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WIRTINGER APPROXIMATIONS AND THE
KNOT GROUPS OF Fn IN Sn+2

JONATHAN SIMON

We consider the problem of deciding whether or not a
given group G has a Wirtinger presentation, i.e., a presenta-
tion in which each defining relation states that two genera-
tors are conjugate or that a generator commutes with some
word. This property is important because it characterizes
those groups that can be realized as knot groups of closed,
orientable ^-manifolds in Sn+Z. We isolate the obstruction
in the form of an abelian group somewhat related to H2{G).
We do this by considering Wirtinger-presented groups that
are approximations to G and prove the existence of a best-
approximation.

A group G can be realized as a knot group ττ1(S
%+2 — Fn) (n^2),

where Fn is a closed, orientable, connected ^-manifold tamely
embedded in the sphere Sw+2, if and only if G satisfies the following:

(1) G is finitely presented.
(2) G/G' = Z.
( 3 ) There exists t e G such that Gj{t)) = {1}.
(4) G has a Wirtinger presentation (see Definition 0.1).

The necessity of the algebraic conditions may be seen as follows:
(l)-(3) are well-known (see e.g., [8] or [9]). (The methods of this
paper can be used to develop a theory of Wirtinger approximations
for GjG' free abelian of rank m, i.e., Fn having m components, but
we restrict ourselves to m — 1 to minimize notation and keep the
proofs clear.) (4) is well-known for 1-manifolds (not necessarily
connected) in S3 and we proceed by induction on dimension, using
the method of slices [4, §6] to present τr1(Sw+2 — Fn). The sufficiency
of the algebraic conditions is established by using methods of Yajima
[14] (rediscovered by D. Johnson; see [7] for nice exposition) to
construct a surface F2 in S4 having a given group.

In this paper, we suppose we are given a group G satisfying
(l)-(3) and try to decide whether or not G satisfies (4). If we
replace (4) by the property H2(G) = 0, we obtain Kervaire's list [8]
[9] characterizing the knot groups of spheres Sn c Sn+2. Thus (l)-(3)
plus H2(G) — 0 imply (4); a purely algebraic proof of this fact is
given in [15], and we shall recover this theorem as Corollary 1.8.

There was some speculation [10, Problem 4.29], [13, Conj. 4.13]
that H2(G) = 0 actually is necessary for G to be 7Γ1(S

%+2 - Fn), but
counterexamples have been found ([2], [11], Example 3.4 below).
When we know H2(G) — 0, G has a Wirtinger presentation in terms
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of conjugates of any annihilating element t. In general, however,
it is possible (Example 3.5) to have a group G with annihilating
elements s, teG such that G has a Wirtinger presentation in terms
of conjugates of t but none in terms of conjugates of s.

For each choice of annihilating element t e G, we show (Corollary
1.4, Theorem 1.5) that the obstruction to (G, t) having a Wirtinger
presentation is a finitely generated abelian group that arises as the
kernel of a certain homomorphism φ\ W(G, t) -»G. The group
W(G, t) is the (Corollary 1.9) best Wirtinger approximation (Defini-
tion 1.2) of (G, t). As we initially define it (in Theorem 1.3), W(G, t)
has infinitely many generators and relations. However, W(G, t) is
(Corollary 1.7) finitely presentable, so there is hope, in any particular
situation, of actually finding a presentation that is nice enough for
us to decide whether or not φ is an isomorphism.

In §2 we describe a paractical method for obtaining W(G, t) as
the last of three successive Wirtinger approximations of (G, t). The
first is always constructable since G/((ί» = 1; the second is automatic.
Passing from the second approximation to the third, however, may
be difficult as it requires knowledge of the centralizer of t in G'.
One result is (Corollary 2.3) that if the centralizer of t in G' is
trivial, then the Wirtinger obstruction group ker (φ) is precisely
H2(G).

Finally, in Conjecture 3.6, we offer a strong form of the
"Property R" conjecture

DEFINITION 0.1. A Wirtinger presentation is a presentation
(x0, x19 r09 rl9 > such that each relator r is of the form
x^w^XjW where i, j are any subscripts and w is any word in {x}.

DEFINITION 0.2. If G is a group, teG, a: (xQ9xi9- —;ro,rl9— )-+G
an isomorphism, a(x0) = t, and (x0, xl9 •; r0, r19 •> a Wirtinger
presentation, we call (x0, xu •; r0, rl9 •> (together with a) &
Wirtinger presentation of (G, t).

1* The best Wirtinger approximation of (G, t)

DEFINITION 1.1. If Y is a group, yoe Y9 such that (Γ, y0) has
a Wirtinger presentation, and there exists an epimorphism ψ: Yf yQ —*
G, t that induces an isomorphism Y/Y' —> G/G', we call Y (together
with ψ) a Wirtinger approximation of (G, t).

DEFINITION 1.2. If φ: W9 s -> G, t is a Wirtinger approximation
of (G, t) such that given any other Wirtinger approximation ψ: Y, y0 —>
G, t there exists an epimorphism ψ: F, y0 ~̂  ^> β s^ch that φ ° ψ = ψ9
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then W (together with φ) is called a best Wirtinger approximation
of (G, t).

