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ON THE STABLE SPLITTING OF bo A bo AND TORSION
OPERATIONS IN CONNECTIVE K-THEORY

GUNNAR CARLSSON

The real connective K-theory spectrum, bo, has been
shown to be a useful spectrum in homotopy theory. In
particular, the bo-homology Adams Spectral Sequence, based
on the cofiber sequence

S°e—ho «—— boAbo «—— boAboNbo

A) NSNS N SN
bo boAbo boAboAbo

has been used extensively by Mahowald in his work on
the image of the J-homomorphism. One of the problems
encountered with the bo-spectrum is that, unlike the mod
2 Eilenberg-Maclane spectrum, bo/\bo does not split as a
wedge of suspensions of bo itself. However, Mahowald
and Milgram have obtained a splitting

(B) boAbo~XV G

where X is a wedge of spaces intimately related with bo
itself, and G is a wedge of mod 2 Eilenberg-MacLane
spectra. In this paper, we determine the structure of G, i.e.,
we calculate the number of Eilenberg-Maclane summands
occuring in each dimension.

This should moreover permit the complete analysis of the
iterated smash products o A bo A--- A bo, which occur in (A).

A second consequence is obtained using the results of [3],
namely that the mod 2 cohomology Adams Spectral Sequence con-
verging to [bo, bo], collapses. This means, in view of the change
of rings arguments in [3] and [4], that we have in fact obtained a
basis for the vector space [bo, bol,/I, where I denotes the ideal of
self-maps of bo which lie in Adams filtration higher than 0. Since
I is well understood, this is a significant improvement in the under-
standing of the ring of operations in bo-theory. It should be
pointed out, though, that we only give a basis, without discussion
of the multiplicative structure, which seems more difficult.

The method of calculation can be summarized as follows:
Mahowald has obtained a splitting of H*(bo, Z/2) as an .%/-module
(.84 = Z|2(Sq¢', S¢*))

H*(bo, ZI2) =@ M, ® F

where M is a direct sum of indecomposable .%/-modules, and F is a
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free .97-module. Since H*(bo, Z/2) = .57 (2)].o7 (2){Sq", Sq*}, this gives
a splitting

H*(bo A bo, Z/2) = H*(bo, Z/2) @ H*(bo; Z/2)
= .o/ (2) @ H*(bo, Z/2)

= .7 (2) 9 <@ M) @ .57(2) § F

of .97(2)-modules, which Mahowald and Milgram showed, using
Adams operations in bo-theory, corresponds to the splitting of
spectra bo A bo ~ X V G. The first step in our calculation of the
structure of G is the calculation of

Z/2 @ H*(bo A bo, Z]2) = Z]2 @ H*(bo, Z/2) .
S (2) Wy
It turns out that it is more convenient to study the dual situa-
tion, and the main steps (Theorems III. 8 and III. 10) describe

Y = {x € H,(bo, Z/2) | Sq'x = Sq*x = 0}
= (Z/2 @ H*(bo, Z[2))*

as a graded Z/2-vector space, where Sq* and Sg¢* are dual Steenrod
operations. To solve for Z/2Q.., F, it will be sufficient to identify
the image of @, M; in Z/2@.., H*(bo, Z/2), since Z/2@ ., F can then
be identified with the quotient of Z/2 Q. , H*(bo, Z/2) by that image.
Finally Z/2@.., F' determines F', since F'is free.

The paper is organized as follows: §1 consists of preliminary
material on the Steenrod algebra .o~ (2) and its dual. §II contains
a description of .07 (2)/.57(2)Sq'=H*(K(Z,, 0), Z/2) as a Sqg'-module,
which will be needed in §III. (K(Z,, 0)) denotes the Eilenberg-
Maclane spectrum for Z,, the integers localized at 2). §III cal-
culates the graded Z/2-vector space Y deseribed above. The main
theorems are III. 8 and III. 10. SIV is a brief section which states
the result describing the image of @, M; in Z/2@. K H*(bo, Z/2),
which by the above discussion gives F. IV. 2 states the algebraic
result, and IV. 3 and IV. 4 are the obvious interpretations in terms
of the geometric splitting of bo A bo and cohomology operations in
bo-theory.

