact closure,
where N(1, n) = {x € G™: d(x, 1) < n}, particularly if » is large enough
and if exp: &2(G~) — G~ is not onto. However, if we let B denote
N(1, 1), which has compact closure by construction of d in §2, then
B* will have compact closure; because B" c (B™)".

DEFINITION. Let P and Q be subsets of a connected Lie group
G~ with normalized Riemannian metric d. Define B by B = N(1, 1),
so that B has compact closure. We say that P and @ are separated
by at least n (where % is an even natural number) in the case that
for all xeG~, P and Q do not both meet B™x, where m = n/2. That
is, at least one of P and @ have an empty intersection with B™x.
Informally, we think of B™ as having “width 2m” and having
“pseudo-radius m”’, and we think of P and @ being separated by
at least “width »#”. In fact, if G~ is isomorphic to the vector group
R*, then d may be so chosen that P and @ being separated by at
least “width »n” is equivalent to d(P, @) = n.

THEOREM 1. Let G be arcwise connected and finite-dimensional,
and let i: G~ — G, where G~ has metric d as above. There exists a
base <& of meighborhoods at 1 in G such that for any r,n >0, n
a natural, even number, there is Uec <& satisfying:

(a) U has a subset D discrete in G~ such that U = SD, where
S is an open ball at 1 in G~ with respect to d, where Le D, and
S x D — SD given by multiplication is a homeomorphism,

(b) the arc components of U are Sd, for deD, and if P and
Q are different arc components of U, then radius (P) <7, and P
and Q are separated by at least m,

(¢) D is countable, totally disconnected, Hausdorff, hereditarily
paracompact, and 0-dimensional. '

Proof. Let V be a neighborhood of 1 in G, and let r,n > 0.
We consider G~ as a transformation group acting on the space G via
.G X G— G given by =#(x,y) = 2y. In as much as ©:G~— G is
continuous then x is continuous and routine arguments verify that
(G~, G, ) is a topological transformation group. By the local cross-
section theorem (see [9, p. 814]) there exists a compact ball K at
le G~, where Kc N(1,1) and radius K = ¢, and there exists a closed
subset E C G with 1 € E such that K X E — KE is a homeomorphism,
that KE contains a neighborhood of 1e€G, and that KEcC V. We
now let K denote the open ball of radius ¢ at 1€ G~. We see that
E contains no ares, for otherwise dim KE > dim G = dim G~. Using
the projection K x E — H, it is clear that the arcs of K x E are
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K x{y}, ye E. Since i *(KF) is open in G~, and because an open
subset of a connected Lie group has a countable number of arc
components, we have that E is countable. Since E is a subset of
G, E is completely regular; so E contains no connected, nontrivial
subsets, and E is totally disconnected.

Next we find an open subset D of E at 1 in E such that for
all different d,, d,e D we have {d,} and {d,} are separated by at least
width % + 2. Suppose by way of contradiction that for all open
subsets D of E, with 1¢ D, there exist different ¢, and f,e D such
that e, and f, are not separated by at least width » + 2. There-
fore, letting k¥ = (n + 2)/2, for all D we have that ¢, and f, belong
to B*z, that e, =0b,---b,2, that f, =¢,---c,2 and that e,f;'=
b+ + b2z ¢zt - et € B*. Consequently, since B* has compact closure
in G~ e,f;* has a convergent subnet in G~ converging to some
weG~. This subnet we also call by the same name. Note that
w # 1, because ¢, and f, belong to different open balls Ke, and Kf)p
of KE for all D, making d(e,, f») > q. Then d(e,f5*, 1) > q, imply-
ing that d(w, 1) = ¢ and w # 1. On the other hand, because i: G™—
G is continuous, i(e,f5") converges to i(w) in G. In G the nets e,
and f, both converge to 1, so the net ¢,f,' converges to both 1 and
w, a contradiction. So there is a desired subset D.

Next we define S = N(1, t), where ¢ = min {r/2, q}. Recall that
q < 1. Next we show that Sd, and Sd, are separated by at least
width %. If there should exist z such that Sd, and Sd, both meet
B¥2(k = n/2), then weSd,NB*2c Bd, and veSd,N B*2 < Bd,, and
d, € Bu C BBz, also d,e BvC BB*z, so d, and d, are not separated
by at least 2(k +1) = 2(n/2 + 1) = n + 2. Therefore Sd, and Sd,
are separated by at least n.

We have established (a) and (b) of the theorem. To show (c),
we have that every subset of D is countable, hence Lindelof. So
every subset is paracompact [3, p. 174]. So D is hereditarily para-
compact. In as much as D is totally disconnected, every compact
subset F' of D has cohomological dimension c¢dF' equal to 0 [1, p. 218],
[10]; so ¢cdD = 0. Note that the inductive dimension of D is also
0 [2, p. 279].

Next we prove in Theorem 2 that if the arcwise connected,
finite-dimensional G is contained in a locally compact group L, then
the structure of the D in the previous theorem is improved; in fact,
there exists a subgroup E of G~ isomorphic to Z* such that for
every U = SD of the previous theorem we have D C E. The closure
of F in L is a compact group. If furthermore L is a Lie group,
then the closure of E in L is a torus subgroup of L, as shown by
the next Theorem 2. We first present two lemmae.
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LEMMA 1. Let L be a compact group, let G be a subgroup of
L such that G~ s isomorphic to R" and such that G is dense in
L, and let C be a compact subgroup of L with L = GC. Then
there exists a compact subgroup K c C such that G- = GK, that
(GNK)y =K, and i"(GN K) 1s discrete in G~.

