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A DECOMPOSITION OF COMPLETE
BOOLEAN ALGEBRAS

S. ARGYROS

Denoting by \B\ the cardinality of a Boolean algebra
B and by S(B) the least cardinal tc such that every family
of mutually disjoint elements of B has cardinality less than
/c, we prove that: if B is a complete Boolean algebras, then
there is a finite family Bu — ,Bn of complete Boolean algebra,
such that B is isomorphic to the product Bι x x Bn, and

= \B<\ for i = 1,2, ••-,%.

Pierce has proved in [2] that \B\(0 = \B\ for every infinite com-
plete Boolean algebra. Comfort and Hager in [1] extended this
resut to the class of infinite countably complete Boolean algebras,
and also provided some counterexamples of complete Boolean algebras,
such that \B\λ > \B\ for some cardinal λ < S(B), the Souslin number
of (the Stone space of) B. In the present paper we examine the
structure of the class of infinite complete Boolean algebras for which
the above inequality holds.

The organization of the paper is as follows.
In §1 we establish some simple relations on cardinal arithmetic.
In §2 we give the proof of the main result in topological form

(via Stone's duality). Also we give some sufficiency conditions for
the equality \B\SJ^) = \B\ and the extension of its validity to the
class of /^-disconnected compact Hausdorff spaces.

The author wishes to thank the anonymous referee for his very
constructive suggestions.

0* Preliminaries* The symbols ξ, a denote ordinals and the
symbols a, β, denote cardinals.

For a cardinal a we denote by cf(a) the least cardinal β such
that a is a sum of β many cardinals less than α. The cardinality
of a set A is denoted by \A\.

For a, tc we set a~ = Σ K* OLX.

A cardinal a is strongly tc-ίnaccessible if for each β < a and
λ < tc we have βλ < a, if in addition a > tc then we write a > tc.

We consider only infinite T2-topological spaces. Let X be com-
pact topological space. The weight of X, denoted by w(X), is the
least cardinality of a base for the topology of X. The Souslin
number of X denoted by S(X), is the least cardinal K such that
there is no set of open mutually disjoint subsets of X of cardinality
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1* Roots of cardinals and their properties*

DEFINITIONS 1.1. Let α, K be cardinals.
We set

%~a = min {β: βκ ^ a}

Λ/Έ = min {V~a: μ < K} .

It is clear that

if λ < /c, then 2 <; V"α" ^ Va S a, also

^ α = min {β: there is λ < /c with ^ ^ α} .

REMARK 1.2. If Vα" ^ β ^a then ^ α " = Λ//3".

(Indeed, it is clear that ty~β^ \/~a; if %~β < fy~a then

and hence

( V Έ y ^ (V~β)κ'κ = (V^β")Λ < a

a contradiction.)

PROPOSITION 1.3. Let a, /c be infinite cardinals and suppose
that

2 < ty Έ < a .

Then, setting β = V a we have
( i ) cf(β) ^ K and cf{β) < β
( i i ) β κ = iS β / ( i ϊ ) .

Proof. Since Vα > 2 we have that β > ic. We prove that
c/09) ^ Λ.

Indeed, suppose that c/(β) > Λ:. Let 7 be a regular cardinal such
that Λ/Έ < 7 ^ α. By Remark 1.2 we have Λ/~ = β. Since βκ ^ 7
it follows that there is one-to-one function

Define φ:y -> β by

tf?) = sup

Since cf(β) > /c, φ is well-defined; since 7 is regular and β < 7 it
follows that there is w0 < /3 and A ay with | A| = 7 such that
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φ(ζ) = nQ for all ζ e A

hence

/1 A: A > no is one-to-one

and from this

y ~ \A\ = \no\
κ and

β > \no\ ^ \/y a contradiction .

For the proof of (ii) we observe that

(*) V a > ιc+ .

So if {βσ: σ < cf(β)} is a family of cardinals such that

Σ £„ = £ then

' = ( Π β.)' = Π (βoY
\σ<cf(β) J a

/S£ = ( Σ
\σ<cj(β)

= 1 1 / 3 = £•/(*>
σ<c/(j9)

where βl < β by (*).

PROPOSITION 1.4. Lei α, /c be cardinals with 2 < VΈ < a.
Setting β - %IΈ we have

( i ) cf(β) < K, cf(β) < β _ _

(ii) cf(β) = min{λ < /c: Ψa = Va}

(iii) /Sβ'w = ^ = Σ i « - ^

Proof. By Definition 1.1 and using the Proposition 1.3, we im-
mediately prove (i). In order to prove (ii) we observe that for a
μ < K such that Ψ~a = i7"α, we have βc/(/3) = /3̂  (by Proposition
1.3). On the other hand using Tarski's recursion formula [3] and
the fact that β > cf(β) we have

βτ — β for every τ < cf(β) .