I. Preliminaries. Let .97 (2) denote the mod 2 Steenrod algebra.
It is a Hopf algebra with comultiplication given by the Cartan
formula

4(Sq") = ki:.o Sq ™ ® Sq* .
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Milnor [5] proves that as an algebra, the dual Hopf algebra to
7 (2), ¥(2)*%, is given by
S (2)* = P&, &y 00,

the Z/2-polynomial algebra on 2° — 1 dimensional generators &,
(Henceforth, the symbol P will denote the Z/2-polynomial algebra
on stated generators.) The Steenrod algebra admits a canonical
anti-automorphism X, which identifies it with its opposite algebra.
According to Milnor, the comultiplication in .27 (2)* is given by

A(Si) = gg)&?i_j ® Ei—a’ .

Since .%7(2) is isomorphic to its opposite algebra, we may instead
use the “reversed” diagonal

4 = z fL®ET .

Since .27(2) is acted on both on the right and on the left by
the operations S¢' and Sg? increasing degree, .97 (2)* is also acted
on by Sq¢' and Sq*, lowering degree. The action is determined by

(1) Sgi&) = &..vi

(E)Sq* =0 unless v =1,&S¢' =1.
(ii) S¢'(xy) = (Sg'zr)y + xSq'y

(zy)Sq* = (28¢")y + =(yS¢") .
(i) Sg*(&) = 0vi, Sg*(&) = &.,Vi.

(E)Sq* = &, &8¢* = 1, £,Sq* = Ovi = 2,
(£)Sq? = 0vs = 1.

(iv) S¢*(xy) = (Se*x)y + (S¢'x)(Sq'y) + «(Sq*y)
(xy)Sq* = xSy + (*Sq")(ySq") + x(ySq®) .

Define a mapa; P&, &, --+) — P&, &, ---) by

O(&i1- - &) = &1+ &0

ol)=1.

This is a mongraded vector space endomorphism. Let 4 =
57(2)/.57(2)Sq', B = .27 (2)].%7 (2){Sq*, S¢*}. A and B are left .o7(2)-
modules, hence their duals are left sub-comodules of P&, &, ---).
Let A* =V, B*= W, and .&7(2)* = U. We quote from [2].
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PRrOPOSITION 1.

(@) V=P@E,&, ).

(b) W= P&, &, &, )

Note that V and W are closed under the action of Sq¢' and Sg*,
and are therefore left .o7-modules, where .57 is the subalgebra of
57 (2) generated by Sq* and Sq¢*. The following lemma is immediate.

LEMMA 2.

(a) 07V 1s closed under the action of Sq'.

(b) o'W is closed under Sq* and Sg¢*.

() Sq'o'U < 07U

Sq*0'U < ¢ *U.

Throughout this paper, we will be discussing graded vector
spaces. All bases will be required to be graded, i.e., they should
respect the grading. Consequently, the bases will be “graded sets”,
i.e., sets X together with a function d from X to the nonnegative
integers. Of course, the isomorphism type of a basis as a graded
set determines the isomorphism type of the graded vector space.
Also, define the suspension of a graded vector space V, XV, to be
V as a vector space, with the grading of all elements increased by
one.

We recall from [6] that H*(bo, Z/2) = .57 (2)/.57(2).57 and

H*(K(Z(2),0), Z/2) = .57(2)/.57(2)Sq" ,
SO
H,(bo, Z|2) = W, H(K(Zy, 0), Z[2) = V .

II. Sg'-calculations. By the results of §I, V is isomorphic as
a left .o7-module to P(&, &, ---).

PrROPOSITION 1. Let X = {xec V|Sq¢'x = 0}. Then a basis for X
is given by the elements of the form
o;,(P) = &P + &*7%;1,.8¢'P ,
where P is a monomial in 07V = P&y, &E;rey Ejryy v *)e
Proof. 1t is clear that o;,(P) e X, since Sq'(0;,(P)) = S¢*(£¥P+
£¥%,.,8¢'P) = £#Sq'P = 0. Also, the 0;,’s form an independent set,
since each involves only one monomial in ¢?V, and all these mono-

mials are distinet. It remains to show that every element of X
may be written as a linear combination of the o;,’s.