THEOREM 1.3. Let G be a group with teG such that GjG' = Z
and G/((t)) = {1}. Then there exists a best Wirtinger approximation
of (G, t), φ: W{G, t), s-*G,t.

Proof. Let F = (xe, xtf , xgi > be the free group generated
by {%g}geσ Define a homomorphism σ:F-+G by δ ^ ) = g~ιtg, and
let i? = ker σ. By hypothesis, G/{{t)) = {1}; since the range of σ
includes all conjugates of t, it includes a generating set for G, and
so σ is an epimorphism. Now let Ro be the normal closure in F of
the set £f Π R, where S? is the set of all words of the form
x^w^XeW. In other words,

RQ = (({xΫw^XeW\heG9 w eF and a ^ w ^ w eR}} .

Let <τ denote the projection F-+FJR,. We define W(G, t) = ίy# 0,
s = σ(a5β), and φ — σoσ'1 (which is well-defined since i?0 £ Λ).

We first claim that φ: W(G, t) -> G is a Wirtinger approximation
of (G, ί) By definition of RQ, (W(G, t), s) has a Wirtinger presenta-
tion. Since σ is an epimorphism, so is φ. Also φ(s) = ̂ ^ ( s ) —
^(a ,) = ete = t. All that remains is to check that φ induces an
isomorphism of commutator quotients. By hypothesis, G/G' = Z.
On the other hand, W{G, t)/ W(G, t)f is free abelian of rank equal to
the number of distinct conjugacy classes of the generators σ(xg),
g eG. But for each g e G, if wgeF such that σ(wg) = g, then
σ(xg-

1Wg~1xeWg) — e. Thus x^w^XeWg e Ro and so σ(xg) is conjugate to
σ(xe) in W(G, t). Therefore φ induces an epimorphism, hence
isomorphism, of Z onto Z.

Suppose now that ψ: Y, yo—>G,t is another approximation of
(G, t). We have Y = (yQ, yu relators of the form y^v^yuV).
Since Y/ F ' = G/G' = Z, each of the generators yt of F is conjugate
to y0. Thus we may assume that the defining relators for F include
a preferred one for each yt (i Φ 0) of the form y^v^y^v^ By sub-
stituting for yβ and yk, the remaining relators can be written in the
form y^u^yoU. We shall show that the function y0 — > s = 0"(#e),
7/i —> σ(xψ(H)) defines the desired map of F onto W(G, ί).

Let Fbe the free group <i/0, ̂ , •> and let p: Ϋ~-> Y be defined
by p{y%) = ?/i. The function (̂gf0) = xe, ψ{y%) = a;̂ (Wi, (i ^ 0) defines
a homomorphism of Ϋ into F.

Claim (1). The diagram below is commutative.
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ft G

Proof of (1). We defined φ = σoσ~\ so the upper triangle
commutes. For y0, we have ψp(y0) = ψ(y0) = t, while σψ(y0) = σ(xe) =
ete. For a generator & (i Φ 0), we have ψp(yύ — ψ(y%), while
σΊjr(yt) = σ{xψ{Vi)) — ψiv^tψiVi). But since 'f is a homomorphism and

= l e Γ , we have (̂s/,) = ftv^-Hψiy,) in G.

Ciαim (2). ker p £ ker (σoψ).

Proof of (2). Consider the set {yγv~γykv\ of defining relators
for F. As noted earlier, by using the preferred relators y^v^y^v^
we can rewrite all the others in the form y^vr^u. If we let vi9 u
denote the words obtained from vi9 n by replacing each /̂-symbol
with y, we get a set of words {y\Λvϊιyov^ U {y^ιu~ιyQu} whose normal
closure in Ϋ is ker p. The images of these words under ψ are
xψ^ψiVi^XeψiVi) or x~ιψ{u)~ιxeψ{u). By Claim 1, these words are in
ker (φoσ) = JR; but these words are also of the right form to be in
S/\ hence in RQ = ker σ. We thus have σoψ(ker p) = {1}, so ker^o £

Claim (3). The homomorphism ψ induces a homomorphism ψ:
^ W(G, t) making the following diagram commute.

-> G

-> Y

Proof of (3). This follows immediately from Claims (1) and (2)

Claim (4). The homomorphism ψ: F—> TF(G, ί) is onto.

Proof of (4). The images <7(αsA), feeG, generate TΓ(G, £)• For
each fteG, since ψ: Y"-> G is assumed to be onto, there exists ί e ?
such that ψ°p(h) = h. But then σ°ψ(ϊί) = fc and σoψ(h~ιyQh) = h~Hh,
so Xk'ψihy'fiy^^eR^ Thus α(a?Λ) = jr(ρ(h-%h)).
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This completes the proof of Theorem 1.3.

COROLLARY 1.4. If φ: W—>G is a best Wirtinger approxima-
tion of (G, t), then (G, t) has a Wirtinger presentation if and only
if φ is an isomorphism, i.e., ker φ = 0.