Proof. Note that G and L are abelian. We let D be a closed,
totally disconnected subgroup of the component J at 1 in C such
that J/D is a toral group (possibly infinite-dimensional). We let o:
GC — GC/D be the coset homomorphism, with ¢(G) = G,, ¢(J) = J,,
and @(C) = C,. Then G,C, has the same properties as GC, except
that the identity component J, at 1 in C, is a toral group. This
implies that J, is a direct factor of C, [7, p. 419], so that there
exists a subgroup E of C, such that C,=EX®J,. Clearly E is
totally disconnected. We let =: G,C, — G,C,/E be the coset homomor-
phism with #(G,) = G,, with #(C,) = C,. Then G,C, satisfies the same
properties as G,C, and GC, except C, is a toral group, whereas C,
or possibly C is not a toral group. We now prove Lemma 1 for
G,C,, rather than GC; and Lemma 2 below, applied to G,C, and
G,C,, then next applied to GC and G,C,, will finish the proof of
Lemma 1. Therefore we may assume without loss of generality
that C is a toral subgroup of L = GC (C possibly infinite-dimensional).
In the closed subgroup (G N C) of G~, we let V denote the com-
ponent of (G N C) containing 1. Then V is a vector group in
G~. Using [5, p. 164] we may find a neighborhood U of 1 in V'~
and a toral subgroup K of the toral group C such that UK is a
neighborhood of 1 in C and such that U x K— UK is a homeomor-
phism and a local homomorphism. The countability assumptions of
[5] are satisfied in the setting of Lemma 1, Lemma 2, and Theorem
2, by using the fact that 4(G™) is dense in L. We will prove that
K is the desired subgroup. If 77*(G N K) should contain a one-para-
meter subgroup P, then UN K contains VNP, a contradiction.
Next, to show GK = GC, we have that GK = GVK = GC. Finally
to prove that (G N K)~ = K, we denote (G N K)~ by F, and establish
that GF is a compact subgroup of GC. To do this, we consider
GF/F. This group is arcwise connected and finite-dimensional. Also
@: GF/F — GK/K defined by @(«F) = xK is a one-one, onto homo-
morphism, using that F < K and the definition of F. Since GK/K
is a torus group and since (GF/F')~ is a Lie group, it is clear that
@ is an isomorphism. So GF/F is compact. Since F' is compact,
we have that GF is compact. Because GF is a compact subgroup
containing the dense G, we have that GF = GC = GK. We use the
equality GF = GK to prove that FF = K. Already FC K, so let
xe K. Then 2eGF, so x = ge, where ge@G and ¢ (GN K)". So
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ceK, so geK, so geGNK, so geF, and ze€F. So KCF. So
Lemma 1 is proved. We note that if L is a Lie group, then K can
be chosen to be a torus subgroup of L.

LEMMA 2. Let @: GK — HM be an onto homomorphism of com-
pact abelian groups, with the kernal of a being totally disconnected
and contained in K, with a(G) = H and a(K) = M, with G~ and
H~ isomorphic to R*, and with G and H dense in GK and HM
respectively. If HM satisfies the conclusion of Lemma 1, then GK
satisfies the conclusion of Lemma 1.

Proof. By hypothesis, there is a compact subgroup M,c M
such that H- = HM,, ete. One defines C by C=a'(M,). Then
arguments such as used at the end of Lemma 1 show that Cc K,
that G- = GC, ete.

THEOREM 2. Let G be arcwise connected and finite-dimensional,
and suppose that G is a dense subgroup of the locally compact
group L. Then there exist <& and d as in Theorem 1, and there
exists an abelian compact subgroup K, with Kc Z(L)-R, for R=
the radical of L and Z(L) = the center of L, such that for any
r,n >0, there exists Uec <& satisfying:

(a) letting A denote the subgroup G N K, the meighborhood U
has a subset D, with DcC A, such that D is discrete in G~ and
that U = SD, where S is an open ball at 1€ G~ with respect to d,
where 1€ D, and where S X D — SD is a homeomorphism,

(b) the arc components of U are Sd for deD; and, if P and
Q are different are components of U, then radius (P) <7r and P
and Q are separated by at least width n,

(¢) A is a countable subgroup of G, discrete in G~ and totally
disconnected in G, and the closure of A in L is K,

(d) G- =GK and G is a normal subgroup of G-. If L is a
Lie group, then K is a torus subgroun of G~.

Proof. The proof consists of the cases for G abelian, for G
solvable, for G semisimple, and then the general case.

In the case that G~ is abelian, we have that L is abelian. It
is known that there are subgroups B, B;, B, of G such that G =
B,B,B,, where B, is a vector subgroup of G~, of G, and of L, and
where B, is the maximal compact subgroup of G~, and where B, is
a vector subgroup of G~ such that every one-parameter subgroup
of B, is nonclosed in L, and where G~ is the direct product of the
B,. It follows that G~ = B,B;”B,. Using the known facts about the
product structure of locally compact, connected, abelian groups [7,
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pp. 90, 95] we may assume that G = B;, in as much as B, and B,
are direct factors in G and L. We now have that L = B,B, = GB,,
where G is dense in L and where G~ is isomorphic to R", so that
Lemma 1 is applicable. Therefore, the major part of the abelian
case of Theorem 2 has been established, and we omit the remaining

parts of the abelian case.
Next assume that G~ is semisimple. To give an example of