Claim. If peo’™U = P(;, &4y, +++), and Sg'@ =0, then @e
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o’V < 07U, For, ¢ = 3, &9, P.€0°U, and Sg'p= 3, s&;_.& P, +
&8g'p, = &3, s&7'p,) + 3, 655¢'p,, and S¢'p, € 0i7'U, hence @, = 0
for s odd.

The proof of the proposition will now be by induction. We
will show that for peo’'V, with S¢'¢ = 0, there are polynomials
P,ec’U for which ¢+ 3}, 0;.(P,) €0’U. By the claim, + 3, 6, (P:) €
o'V, so we may iterate the procedure, eventually obtaining an
expression for @ in terms of elements o;,(P,). We now prove the
inductive step. @ may be written uniquely as

N
P = §55k¢k, ped’U,

SO
.
S¢'p = 3,6 5¢P. .

We claim @y €0’V. For note that the power of &; occurring in
all the terms £¥Sq'®,, k < N, is less than or equal to 2N. Let

?N = Z §;+1¢87 "},’\s € 0-j+1U ’

SO

Sq'py = E?(; s&5Tivp.) + 283 &54:.5qy, .

S¢'+p, € 67U, so the term in Sg'® involving monomials in which the
power of £; occurring is 2N + 2 is precisely &¥+(3, s&54,)-

Since we assume Sg'@ = 0, this term must be zero, so «, =0
for s odd, showing that @, c0’U. Now consider & = @ + 0; y(Py)=
P + ¥y + 8%, 8¢'py. S¢'® =0, and & may be expressed as
o = S te%@,. After iterating this step N —1 times, we may
write @ as a + B, where aco’U and B = 3, 7;,.(P,).

We finally observe that if @ involved only {&|j <1}, then «
and B could be chosen so that they also only involve only {&;|j<1}.
Therefore, this procedure terminates, and we have proven the
result (*).

We interpret this proposition as a description of the structure
of X as a graded Z/2-vector space. Note that {¢7X}:, provides a
filtration of X, and that each ¢7X is graded compatibly with the
grading of X. The inductive step in the proof of 1 showed that

im(X — XJoX)

is isomorphic to @, &Y¢V. Since it is clear that the associated
graded version of X is isomorphic to X as a graded Z/2-vector
space, we obtain
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X = oX@éEf"oV.

1=1

Since

é X = Z/2(1) ,

Xeé

[==]
k=1 j=1

ic* Ve Z/2(1), or

COROLLARY 2. As a graded Z/2-vector space, X is isomorphic
to the subalgebra of V comsisting of all monomials TIiz, &its, such
that a, and a, are multiples of 2, where a, is the first nonzero
exponent, and 1.

1. .97 (2)/.7(2).%. In this section we will extend the tech-
niques of §II to obtain the structure of

Y = {x e W| S¢'x = Sg’z = 0}

as a graded Z/2-vector space.
We first note that there is a splitting of Z/2-vector spaces W=
@, W,, where

W,=§&“oV.
Let I'; = @i, W,, so {I";} provides a filtration of W, with
r;|r; ,=¢-ov.
Define an operator
6.0V — 0V
on monomials by ¢(&#*Q) = k-£*2Q, Q €0*U, and extend by linearity.
LeEmMMA 1.
(a) S¢'W,c= W..

(b) S¢; S Ity and if x€l;, say © = 3, &'P, P,eoV, then
the projection of Sq*x in I';w, /I is EFH¢(P;).

Proof.
(a) is clear since V is closed under the action of S¢' by Lemma

1.2.a, and Sq¢'& = 0.
(b) We first calculate the action of Sq* on V. Let yeoV,

Y = 2 &y Y, €0°U .
Sq*y = Z SEEF T, + Z &Sy, .
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By LeEmmA 1.2.c, S¢*y, €0V, so we find that S¢*y = &lé(y) + a, where
acoV. Now, if x = 3i_ &P, P,eoV, S¢*x = &7+'¢(P;) + B, where
Berl;, and &+¢(P;) € I';+,, which proves the result, (*).

