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FIXED POINT SETS OF 1-DIMENSIONAL
PEANO CONTINUA

JOHN R. MARTIN AND E. D. TYMCHATYN

It is shown that every nonempty closed subset of a 1-
dimensional Peano continuum X is the fixed point set of some
continuous self-mapping of X.

1* Introduction* A topological space X is said to have the
complete invariance property (CIP) if every nonempty closed subset
of X is the fixed point set of some continuous self-mapping of X.
The term CIP was suggested by L. E. Ward, Jr. in [5, p. 553] where
it was asked if every Peano continuum had CIP. Examples have
been given in [3], [4, 3.1] which show that ^-dimensional Peano
continua need not have CIP if n > 1. In [4, 3.4] it is asked if every
1-dimensional Peano continuum has CIP. The purpose of this note
is to answer that question in the affirmative by showing that every
1-dimensional Peano continuum has CIP.

2* Preliminaries* Let I be a metric space. A sequence of
subsets of M is called a null sequence provided that for any ε > 0
at most a finite number of its elements has diameter greater than ε.
The space M is said to have property S provided that for each ε > 0,
M is the union of a finite number of connected sets each of diameter
less than ε. A partitioning of M is a finite collection <%/ of pair-
wise disjoint connected open subsets of M whose union is dense in
M. If the mesh of %' is less than ε (each element of Ήf is of dia-
meter less than ε), ^ is called on ε-partitioning. A sequence i?/u

^ 2 , of partitionings is called a decreasing sequence if, for each
positive integer i, ifri+1 is a refinement of e2^i and the mesh of ^
approaches 0 as i increases without limit. It is well-known [1,
p. 545] that every Peano continuum has a decreasing sequence of
partitionings.

A dendron is a connected, simply connected, finite graph. The
closure of a subset A of a topological space shall be denoted by

3* The result*

THEOREM Every 1-dimensional Peano continuum has the complete
invariance property.

Proof. Let X be a 1-dimensional Peano continuum and let A be
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a closed subset of X. Let ^ i , ̂ 2 , be a decreasing sequence of
(l/i)-partitionings of X. Then each ^ is a finite collection of open
connected pairwise disjoint sets of diameter less than 1/ΐ such that
for each i \J{ U\ U e ̂ } is dense in X and %Si+1 refines ^ . We suppose

^ 2 = {Uititj\U2tilj c C7,,, 6 ̂ i and j e {1, , mM}}

and for % > 1

^ = {tf«,yi,...fi<| tf,,,lf...fi< c U w > J l , . , / w e ^ _ x

and i, e {1, , m^,^,...,^}} .

For each i — 1, 2, let

^V = { * 7 e ^ | C l ( £ / ) n A ^ 0} .

Without loss of generality,

^ i f = {l7iilf...,^lfllOil} and for %>1

and ^,6(1, •••, n^j^.j^}} .

Notice that A c C1(U ̂ / ) for each ί.
Let A l f l be an arc in X which meets Ulfl and UU2. If Altl Π J71>3 ̂  0

let Alt2 = 0 . If A i a Π ί71>3 = 0 let AU2 be an arc such that AU2 meets
Uuz and Altί Π Alf2 is an endpoint of Alf2. Suppose Altl U U Allt is
a finite dendron such that AU1 U U Aut meets Uui for each j e
{1, -, i + 1}. If i + 2 ̂  wOfl let A1><+1 = 0 if (A lfl U U Alf<) Π
ε/Ί,i+2 ̂  0> otherwise, let A1)i+] be an arc which meets Z7M+2 and
such that (Alfl U U AM) Π A<ί<+1 is an endpoint of A1)ί+1. By induc-
tion Alf< is defined for each ie { l , , n0Λ — 1}. Let

B, = A l a U U A,,^^, .