So the proof of (ii) is complete.
Using (ii) we have

which proves (iii).

2 It is known that for each complete Boolean algebra B there
is an extremally disconnected space X{B) such that B is isomorphic
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to the algebra of open-and-closed (clopen) subsets of X and conse-
quently

w{X{B)) = \B\ ,

S(B) = S(X(B)) (Stone's duality theorem) .

In the sequel, we consider extremally disconnected compact spaces
instead of complete Boolean algebras.

LEMMA 2.1. Let X be compact extremally disconnected space and
{Ui'.iel} an infinite family of open nonempty mutually disjoint

of X with w(Ui) — τt for all iel, then

PROPOSITION 2.2. Let X be a compact extremally disconnected
space with w{X) = a. We set

p = min {K: there is UaX clopen with

w(U) = a and S(U) = Λ:} .

Then

aτ = a for each τ < p .

Proof Suppose that there is a space X for which the proposi-
tion is not valid. Then there is V clopen subset of X and τ < p
such that

w( V) = a and aτ > a. By Remark 1.2 we have V~a = VoC which
implies Vaτ < α r. By Proposition 1.4 we have either

Ψ~a = 2 , or

c/(/3) < ί> and
βcf(β) = βt> a where /3 = Vcc .

In the case of ^ a = 2 there is τ < p such that 2Γ > α. Choosing
a family {Vζ: ζ <τ} of mutually disjoint clopen subsets of V we
have w(cl(U Ff)) ^ 2Γ > a (by Lemma 2.1), which is a contradiction.
Assuming 2 < Ψ a the following two cases can be considered.

Case 1. There is clopen UaV with w(U) = a and for each
clopen TczU, w(T) ^ β = ^"α".

In this case, there is a family {ΪV £ < c/(/3)} of clopen non-
empty mutually disjoint subsets of U, since S(U) = p and cf(β)<p.
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This implies a ^ w(cl (Ue<β/<i9> Tξ)) ^ βcf{β) = β^> a which is a con-
tradiction.

Case 2. For each clopen ί / c 7 with w(U) = a there is Γ c C7
clopen with w(T) < β.

Using Zorn's lemma we choose a maximal farmily {ϊy. iel} of
clopen disjoint subsets of V such that w{T^) = r< < /S for all i e /.

We assert that sup {τ̂ : i e 1} = τ = β. Indeed, if τ is less than
β then, since \I\ < p and £ is strongly ^-inaccessible, we have

τ' J | < β

and

/3 < w(V) = w(cl (U Γ€)) = Π τ€ ̂  τ171 < β
iel

which is a contradiction.
So there is a family {iζ: ξ < cf(β)} such that sup {rΐe: ξ < £/(/9)} = /3

and using Proposition 1.4 and Lemma 2.1 we have

w(cl(UT«,))= Π τu = β'"»>a
ζ<cf{β)

a contradiction. The proof is complete.
In the following corollary we give a different proof of the well-

known result of Pierce which is contained in [2].

COROLLARY 2.3. Let X be a compact extremally disconnected
space and w(X) = a. Then aω — a.

Proof. For each 2>space the Souslin number is uncounable; so
the cardinal p as it is defined in the previous proposition is un-
countable, so this proves the desired statement.

THEOREM 2.4. Let X be a compact extremally disconnected space
with w(X) — a and S(X) — /c.
Then either

( i ) for each λ < K aλ — a, or
(ii) there are U19 U2 disjoint clopen sets such that

w(U2) < a ,

S(J7i) < it , and

Proof. Assume that (i) fails. Let {17^ iel} be a maximal
family of pairwise disjoint clopen subsets of X such that for each
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iel w(Ui) = a, S(Ut) = ft and for each μ < ρt we have aμ = a. It
follows from Proposition 2.2 that if we set V = \Jiei Ut then
w(X - V)< a.

Setting S(V) — τ we prove now that, for each μ < τ, α^ = α.
Let <o = sup {ft: ΐ e l } and we assume first that p<>\I\. Then

it is obvious that τ = | / | + and since wCZ/J = w(-XΓ) = a for each i 6 I,
and X is an extremally disconnected space, we have that α | Z | = a
(Lemma 2.1).

So it remains to examine the case where | / | < p. In this case
we assert that either

(1) there is ioel such that p = piQf

or

(2) efipXp.

In fact, if we assume that p > pt for all iel, then p is a limit
cardinal; and if p is regular then we have that \I\ = p, a contradic-
tion. Now under the assumption that \I\ = p we have that τ = p
if p = pίo for some iQ 6 7, and that τ ~ p+, otherwise.