COROLLARY 2. Let xe W be written wuniquely as x = JJ_, &P,
P,ecoV, and suppose Sq¢'x = Sqg’x = 0. Then

(a) Sq¢'P, = 0.

(b) P;ecoW.

Proof.

(a) is again clear since the splitting W = @, W, is preserved
under Sg'.

(b) « has been assumed to lie in I";. Since S¢°x = 0, we must
in particular have that the projection of S¢*x in I';.,/I"; is zero, so
#(P;) = 0. But ¢(P;) =0= P;eP(&, &, &, --+). We must show that
P,eoW = P&, &, &, ---). So, expand P; as

P; = ; &rQ,, Q,e0?U .
Part (a) gives that Sg¢'P; = 0, which implies S¢'@, = OVk. By the

claim in the proof of Proposition II. 1, @, e0*V = P&, &, ---), prov-
ing (b)-(*).

PROPOSITION 3. For any xeoW, with Sq¢'x = 0, and any j=2,
there is an element % el'; with Sq¢'Z = S¢*T = 0, and the projection
of & im I';/T;_, equal to &lx.

Proof. Since S¢'Sg¢' = 0, we may compute the homology of W
under this differential. In [2], it is shown that
H,(W; Sq") = P(&) .

By Lemma 1.2.b, 6 W and W are isomorphic as .%{-modules (although
the isomorphism does not preserve grading). Thus

H,(cW; Sq") = P(&) .

For any Sg'-homology generator, say « = £, T = &6 satisfies
S¢'%T = S¢*T = 0, so we may suppose that x is a Sg¢'-boundary, = =
Sq'y. Now let

x = £Sq'y + & TESESq'y + 'S S Sq'y
+ §77°66:5¢'Sq*Sq'Sq*y + £7°6i5¢°Sq'Sq’y .

It is easy to check that S¢'Z = S¢°% = 0, and the projection of % in
;T is £0Sq'y = &x. (¥).
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We must now examine the case j = 1.

PROPOSITION 4. Let zcoW, with Sqg'x = 0. Then there 1is
Tel, with S¢'% = Sq¢°% = 0, and the projection of ¥ in I' /I, equal
to &z if and only if S¢*Sq'Sq¢*x = 0.

Proof. Notice that if Sg*S¢'S¢*x = 0, then the expression

T = & + &Sq*x + £Sq¢*Sq*x

satisfies the conditions on %.

~

Conversely, suppose % exists. Thus z = &z + @, w,€l’,, with
®, = Y, + &y, + &Y, + &%, where y;ecW, and Sq'®, = 0, S¢°w, =
&Sq*x. But,

S¢*w, = S¢°y, + &, + &8¢, + &Sy,
+ £8q%., + &6y, + £1Sq'y, + £6,Sq%, ,

so v, = Sg*x. Secondly,

0 = Sq'w, = Sq'v, + &Sq'y, + &y,
+ &Sq'y, + &y, + £&Sq'y, so v, = Sq'y, ,

and we have
®, = v, + &8¢ + &Sq'Sq*x + £y, .

Using this reduction, we again calculate

Sq¢*w, = Sg*y, + &Sq*w + £S¢°Sq'S*x + &5y, + &Sy, + £6.5¢%; .
(S¢'xz = 0, so Sg*Sq¢*x = Sq¢*Sq*Sq'x = 0.)

Thus, v, = 0, Sg'v, = S¢*», = 0, and we must have
&S¢*Sq¢*Sq*x = 0 = Sq¢°Sq¢*Sq*x = 0. (*).
We will now construct various subspaces of W. Let

W, = {we W|S¢w = S¢*S¢*Sq*w = 0}
W, = {we W| Sq'Sq¢*w = 0}
W, ={we W|S¢*w = 0} .

Let w;: I'; —» I';/I;_, denote the projection.