this situation, let H be a connected semisimple Lie group such that
there exists de Z(H) with the group D generated by d isomorphic
to the integers (and discrete in H). Let K be a compact, monothe-
tic group with the powers of ¢ dense in K (here K may possibly be
disconnected or may be infinite-dimensional). In H x K let D* be
{(d, e)*: » is an integer}. Note that D* is discrete and central in
H x K. Letting ¢: Hx K— (H X K)/D* be the coset homomor-
phism, we have that @(H) is dense in the locally compact (H x K)/
D* and that @(H)~ is isomorphic with H. Continuing with the
the proof, we let {d,, ---, d,} be a set of generators for the finitely
generated, central subgroup Z(G), such that {d,, ---, d,} generates a
discrete subgroup of L, and each element of {d,., ---, d,} generates
a nondiscrete subgroup of L. If we let I'(x) denote the closure of
the group generated by z, then Weil’s lemma shows that I'(x,) is
compact for k +1 <7<t [7,p. 84]. We let R be the radical of L,
and one proves that every element of R is the limit of elements
from the group D generated by {d,, ---, d,}. Furthermore, it can
be seen that R is the connected component of D~ containing 1. If
we define K to be D, if we let S be an open ball at 1€G~ such
that $?N Z(G~) = {1}, then it can be shown that S x D~ — SD~ is
a homeomorphism, and the other conclusions of the theorem follow
readily. If L is a Lie group, it is clear that D~ = R is a torus

subgroup of L.
We omit the proof of the solvable case of the theorem, since

the methods of proof are similar to those in the other cases.

In the general case, we let R denote the radical of G~, we let
S be a maximal semisimple analytic subgroup of G~ such that G~=
SR, and we let P be the radical of L. It is easily shown that Rc
P. Since R and S are arcwise connected and finite-dimensional, we
may assume using the solvable and semisimple cases for the theorem
that there exists a compact abelian subgroup K,Cc R~ cC L (given
by the solvable case) and a compact subgroup K, Cc Z(L)cS-cC L
(given the semisimple case), satisfying the appropriate conditions.
(If L is a Lie group, then K, and K, are torus subgroups.) It is
tempting to define A and K = A~ by letting A~ = K, K,, but it may
happen that K, N R and possibly K, K, N G contain a nontrivial one-
parameter subgroup, an undesirable property if we wish KNG to
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be discrete in G~. So we “rechoose” as follows. The purpose of
the following discussion is to obtain an appropriate subgroup of
K, K,. We have that K,K,NG is closed in G, and so KK, NG is
closed in G~. So the identity arc component of ¢ (K, K, N G), denoted
by E, is a closed vector subgroup of ¢"'(K,K,NG). Since E is a
vector subgroup of K,K,, there exists a neighborhood U of 1 in E~
and a compact subgroup K of K K, such that UK is a neighborhood
of 1 in KK, and U X K— UK is a homeomorphism and local homo-
morphism. We obtain such U and K by using a compact, totally
disconnected subgroup D of K, K, such that K.K,/D is a toral group,
by using [5, p. 164], and by using the above Lemma 2. We will
prove that K is the desired subgroup of L. Note that Kc Z(L)P.
Further note that if L. were a Lie group, then K, K,, and K would
be torus subgroups of L.

We prove first that G K is dense in K. For any z¢ K, and
any V open in K containing x, we have that UV is open in UK,
where U is as above. Since G N KK, is dense in K, K,, there exists
geGNUV. Because g =uv and ¢g and % belong to G, we have
that veG. So veGN YV, and GN K is dense in K. Next we show
that G N K is discrete in G~. If V is a one-parameter subgroup of
GNK, then Vc E. Since EN K is discrete in E~, we have that
V = {1}. Finally we show that GK = L. Using normality of G in
L (a well-known result, for example see [5]), it follows that GK is
a subgroup of L. Next we show that GK contains a neighborhood
in L, and connectedness of L will imply that GK = L. We have
that GKDGUK > GW, where W is a neighborhood in K K,. But
GW clearly contains a neighborhood in SK,RK, = L.

The proof of Theorem 2 is now easily finished by using Theorem 1.

REMARKS ON THEOREM 2. Several authors, particularly Goto,
have proved results similar to Theorem 2. Their results are not as
detailed about K as the present Theorem 2. The subgroup K must
satisfy several competing conditions. First, it must be “large
enough”, because GK must be all of L. Next it must be “small
enough”, because K must satisfy that G N K is discrete. Finally K
must be “appropriately orthogonal to a neighborhood in G,” because
K must satisfy that G N K is dense in K.

Next we show that for an arcwise connected, finite-dimensional
group G, there is a subgroup S, closed in G and G~, such that
arbitrarily small open sets at 1 in G have all of their arc compo-
nents concentrated on S and that G/S is an analytic manifold.

DEFINITION .&”. Let G be arcwise connected, finite-dimensional,
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with 2: G~ — G. We let & be the collection of all subgroups S of
G satisfying (1) +7%S) is a closed subgroup of G~, and (2) there
exists a neighborhood base <% at 1€ G of open sets in G such that
for all Be<Z and for any arc component A of B, we have
AnS =+ @.

THEOREM 3. Let G be arcwise connected and finite-dimensional,
with 1: G~ —G. (i) If R and Se€ .57, then RN Se.5”. (ii) Every
Sec.&” is a closed subgroup of G. (ii) & is monempty, because
Ges”. (iv) G~[i™Y(S) and G/S are homeomorphic coset spaces, so
that G/S is an analytic manifold. (v) If Se€ S and €@, then
xSx~te .