Suppose 1?!, , Bk are finite dendrons such that B1 c β 2 c c Bk,
Bk meets U for each U e %fk and

For each Uhtht...tihe^ίk' let A^,^,...,^,! = 0 if J5A meets Uk+ίtJv...Jk,u

otherwise, let Ak+1)jv...tj>1 be an arc in Uk>jv...}jk which meets UkΛ.lyhr..yάk^
and such that Bk ΓΊ Ak+lrjlf...fjktl is an endpoint of Ak+Uiί>...tiktl. Let
Uk,jlf...,jke^k and suppose Afc+1,J 1>...fijfc,1 is defined for i e { l , - - ^ m }
where m < nkίh,...,ik. If 5 Λ U L)Γ=i Afc+1 ylt...lifcli meets Uk+uhf...t3 ktM+1 let
Afc+i,ylf...,yt,m+i = 0 , otherwise, let Ak+Uil,...,jk,»+1 be an arc in Uktiv...tik

which meets Uk+ij,v...jk,m+i and such that (JŜ  U \JT=I Ak+ltίv...tjk,i) Π
A*+i,ylf...fyA,m+i is an endpoint of AAH.Wl,...,^,m+1. Let
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Bk+1 = Bk U U {Ak+1 j l f .-,jk,jkH I Ukn jv~.,jk,jk+ι e ^ fc+i}

By induction Bk is defined for each k = 1,2,
Let 2? = A U 5i U B2 U . Then B is connected since Bt c 5 2 c ,

each jBf is connected and U Bt is dense in 5. The set B is compact
since B — Z7 is contained in a finite dendron for each open neighbor-
hood U of A and A is compact. It is easy to show that B has
property S. To see this, let ε > 0 and let n be a positive integer
such that S/n < ε. Since Bn has property S, there is a positive
integer m and continua Klf , Km such that !?„ = Kx U U Km and
each Ki has diameter < 1/w. Let Ue%Sn'. Let ifέl, , Kίr be the
members of {Ku - , Km} which meet J7. Then (KhU UϋΓ<rU Σ7)ΠB
has at most i r components, and each of these has diameter < S/n < ε.
It follows that B has property S and hence is locally connected (see
[6, p. 20]). By [2, p. 174] B is a retract of X.

It suffices to prove that there is a continuous mapping f:B—>B
such that fijx) = x if and only if x e A. Since B is locally connected,
each component of B — A is open in 5. Hence, B — A has at most
countably many components Cu C2, . Notice that every component
of B — A is a simply connected local graph. It follows from the
last sentence and from the construction of the sets Bk that every
sequence of pairwise disjoint arcs in B — A is a null sequence. Hence,
the sequence Clf C2, is null. It suffices to prove, therefore, that
for each ί ^ 1 there exists a continuous mapping gt: C1(CJ —> Cl(Ci)
such that gtix) = x if and only if x e Cl(Ct) — Ct. The existence of
gt follows easily from the fact that Ct is a simply connected local
graph in which every sequence of pairwise disjoint arcs is null.

REFERENCES

1. R. H. Bing, Partitioning continuous curves, Bull. Amer. Math. Soc, 58 (1952), 536-556.
2. S. T. Hu, Theory of Retracts, Wayne State University Press, Detroit, 1965.
3. J. R. Martin, Fixed point sets of Peano continua, Pacific J. Math., 74 (1978), 163-166.
4. J. R. Martin and S. B. Nadler, Jr., Examples and questions in the theory of fixed
point sets, Canad. J. Math., 31 (1979), 1017-1032.
5. L.E. Ward, Jr., Fixed point sets, Pacific J. Math., 4 7 (1973), 553-565.
6. G. T. Whyburn, Analytic Topology, Amer. Math. Soc, Colloquium Publications, Vol.
28, Providence, 1942.

Received February 23, 1979 and in revised form July 5, 1979. The first author's
research was supported in the part by the National Research Council of Canada
(Grant A8205), and the second author's research was supported in part by the National
Research Council of Canada (Grant A5616).

UNIVERSITY OF SASKATCHEWAN

SASKATOON, SASKATCHEWAN

CANADA S7N 0W0