PROPOSITION 5. Let 7 =1, and let x€oV, so x has a unique
exPression as

T =y, + 622)1 + &y, + 53&3”3
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with v,ecW. Then
(a) e W, NT; with ;&) = &z =y, = 0 and Sgx = 0.
(b) FTeW,NI; with w;%) = &z <= v, = 0 and Sg'v, = 0.
() IEe W,NT; with 7;(%) = &2 = v, v, = 0 and Sq¢'v, = 0.

Proof.

(a) First, observe that S¢°Sq¢'S¢’l'; & I';:,, since S¢'I'; = I,
Sq¢*I';& 1 ;4,. Secondly, expanding Sq*Sq'Sq*(six) gives Sq¢*Sq*Sq*(&tix) =
&%, + o, w e I';4,, implying that v, = 0. For the converse, suppose
that = = vy, + &, + &y, S¢’x = 0. Since S¢'x = 0, we obtain S¢'y, =
0,v, = 8S¢v,. If vy, is a S¢-homology generator, &%, then &y, =
&gy e W,. Thus, we may assume vy, = Sg'y. On the other hand,
&, + &8¢y, = S¢'(€wy), so x = 8¢'z, 2 = Y + &V,

Now let # = &x + &7*6:Sq¢*Sq*z.

It is easily verified that e W,.

(b) Observe that Sq¢'S¢*I"; = I';+,. We obtain

Sq'Sq*elix = &P+ (Sq'v, + &y, + &Sq'y,) + o,

where wel';, so S¢'v, = 0 = y,. Conversely, suppose Sg'v, = 0 = v,.
If v, is a S¢-homology generator, £, then &P&ére W, so we may
assume that v, is a S¢*-boundary, say v,=Sgq'y, hence x=y,+&,Sq¢'y+
&v.. Then if 7 = &9 7(&iSe’, + £6,5¢'Se"Sq'y + &:S¢'Sq°y + £6:5¢°,+
&Sq'y,), ¥ + ne W,, and x;(&x + ) = &,

() S¢I'; S I'yy,, and Sg*(&Vx) = &7y, + &) + @, weTl;, so
vy, =v,=0. If 3%el;N W, with 7;%) = &, then there is an
element

Y=+ &+ Gt + St
with g, e oW, so that 7,(Sq*y) = 7;(é6iS¢*x). Now,
Sg*x = Sq*, + £:.S¢%, + £Sq'y,
and
Sq*y = S¢°p, + &gt + ES0°
+ &8¢, + &SC + St + SIS + §5SCYs -

Sq¢*y thus contains no coefficient of £i&Z, hence Sg¢'v, = 0. As usual,
if v, is a Sg¢*-homology generator, £, then &}¢,£° e W,, so we may
assume v, = Sq'y, and =z =y, + £&Sq¢'y. Now if N = £8¢°Sq'y, +
&8¢ty + £:5q%, + ££,8¢°Sq'y, one may check that &z + &9\ e W,
proving the proposition. (*).

PROPOSITION 6. Let xcoV =TI, with the v;’s as in Proposi-
tion 5.
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(a) zeW,=y, =0, S¢'Sq>v, = 0, v, = Sq'y,, v, e o W,.
b) zeW,=v,v, =0, S¢"v, =S¢, =0, and y,eccW,.

Proof.
(a) The proof of Proposition 5.a shows that vy, = 0, so

=y, + &y, + &y, ,
and
Sq'x = Sq'v, + £:Sq'y, + &y, + £Sq'y, .
Thus, S¢'v, = 0, S¢'y, = v,. Now,
Sq¢*Sq'Sq*r = Sq*Sq'Sq*y, + £Sq'Se’y, + £,5¢'Sq*Sq'Sq*y,
so S¢*Sq'Sq®y, = 0, S¢'S¢?v, = 0. That these conditions imply ze W,
is clear.

(b) Expanding Sg¢®x, the coefficients of & and &5, are v, and v,
respectively, so v, = v, = 0, and

x =Y, + &Y,
Sq*x = Sq*v, + £S¢"v, + &Sq*; ,

S0
Sag*v, = 0, Sq'v, = 0, Sg*v, = 0.

Again, the converse is clear. (*).