Proof. (i) Clearly condition (1) of the definition of & is
satisfied by RNS. To prove (2) of the definition, let = be a
neighborhood base for R and & a neighborhood base for S, each
satisfying (2). In order to construct a neighborhood base % for
RN S, let U be any neighborhood of 1 in G. Choose W a neighbor-
hood of 1 in G such that W*c U and such that the arc components
of W are open balls of radius » > 0, using Theorem 1. There is a
De <7 such that Dc W, and there is an Ee & such that EcD.
We define B to be the open ball of radius » at 1 (so that B W),
and we define C = BBE. Then C is a neighborhood of 1 in G, and
C is a candidate for . It is clear that Cc U, because BBE C
Wi*c U. In order to show that every arc component of C meets
RNS, we let A be some arc component of BBE. Then be belongs
to A for some be BB and some ¢c E. Then ¢ is contained in some
arc component E, of the neighborhood FE, and the arec component
E, satisfies E,NS % @. Therefore ANS = ¢@. Furthermore, E,
is contained in some arc component D, of D. We will show that
D,c A. It is sufficient to show that D,c BBE,. Let xzeD,. Since
2 and ¢ are both in the same arc component D,, which is contained
in W, there is an open ball of W, whose center is ¥, containing x
and e. Since d(y, ) < r, we have x e By; and since d(y, e) < r, we
have ye Be. So xe€ BBec BBE,. So we now have that ANR + @&,
in as much as D,NR +# @. So the arc component A of BBE meets
RNS. So such a neighborhood base & exists as claimed.

(i) Let Se.&”. If €@, and x¢ S, for a Riemannian metric d
given by above, we have that d(z*, S) > 0, since +7(S) is a closed
subgroup of G~. Again by Theorem 1, let U be a neighborhood of
1 in G such that every arc component of U has diameter less than
d(x7, S), and let V< U, where V is a neighborhood of 1 in G with
every arc component of V meeting S. Suppose by way of contradi-
ction that * VNS =+ @. Let sexVNS; then scx4, where A is
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some arc component of V. Then x'se A, and furthermore there is
an element a€ ANS. Hence both z7's and a belong to A. Con-
sequently d(x™'s, a) < diam A, so that d (z7, as™*) as well as d(z™, S)
are less than diam A. But Ac Vc U, and we recall that an arc
component A of V satisfies diam A < d(x7?, S), a contradiction. So
we have that VNS = @. Hence S is a closed subgroup of G.

To prove (iv), we have the following commutative diagram:

T

G~ — G

,rl G

G~/i(S) - G/S

where 7 and @ are the coset mappings, and j(xS) = 2S. Then j is
clearly continuous, one-one, and onto. To show j is open, since
G~/i"(S) and its image are homogeneous, it is sufficient to prove
J is open at 17(S)e G~/i7(S). Let Ui™(S) be an open set at i7(S),
where U is open at 1€ G~. Then there exists an open ball Bc U,
with 1€ B, the radius of B is » >0, and BSc US. Then there
exists an open set W in G at 1 such that every arc component of
W has nonempty intersection with S and such that the arc compo-
nents of W have diameter less than #/2, using Theorem 1 and that
for S the definition above gives us a base of neighborhoods. Then
routine arguments prove that WS c BSc US.

DEFINITION. For a topological group H, the component of the
identity 1 in H will be denoted by H, and the arc component of
the identity will be denoted by H,. So H,C H,.

THEOREM 4. Let G be arcwise connected and finite-dimensional,
and let & be as in Definition §. Let Se. & be minimal among
elements of & with respect to dim i7*(S,). Then 17YS,) is a closed
normal subgroup of G~. If T is another member of & satisfying
dim i (T,) = dim ¢7%(8S,), then T,=S,. If S is arcwise connected,
then for every Te.s”,ScT.

REMARKS ON THEOREM 4. If G is a Lie group, then {1} is the
minimal member of .. Examples in the next section show that if
G is non-Lie, then G may be the only member of . Other ex-
amples in the next section show that S may have any dimension
between 0 and the dimension of G~. Theorem 2 above shows that
a minimal member of .&¥ with respect to dimension must have
dimension zero whenever G is embedded in a locally compact group.

Proof of Theorem 4. Since 17'(S) ‘is a closed subgroup of G~,
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we have that ¢7(S), = ¢7(S,) is a closed subgroup of G~. Next let
xe€G. By Theorem 3, xSx*e ., and SNxSx'e.&*. So SNaSx*
has the same dimension as S, since S was minimal. Using standard
facts about Lie groups and their closed, connected subgroups having
the same dimension, it follows that xz(:7%(S))x! = 17(S), so that
17 %(S), is a normal subgroup of G~. If T is another member of .&*
as in the theorem, then the same type of argument proves that
17Y(8), = 17Y(T),. If S is arcwise connected, and if T¢.&”, then S=
S,=T,cT.

COROLLARY. If G s additionally abelian, then there exists
Se .S such that S is minimal with respect to dim 17(S,) and with
respect to the nmumber of independent generators of 17(S)/17Y(S,).
For any TeS” also minimal in these respects, SISN T and T/SN
T are finite abelian growps, that is S and T are commensurable in
the sense of the theory of discrete subgroups of Lie groups.

Proof. Clearly one can find a subgroup Se€.%” such that S, has
minimal dimension. Since S/S, is a discrete subgroup of the analytic
abelian group G~/S;, it is a finitely generated, abelian group; so
that one may choose Se€.& so that additionally S/S, has a least
number of generators. Then S satisfies the required conditions.

The proof of this corollary raises questions for the general case,
where G may be nonabelian. The goal is to obtain a “minimal”
member of &7, where “S is minimal” means that Se . is minimal
with respeet to the two conditions of the previous corollary. For
example, in the case for G nonabelian, is the discrete group S/S,
a finitely generated subgroup of G~/S;?

4. Arcwise connected subgroups and examples. In this section
there are results and examples which have been motivated by
theorems about certain subgroups of locally compact groups. In
the next two theorems, we study the compact subgroups of an
arcwise connected, finite-dimensional group G and how they are
related to the compact subgroups of G~. The next theorem describes
a curious situation for the preimages of compact subsets of G with
respect to 7: G~ — G.