If τ = p — ph then the definition of piQ implies that aμ = a for
all μ < T. In the case where τ = p+ we choose a family {ft: σ < c/(/o)}
such that pσ < p and Σ ft = p\ since for each σ < c/(/e>) there is
iσ e I with ftσ > ft it follows that a9° = a and so

We set U1= V and U2 = X — V; it is easy to see that these two
clopen sets satisfy condition (ii) of the theorem.

The following result is an immediate consequence of Theorem 2.4.

COROLLARY 2.5. Let X be an extremally disconnected compact
space, for every nonempty clopen subset U of which either.

w(U) = w{X) = a ,

or

S(U) = S(X) = * .

REMARK 2.6. Sufficiency conditions for the equality w(X)sm =
for extremally disconnected compact spaces X are also given

in Theorem 4 of [1].
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COROLLARY 2.7. Let X be a compact extremally disconnected
space. Then there is a finite family {Ulf U2, , Un) of clopen non-
empty mutually disjoint subsets of X with

( i ) X=UUUi

(ii) w(Ui) = ai9 S(Ui) = ft and a~ = at

for all i = 1, , n.

Proof. We inductively choose Ulf U2, , E7"Λ, clopen sets such
that

( i ) w(Uι) = «, S(ϊ7i) = ft and α̂ * = α
(ii) assuming that ί7% have been chosen such that

Un) = Pn and

a~ = αw for all it ^ ^0 >

we set Vno = X - U^i ϋi
If i^o == 0 then we set i7% = Uno for all % > nQ. If F%0 ̂  0 then
setting w(F%0) = an+ι and S(F%0) = r%0 we consider two cases:

CD aP = « o+i
^0+1 0 + 1

In this case we set Un — Vno for all n > n0

Using Theorem 2.4 we choose ί7%0+1 c Vno such that

w(Vno- Unΰ+ι) < w(Vno) and

Since the cardinals are well-ordered and the family {an: n < ω} is
decreasing there is N < ω such that for each n > N Un = UN and
N is the least with this property. That means that the family
{Uu •••, UN} is as desired.

REMARK 2.8. Analogous statements can be proved for compact
/^-disconnected spaces i.e., for spaces which have a basis of clopen sets
such that for any collection <%/ of its elements with cardinality K
the set cl (U ̂ ) is also open.

In particular, the following results can be proved with the same
arguments as Proposition 2.2 and Theorem 2.4.

PROPOSITION 2.2.a. Let X be a it-disconnected space with

w(X) = a .
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Then either

aκ = a ,

or there is U c X clopen such that

w(U) = a , S(U) = p <. tc and ap = α .

THEOREM 2.4.a. Lei X 6e /c-disconnected space with w{X) = α
ami a* > a. Tfoew £foere are t^, Z72 clopen subsets of X such that
Uι U U2 = X, SίϊΛ) = /o, a^ = a a^d w(ί72) < a.

THEOREM 2.7.a. Lei X be a compact /c-disconnected space with
w(X) = α αwcZ α* > α. 27&ew there is a finite family {Uu U2t , Un}
of clopen nonempty mutually disjoint subsets of X with

( i ) X=UUUί9

(ii) w(U<) = aif SOU - pi9 α€ί = α,
/or i = 1, , n and

(iii) Ui is a complete Boolean algebra for each i — 1, , n — 1.

REMARK 2.9. Proposition 2.2.a implies, also, that if X is an
co-disconnected compact space then w(X)ω — w{X) which has been
proved in [1] (Theorem 2).

REMARK 2.10. Comfort and Hager in [1] constructed a class of
/^-complete Boolean algebras for which \B\ = α, S(B) > tc, and aκ > α;
furthermore, Theorem 6 in [1] implies that, under some additional
set-theoretical assumptions, for example G. C. H., it follows that
every /c-complete Boolean algebra with \B\ = a, S(B) > K, and aκ > a
is (isomorphic to) a product A1 x A2, where Au A2 are Boolean
algebras with

(i ) |ΛI = a, \A\ < a,
(ii) if Q^beAu then |(δ)| = a

(where we set (6) = {ae At: a ^6}),
(iii) S(Aύ ^ A;, and
(iv) A1 is complete.

Theorem 2.4.a implies that if B is a yc-complete algebra with
S(JB) > tc and |JS|K > \B\, then without any set-theoretical assumption,
B is isomorphic to a product Ax x A2, so that conditions (i), (iii),
and (iv) are satisfied. (To the best knowledge of the author, condi-
tion (ii) may fail in general, although I know of no specific example).
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