LEMMA 7. Define a subspace B of oV =>I=0cW + &eW +
EOoW + &g oW by B =E0W + E80W, so oVIB=0oW + &oW. Let
w:6V —>0cV/B be the projection. Then v, + &y, en(cV N W,) =y €
oW, Sq'v, = 0. Secondly, &y, + &y, € W,=v, =0, S¢’v, = 0.

Proof. Let xecV,x =y, + &y, + &Y, + &&v,. Then

Sq'Sq*x = S¢*'Sq*y, + £iSq'y,
+ £8¢'Sq’y, + &Sq¢*y, + &S¢'Se’y, + &&y,
+ §:§3Sq1”3 + E;qups + E§E3Sqlsq2”3 .

Thus, Sq'v;, =0, v, = 0, S¢*'Sq*, = 0. Suppose Sq'S¢*», = 0, Sq'y, = 0.
If v, is a S¢*-homology generator, &, then &&e W, so we assume
v, to be a Sq¢*-boundary, v, = S¢*z. Now N\ = y,+ &, +E&S¢*z satisfies
e W,N T, a(\) =y, + &v,. For the second part, we have already
observed that v, is necessarily zero.

Sq'Sq*(Ew,) = £S¢', + &S¢'Sey:
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so Sq%, = 0. The converse is clear. (*)
We now interpret Propositions 3,4,5, and 6 as statements

about the structure of the various graded vector spaces we have
defined. Let T' = {we W | Sq'w = 0}, so

T=@:0X,
i=0

where X is defined in §II.
As in §1I, Propositions 3 and 4 give

(2) Y=@eioT + &oW, + oY

and Propositions 5, 6 and Lemma 7 give

(b) W, = @&i(oT + &oW) + SoW, + oW, .

(For Sq'(x) = 0 = v, = S¢'v,.)
(e) W, = é (oW + &oT + 6o W) + &0oT + & oW, + oW,
(@ W,= @(W + &0T) + 60 + oW, .

Solving these equations inductively, noting that

NotY =),

we obtain
(2) v=@ é ST + @ oW, + Z/2 (1)
b W= ke__ﬁé Yo" T + 8,0 W) + egk,,lasz + Z/2 Q)
(e) W, = é é ("W + &..,0°T + &,..0°W)
+ @50 + Q’? o0 W, + ZJ2 (1)
@ W= @@ W + 80" ) + @'Y + 22 (1)

By now substituting (d) in (e¢), (¢) in (b), and (b) in (a), we
obtain

D 540" T + @ D B (0T + Gy W)

o
=2 k=1 1=1 j=1

€Bs

*
1
-
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g

6@@ ch 1sm 1- k(O'mH"'kW—}— §m LR 10~7nxl kT

=1 m=1 y=1

+ Eprrir 0" W) + @

k=1

U

o~

1

-

.
@ S5 1 1 0T

1 m=1

o o o oo
$®®® I‘czlLk)-1§m ZI,kJ‘,S”‘mH‘ (0-71 m}-lLkW

l=1 m==1 n=1 j=1

F@a

+
@8

ko
l
-

+ Sttt + Z[2(1) + é §uZ/2(1))

D sidhen(Z/200) + B @ @ ifiurfuien(Z2()
@

o o
=2 npm 4l g
®$ ksltk - 1§m chr”E’nl'leill 4 Y‘

k=11l=1 m=1 n=1

In{§II, we showed that as graded Z/2-vector spaces,

X = @ 26V + 06X,
)
X= ;é" ;é’ sV + Zj2(1) .
This shows that the graded set
= (WU Eo ()

/¢ a monomial in U, is isomorphic to a basis for X. Since !T =
@, o X, we obtain a basic C for T, namely

C = {&08} ;s -
peB
Let

7 = Zj2(1) +

oy
ok

(4[2(1)) + QB 69 ikt (Z/2(1))

-

—+

+
I®: [D: ID:

Eellk ri€m o (Z2(1)) + $ @ ot T

k=1 g=2

O @ 1D
D 1D e
'fin

&4 = 1k
S0 T 4 &g 0P W)
g=1
o o
+ @D D &5 S (oW
l=1 m=1 j=1
2 41k = Tl
+ Enrrr 0" T A &0 W)
w e w o oo
. .
+TODDD DG i Cnrre ol i
k=1 l=1 m=1 nw=1 j=1
(O™ W b E a0 T