THEOREM 5. Let G be arcwise connected and finite-diminisional,
and let i: G~ — G.

(@) If K is a compact subgroup of G, themn i '(K) is compact
m G~

() If K is a compact subset of G, then i *(K) may mnot be
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compact in G~.
(¢) If K is a compact, arcwise connected subset of G, then
1K) is a compuct subset of G~.

Proof. (a) We have that ¢7(K) is a closed subgroup of the
connected Lie group G~. Hence ¢ '(K) is a Lie group with a count-
able number of arc components. Hence by [7, p. 42], 7 is an open
homomorphism, and K and ¢ *(K) are isomorphic by <. Hence ¢ *(K)
is compact.

(b) Let G be the arc component at 1 of a one-dimensional
compact, solenoidal group, so that G~ is isomorphic to the real
numbers R with its usual topology. It is known that G is arcwise
connected, one-dimensional, and has a sequence {z,} converging to 1
in G, such that i7*({x,}) is an unbounded sequence in ¢*(G). Hence
K = {1} U {x,} is the desired compact subset of G.

(¢) Our first goal is to construct a certain cover of G (not K)
which has no finite subcover. We present several lemmae:

LEMMA 8. Let U be a meighborhood of 1eG such that (a) the
arc components of U each have diameter less than v, where r<1,
(b) the arc components of U are separated by at least width 4,
wsing a normalized Riemannian metric and the terminology from
§2. Let V be a meighborhood of 1eG, with Vc U, and assume
the arc components of V are separated by at least width 4. Define
W by W= U{4: A is an arc component of U and ANV = @}.
Then W is a meighborhood of 1€G@G.

Proof. Define Y = BV, where B is the open ball at 1e G~ of
radius », that is B= N, r). Then Y is open in G. The proof
will be finished when it is shown that BV N U = U{A: A is an arc
component of U and AN U = @}. If V, and V, are two arc com-
ponents of V, then routine arguments show that BV, and BV, are
separated by at least width 2. This implies that BV N U is contain-
ed in the above union. Next, let x belong to the union; that is,
xrc A where A is an arc component of U and ANU % @. Let P
be the arc component of V contained in A. There exists ye P with
d(z, ¥) < 1, since diam A < 1. Therefore x€ ByCc BPCBV. So x¢
BV n U, and the union is contained in BV N U, ending the proof.

For each natural number %, choose U, such that (1) U, is a
neighborhood of 1eG and U,,,c U,, (2) the arc components of U,
are balls with radius less than 1, and (8) the arc components of U,
are separated by at least width 4**'. Define B to be the ball of
radius 1 in G~ at 1, so that B~ is compact. Define W, = U,, and
define W, = (B**. U {4: A is an arc component of U, and AN U, #
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ohuU W,_,. In other words, W, is the union of W,_, with B*V,,
where V, = U{4: A is an arc component of U, and AN U, # @}.
The previous lemma may be used to show that W, is a neighbor-
hood of 1eG. So, informally, W, is the union of open balls of
radius less than 1 and separated by at least width 16; and W, is
the union of a certain subcollection of the open balls from W, (this
subcollection determined by U,), each such ball “expanded by B,”
members of this subcollection separated by at least width 64, unioned
with the remaining open balls of W,. We call the B-A, such that
A is an arc component of U, with AN U, # @, by the name “the
building blocks of W,”. In general, we obtain W,,, from W, by
using U,,, to determine a certain subcollection of building blocks
B*'A from W,. We then form B-B"'4 = B"A, obtaining the
building blocks for W,.,, so that W,,, is the union of these building
blocks B"A with all the previously determined building blocks in
w., W,._,, etec. We note that for all n, W,c W,,,, and each W, is
the union of sets of the type B*A, where 0 £k < n — 1, and where
A is an arc component of U,. Of course, B’ = {1}. We remark
that for n small, the arec components of W, are just the building
blocks B**A of W,, but when n becomes larger, an arc component
of W, may be the union of several building blocks.

We note that {W,} forms an open cover of G, because {B"}
covers the Lie group G~, and B*cC W,,,. It is our next goal to
study the arec components of W,. The next lemma says that the
arc components of W, cannot be too large.

LEMMA 4. For each m, there is mo arc component of W, which
contains two or more building blocks obtained at stage m, that is,
having the form B" A, where A is an arc component of U,.

Proof. For m =1, the lemma is clear, because W, = U,. Sup-
pose the lemma is true for all j <n». By way of contradiction,
suppose B"*A, and B"'A, are contained in an arc component of W,.
We may suppose that there is a collection of building blocks
{C, ---, C,} satisfying C, =B~ 'A4,C, =B"14,CNC,,,+ @, and
each C; is of the form B*'A4, for 1 <k < n, where each B* 4 is
a building block from stage k< n. In other words, there is a finite
sequence of building blocks connecting B"'A, with B"!A,, all of
these in-between building blocks obtained at a stage k < n. Let
C;, be a building block obtained at level k, where k is as large as
possible and k < n (so 4, # 1,4, # m). If there were two such C,,
then' we would have obtained a finite sequence of building blocks
at stage k < m, thereby contradicting the induection hypothesis.
Next we let C;,, be a building block obtained at a stage j, where
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j is as large as possible and j < k < m. There can be at most two
such C,; for if there existed three such, at least two of them would
have subscripts ¢, and 14, satisfying <, and ¢, are between 1 and 7,
or else 7, and 7, are between 7, and m. In either case the sequence
from C,, to C, would be a sequence connecting C, and C,, at stage
J < m, again a contradiction to the induction hypothesis. Consequent-
ly there are at most two such, say C;,, and C,, with 1 <14, <4, <
1, < m. Continuing inductively, there can be at most 4 members of
{C:1 < i < m} having the form B'4, with j <n — 2, at most 8
members of {C;:1 < i < m} having the form B™'A with j<n —
3, ---, and finally, at most 2" members of {C;:1 < 1 < m} having
the form B—A with 7 <m — (m — 2) = 2 (that is, s = 1 and B"'4A=
A). Consequently we can estimate the size of U {C;:1 <1 < m}.
Analogous to the situation that, if N(1, j) N N(x, k) = @ for 1,z¢
G~, then for any z, 2,€ N(1, j) U N(z, k) one has d(z, z,) < 25 + 2k,
there is the fact that if B/ N B*z + @, then for any z, 2, € B’ U B*z,
one has that {2} and {z,} are not separated by at least 2j + 2k.
Applying this fact to U{C:1 <1< m}, where each C; is of the
form B’'A, which is contained in B’z for some z, we obtain that
for any z, 2,6 U {C:1 <1 < m}, the sets {z,} and {z,} are not separat-
ed by at least width