Using the basis C obtained for 7T above, and the monomial
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basis for W, we obtain

THEOREM 8. A basis for Z is, as a graded set, isomorphic to
the collection of all monomials of the following types:

(1) 1, &, &8l its, Sl et iEmtitnte, S0 T 6L

E;cE;aJrk tik+l, 525%+k+1§2‘+l+k5::¢l2+k+1 ’

Gillrptimtitnrolnemiriabnrmt itk riEntmitipts -
(ii) SR 1 S0 T ()

(iii) I RN (R A RUTY e 02)

(v)  G8LENILEN e T ()

(V) Ebirenbmisibmiieno™ 5 ()

(vi) EllririmrinibmitutinimtititiEnemtitps0 T ()

C (Vi) &l mtitrtlnimiit e mtitatiEnrmt a0 TR (1)
(vill) -EEitibmtirprelnrmiitil e mittatiEnem a0 TR (1)
where t is any momomial in U,a,b =1, and u,v = 0.
(i) above asserts that
(i) Y =ZO@r.®rDn- D7 - tifl it Entirralntmirtpi0™tmHIEEY,

DEFINITION 9. A \-sequence will be a collection « = {i,, j,, k,,
I)m, of integers satisfying 2 < i, < j, <k, <l, < t,4.- Given a -
sequence a, we define q(a) = I\ &, &, &6, and let r(a) =1,_,.

(ii) now gives

THEOREM 10. As a graded set, a basis for Y 1is given by

U {e(a(e)e(3))} ,

o,

as « ranges over all \-sequences and 0 ranges over all monomials
wn Theorem 8.

IV. Relations with the Mahowald-Milgram splitting. We
recall from [4] that as an .9/-module, W = @, M, D F, where F is
free and M, is a certain .%4-module. In order to obtain F, we must
know the image of Y N M, in terms of the basis we have constructed
for Y. This ecalculation is entirely straightforward, and we only
state the result.

PROPOSITION 1. Let Z be as. in SIII. Then ZN(@.M,) may
be identified with the subspace spammed by all monomials of type
(i) in Theorem III. 8. Moreover, Y N (@D, M) may be identified
with the subspace spanned by

U {a(@o™ @)},
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as a ranges over all N-sequences, and 6 ranges over all monomials
of type (i).

This immediately gives

THEOREM 2. A basis for F as a free, graded .7F-module is
given by the set

{g(a)o™(9)}

a,d

where a ranges over all \-sequences, and o ranges over all mono-
mials of types (ii)-(viii) im Theorem III. 8.

From §I, H*(bo, Z,) = W*, so H*@o A bo, Z,) = .57 (2)/.% (2).54
X Z2W*=.27(2)Q., W*. Thus the splitting of W* as .9/-modules
tensors to a splitting of H*(bo A bo, Z/2) as .57 (2)-modules. In [4],
it is shown that this algebraic splitting is actually a geometric
splitting, and we obtain

COROLLARY 3. bo A bo = XVirer 3V K(Z/2,0) where I' is the set
of all monomials in Theorem 2, and d(v) denotes the degree of 7,
and X 1s the spectrum mentioned in (B) of the introduction.

In [3], it was shown that the Adams Spectral Sequence with
E.-term

ExtZ % (H*(bo), H*(bo)) ,

and converging to [bo, bo],, collapses. Thus, if <% denotes the ring
of self-maps bo —bo, and I denotes the ideal of all maps which
vanish in mod 2 cohomology,

A1 = Hom . ,(H*(bo), H*(bo)) .

A standard change of rings result gives that as a graded Z/2-vector
space.

|1 = Hom.,, (Z/2, H*(bo))

which in turn is isomorphic to {x €. (2)/.o7(2)a,|Sq'x = Sqg*x = 0}.
Since we have a splitting of .97(2)/.27(2).%, the calculation in
Theorem 2 gives

COROLLARY 4. As a graded Z/2-vector space,

Z (I = @ Hom.,,, (4/2, M) D 3" F
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