2n — 1) + 2:2(n — 2) + -+ + 2722,

where the 2(n — 1) comes from the one C;, where 2-2(n — 2) comes
from the at most two C;, and C;, ---, and the 2.2 comes from
the at most 22 members of {C;::1 < 1 < m} which were building
blocks at stage 1. But routine use of inequalities shows that

2n — 1) + 2:2(n — 2) + ++¢ + 2°722 < (2" — 2) < 4" — 2,

Consequently for any z, and z,€ U {C;: 1 < 4 < m}, we have that {z,}
and {z,} are not separated by at least width 4 — 2"*,

However, U {C;:1 < ¢ < m} must “span the gap between C, and
C,,” where C, = B~ A, and C,, = B"'A4,. Using arguments similar
to those above, one shows that B A, and B"'A, are separated by
at least width 4" — 4 — 2(n — 1), which is greater than 4*. Con-
sequently two elements of U {C;:1 < % < m} must be separated by
at least 4", a contradiction. So Lemma 4 is proved.

To conclude the proof of (¢), let K be an arcwise connected,
compact subset of G, and it will be shown that i*(K) is compact
in G~. By using a translate, we assume 1€ K. The collection { W,}
forms an open cover of K by open sets in G, so a finite number of
the collection {W,} cover K. So there exists » such that Kc W,.
Since 1€ K and K is arcwise connected, K is contained in the arc
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component of W, at 1. We now prove by induction that for all =,
each arc component of W, is the union of a finite number of build-
ing blocks. It is clear for » = 1, and we suppose it true for all
j <mn. Let C be an arc component of W,. In the case that C con-
tains no building block B”'4 obtained at stage =, then in fact
Cc W; for j <n and our claim is true for C. By Lemma 4, C
does not contain two or more building blocks of the form B"'A.
So we may suppose that C contains exactly one B"'A. It can be
shown that C = B"'A U (U {C,}), where each C, is an arc component
in W,_,, where C,NB"'A # @, and where C,NC, = @ for s+ t.
In other words, C is the union of all the arc components of W,_,
which meet B"'A, along with B"'A. Since each C, is the union
of a finite number of building blocks by the induction hypothesis,
it suffices to show that {C,} is a finite collection. For each C,, since
C,N B A + ¢, there exists x and an open ball B, of radius 1 con-
tained in C, satisfying xe B"'A N B,. The {B,} is a mutually dis-
joint collection, since the {C,} were such. Since B"'A has compact
closure in G~ (recall that B~ was compact in G~, that a translate
of A is contained in B, that B"'Ac (B7)"'A-, and that (B )"'A~
is the continuous image of a certain compact product space), there
exists a subnet of {x,] converging to some xe€G~. Denoting the
subnet also by {x,}, we have that x,x~* converges to 1€ G~, and each
zxt e Bx™t, with {B,x"'} being a collection of mutually disjoint open
balls of radius 1. This can happen in a normal neighborhood of 1
in a Lie group only in the case that the collection is a finite collec-
tion. So the induction is finished. So K is contained in the union
of a finite number of building blocks. By the argument just given
above, each building block has compact closure. Since K is contain-
ed in a subset of G~ having compact closure, and since K = i Y(K)
is closed in G~, we have that i %(K) = K is compact in G~, prov-

ing (c).

The next theorem discusses the existence of maximal compact
subgroups of G.

THEOREM 6. Let G be arcwise connected and finite dimensional,
and let 1: G~ — G. Then G has maximal compact subgroups, and
each one is of the form i(K), where K is a maximal compact sub-
group of G. Comsequently each such is a compact, connected Lie
subgroup.

Proof. Use continuity of 4, use (a) of the previous theorem,
and use the results on the existence of maximal compact subgroups
of Lie groups (for example [8, p. 180]). Other properties for #(K)
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may be established by using the corresponding properties for K.

In the abelian case, G~ has a unique maximal compact subgroup
K which is a direect factor in G~. In fact, G~ is isomorphic with
R*® K. However, the author cannot answer the question whether
i(K) is a direct factor in G.

There are other results on certain subgroups of G; these results
are suggested by surveying the known results on subgroups of Lie
groups. Typical of these is the following theorem.

THEOREM 7. Let G be arcwise connected and finite-dimensional,
and let 1: G~ — G. Then there exists a unique maximal closed con-
nected normal solvable subgroup R of G. If P denotes the radical
of G~, then R = i(P)” and RC Z(G)-%(P). The subgroup R, although
connected, may mot be arcwise connected.

Proof. Define R to be i(P)~. Then clearly R is a connected
normal solvable subgroup of G. If R, DR and if R, has these pro-
perties, then, making use of 77(R,) and +7(R) in G~, it can be shown
that R,/R is a connected, countable topological group (in fact abelian).
Using the fact that R,/R is completely regular, R,/R is the one-
element group. The other conclusions follow routinely.

We now give some examples of arcwise connected, finite-dimen-
sional groups in order to illustrate some limitations on the structure
theorems which one might conjecture.

ExAMPLE 1. There exists a topology for R™ such that R is a
topological group, R" is arcwise connected and finite-dimensional,
and R" has no closed subgroups other than {0} and R".

Proof. Nienhuys [11] and Rolewicz [12] have given a construec-
tion to obtain such a topology on R:. We indicate how to alter
their construction to obtain a topology on R? with the desired pro-
perties. It will then be clear how to obtain the topology for R*.
We will use the notation of Nienhuys [11]. In particular additive
notation is used for groups in this example. The group G is defined
by Nienhuys to be a certain subgroup of (R/Z)?, where ¢ is the
countable cardinal. For ze(R/Z), ||z|| is defined to be lub {/z,|
mod Z: ne N}. The metric for G is given by d(z,v) = ||z — ¥]|.
Also P,:(R/Z)*— (R/Z) is defined by P,(¥)=(Ys, Yo ***5 ¥, 0,0, ),
where 0 is the identity of R/Z.

As Nienhuys does for R', we will construct a subgroup A of G,
and then embed R* in G/A. In fact, A is the infinite cyclic sub-
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group of G generated by a €G, where a is defined on p. 168 [11].
In order to embed R? in G/A, we pick inductively the irrational
numbers », and v, so that (1) {1, A, Ny, =<, 71, Vs +++} is a linearly
independent set over the rational numbers, (2) |7.| < (2"-k,_,)" and
A, ] < (2" K,_,)", where k, is the smallest integer such that for every
y € G there exists some k < k, satisfying

|kP,(\) — P(y)|| = 1/2* and || kP,(7) — P,()|| = 1/2*,

(3) Nl =27\, and |7, =27%|7,| for all neN, (4) if p,
denotes the nth prime number, then X\, = 7.(p,)"”” and v, = $,(P.)"3,
where 7, and s, are rational numbers chosen inductively so that (1),
(2), and (38) above hold. The existence of such % follows from a
version of Kronecker’s approximation theorem (see [7], §26.19(d),
p. 436). The sequences {\,} and {v,} then determine elements A and
v in G, by defining the nth coordinate of N to be A, + Z, similarly
for v. We define f: R*— G by f(r,s) = A + sv. It is clear that f
is a continuous homomorphism where R? has its usual topology and
G has the relative topology from (R/Z)°. We show f is one-one.
Suppose A + sy is the identity of G for some »,s€R. Then for
all 7€ N there exists z,€ Z such that »A, + sv, = 2,. So »\,+s7,=%,
and 7\, + 87, = z,. The determinant of this system is not zero (it
is N7, — A,); so that, after solving for » and s, we find that r,'s
belong to the subfield F, generated by {1, M, Ny, 71, 7,}. In a similar
manner, using the equations 7\, + sv, = z;, for 7 = 3, 4, we find that
7, s belong to the subfield of the reals generated by {1, \,, v,: 1=8, 4},
where, from above, N, = 7,(p,)"? and v, = s,(p,)"®. Since F,N F, is
the rational numbers, » and s are rational numbers. However,
using linear independence of the \’s and the v¥’s over the rationals,
it follows that 7 and s are zero. So f is one-one.

Next we let p: G— G/A Dbe the coset homomorphism, and we
show that p restricted to f(R® is one-one. We show that if »\ +
sye A, then . + sy is the identity of G. Suppose that »\n + sy =
ka, where &k is an integer. Then 7, + sv, = k-t,/n mod Z for all
n. Since t, = 1/4, we have that |kt /n| = |k|/4n. On the other
hand |kt,/n| = |rn, + 87, = [7]|+|Na] + |8]+]7.| mod Z. Furthermore,
using property (8) above, we get |\,| < [\]/2% and |7v,| £ |7,]/2%,
where s, is the sum of the first n — 1 natural numbers. If k is
not 0, then (using linear independence) at least one of 7 and j is
not 0, and therefore for large n the two inequalities |kt,/n| =|k|/4n
and |kt,/n| < 27(|r\| + |87,|) mod Z are both valid. This is clearly
impossible, in as much as the sequence {1/4n} goes to zero much
slower than the sequence {27°»}. Therefore k# =0, and »\ + sv is
the identity of G. Consequently pf is a one-one homomorphism and
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can be used to define a topology on R°. Since pf is continuous, it
follows that this topology is arecwise connected and finite-dimensional.

Next we show that R? has no closed subgroups other than the
identity and R:. We do this by proving that for all (7, s) € R?, with
(r, 8) # (0, 0), the subgroup generated by (r,s) is dense in R%. So
let d =7\ + svef(R?). To show d generates a dense subgroup of
G, we let ¢ be any positive real number and let yeG. We imitate
the proof of [11] with minor modifications. From the definition of
G, there is a natural number N such that for all » > N, ||P,(y) —
y|l < ¢/8. Let ¢ =|r|+ |s|. Let us first suppose that » and s are
both different from 0. For every =, there exists k& < k, such that
|kP,(\) — P,(y/2r)[|<1/2", that [[kP,(\) — P.(y/28)|[<1/2", that |\,[|<
1/2*-k,,, and that |v,| < 1/2"k,..,. Then we have that ||[kP,(d) —
P,)|| = [|kP(rN + s7) — P,(y/2) — P,(y/2)|| = ||[BPu(rN) — P,(y/2)]| +
kP (s7) — P(y/2)|| = |7|-||kP,(\) — Po(y/2r)|| + [8]-[|EP.(Y) — Pu(y/
2s)|| < |r|/2® + |s|/2" = ¢/2". Consequently, there is a natural num-
ber M such that for all n > M, ||kP.(d) — P,(¥)|| = ¢/2" < ¢/3. Also
note that for any n > M, we have |k|-|d,.| = |k|-|r*\, + 87, =(|kle)/
2L, < (e/2"")(|k|/k,) < ¢/2"* < ¢/3. Hence for such n, ||[kP,(d)—
kd|| < €/38. So we see that ||kd — y|| = ||kd — kP, (d)|| + ||kP.(d) —
P, + || P.(y) — y|| < 8-(¢/8) for sufficiently large n. A similar
proof is made in the case that one of ¢ or j is zero. Consequently
we have shown that the group generated by (7, s) is dense R* (it
is easily shown that pf(r,s) is dense in G/A once one has shown
that f(r, s) is dense in G).

In the case for constructing a topology for R*, » > 2, we indi-
cate some of the changes needed to alter the above proof for R2

(a) Instead of determining A and 7 in G, one determines =
elements é,, ---, 08, in G so that similar statements to (1)—(4) hold.
For example, in (1), all coordinates of 4§, for all 71 must form a
linearly independent collection of irrational numbers; in (2) and (3)
instead of two inequalities there are n inequalities; and in (4) (4,),=
(0% (O = Tu(Pp)", -+, and (0,); = 7u(D0)"""

(b) Instead of defining f as above, one defines f: R — G by
f(tu cee b)) =80, + o0e + 0,

(¢) Instead of knowing that the determinant is N\, — N7,
which is not zero, one notes that the determinant of the matrix
[(6.);], with 1 <4, j < n, is not zero.

(d) Instead of obtaining two subfields F, and F, of the real
numbers, one obtains % subfields whose intersection is the rational
numbers.

DEFINITION. The topology obtained above for R* will be called
the N-topology (for no nontrivial closed subgroups). Since Z* is a
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subgroup of R*, the relative topology for Z* obtained from the N-
topology on R* will be called the M-topology. Note that with the
M-topology, Z* has no nontrivial closed subgroups.

Next we use Example 1 to aid in the construction of other
examples. One version of Weil’s lemma states that if G is a locally
compact group, and if P is a one-parameter subgroup of G, then
either P is isomorphic to R, or P~ is compact.

ExAMPLE 2. There is an arcwise connected, finite-dimensional
group G with a one-parameter subgroup P such that P is not iso-
morphic to R, such that P~ +# P, and such that P~ is not compact.
Also P~ is not arcwise connected (although P is connected).

Proof. Let Z* have a M-topology T given in the above defini-
tion. For each open neighborhood B = N(0, d) in R? with its usual
metric d, where 0 is the identity of R? and where 6 > 0, and for
each DeT, we define W(D,0)=D+ B={d + x:deD and z€B}.
Then the set of all such D + B forms a neighborhood base <# at
0 e R* for a topology U making G = (R? U) into an arcwise connect-
ed, two-dimensional topological group. Note that <& is of the type
described in Theorem 1. Also Z* is a closed subgroup of G, and Z*
is a minimal member of & in the sense of Theorems 3,4. Let I=
{(x, 0: 0=<x<1}. Then I is a compact subset of G. Hence Z2+1I is
a closed subset of G. But Z*+I=RxZ. Hence RxZ=(Rx{0})~ =
P-. Then P is a one-parameter subgroup such that P meets the
desired conditions.

For a locally compact group G with one-parameter subgroup P,
the subgroup P~ has either one or uncountably many arc compo-
nents. Note that P~ in Example 2 has a countably infinite number
of arc components.

ExAmMPLE 8. There is an arcwise connected, finite-dimensional
group G with a one-parameter subgroup P such that P is not iso-
morphic with R, such that P~ # P, and such that P~ is not com-
pact. Also P~ is arcwise connected.

Proof. Let R have a N-topology T; and let H= (R, T), in
order to distinguish the two different topologies for R. Let C =
{exp (47): 0 £ r < 27} be the usual circle group. Then define G=CR
H, where G has the product topology. Define the one-parameter
subgroup PC G by f: R— G where f(r) = (exp (ir), ) for re R. We
will prove that P~ = G. Note that {(exp (0), 2zn): n is an integer}
is a subgroup of PN ({exp(0)} x H). So the closure of {(exp (0),
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2rn):m is an integer} = {exp (0)} x H. So PU{exp(0)} x HC P .
So G P~. (The symbol X means direct product).

Note that in this example G has a nontrivial compact Lie sub-
group. Another example meeting the conditions of this Example 3
could be given. Let G be R* with a N-topology, and let P = {0} x
R. Then P~ = R* = G.

We now give an example of a group G as mentioned in Theo-
rem 7.

EXAMPLE 4. There exists a G as in Theorem 7 whose radical
R is not arcwise connected.

Proof. Let S be a simple Lie group whose center Z is isomor-
phic to the integers, and let w be a generator of Z. We let A =
P~, where P~ is given in Example 2, and P~ = R X Z as sets. We
let D be the subgroup of S& A generated by (w, (0,1)). Then D
is a discrete central subgroup of S & A, discreteness following
from the facts that w generates a discrete subgroup of S and the
topology for S® A is the product topology. Then we define G =
(S® A)/D. Note that S® A is not arcwise connected, because A
is not; however (S & A)/D is arcwise connected. Also (Z ® A)/D is
the R of Theorem 7, and (Z Q A)/D is not arcwise connected. In
fact, (Z ® A)/D is isomorphic to A.
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