Proof. The "if" is trivial. If (G, t) has a Wirtinger presenta-
tion, then id: G, t—>G, t is a Wirtinger approximation of (G, t). But
then there is an epimorphism <ψ:G~> W such that φoψ = id, so φ
is 1-1.

REMARK. It is tempting to claim that the universal mapping
property of a best approximation guarantees that any two best
approximations are isomorphic. But all we can get is homomorphisms
of each onto the other. To prove uniqueness, we need to know that
ker φ is Hopfian, so we postpone the uniqueness theorem until after
Theorem 1.5.

THEOREM 1.5 (Properties of ker^ ). Suppose <p: W(G, t) -> G is
the particular best approximation exhibited in Theorem 1.3. Then
we have the following:

(a) ker φ is central in W(G, t).
(b) ker φ is a homomorphic image of H2(G;Z).
(c) // G is finitely presented, then ker φ is a finitely generated

abelian group.

Proof of (a). Let reker<p. Choose reF such that σ(r) — r.
Since φ(r) = e, σir) = e, i.e., reR. For any generator xg of F, we
then have x^r^XgΨ 6 RQ. Thus r commutes with σ(xg) in W(G, t) =
F/Ro, so r is central in W(G, t).

Proof of (b). Consider the following exact sequence [12].

H2( W(G, t)) > H2(G)
[W(G, t),

> Hx{ W(G, t)) > Hλ{G) > 0 .

The last epimorphism is an isomorphism. Since ker φ is central in
W(G, t), the sequence then becomes H2(W(G, t)) -~> H2(G) -> ker φ -+ 0.

Proof of (c). This follows immediately from (b), since H2(G)
can be computed as H2(X)/π2(X), where X is a finite CW-complex
having fundamental group G.

REMARKS. The proof of (b) above shows that φ: W{G, t)->G is
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an isomorphism if and only if the homomorphism φ*: H2(W(G, t)) —>
H2(G), induced by φ, is surjective. Thus when G is finitely presented,
the problem of deciding whether or not (G, ί) has a Wirtinger
presentation reduces to a problem about finitely generated abelian
groups. But the act of reduction may involve an unsolvable problem.

Question 1.6. Is there an algorithm for computing a presenta-
tion of H2(W(G, ί)) from a presentation of G?

COROLLARY 1.7. If G is finitely presented, then W(G, t) is finite-
ly presented.

Proof. By part (c) of Theorem 1.5, W(G, t) is an extension of
a finitely presented group by a finitely presented group.

COROLLARY 1.8. // G/G' = Z, G/((ί» = {1}, and H2(G) = 0 then
(G, t) has a Wirtinger presentation.

COROLLARY 1.9. (The uniqueness of best approximation). If G
is finitely presented, G/G' = Z, and G/((t} — {1}, then any two best
Wirtinger approximations of (G, t), gγ Wt —> G, (i = 1, 2) are iso-
morphic by an isomorphism ψι2: WX-^W2 such that φ2

oψι2 = φx.

Proof. Without loss of generality, let W2 — W(G, t), φ2 = φ.
This guarantees that ker<ρ2 is, by Theorem 1.5(c), a Hopfian group.
We have epimorphisms ψu: Wt-+ Wό such that φ3 oψi3. = φi (if j = 1, 2).
A little diagram chasing reveals that ψi3 © ψάi maps ker φό onto ker φj9

and that ker (f^ of^) £ k e r ^ . Since ker^>2 is Hopfian, the epimor-
phism ψ 12©ψ2ιI ker φ2 is 1-1, and so the unrestricted map ψ12

oψ2ι is
1-1. Thus ψ12 is the desired isomorphism.

REMARK. It is possible to extend the sequence used in the proof
of Theorem 1.5. According to [5], and using the fact that
Hi( W(G9 t)) = Z, there is a nonnatural homomorphism ker φ —>
H2{W(G, t)) making the following sequence exact.

(1.10) ker φ > H2( W{G, t)) > H2(G) > ker φ > 0 .

2* Computing W(G, t). In this section, we describe a method
for obtaining a presentation of W(G, t) by three successive Wirtinger
approximations of (G, £), H-+G-+W(G,t)-*G. The letters H, C
are mnemonics for "homology" and "central". We denote the maps
by φγ\ H->G, φ2:C->G, and, as before, φ: W(G} t)-+G.

To illustrate the various steps, we shall carry along one example
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(a certain extension of the alternating group Aδ); other examples
are given in §3.

EXAMPLE 2.1. G = <α, 6, ί; α3 = 65 = (α&)2 = 1, ί^αί = a~\ t~ιbt =
αδ3α6"2>.

Step 1. The group i ϊ is any group such that: H has an an-
nihilating element t, H^H) ~ Z, H2{H) — 0, and there exists an
epimorphism φγ\ Ht —> G, t.

Any group H having a killer t, H^H) ~ Z and H2{H) = 0 has
(by Corollary 1.8) a Wirtinger presentation on conjugates of t.
Thus any epimorphism φλ\ H, t —> G, t is a Wirtinger approximation.
The assumption G/{{t} = {1} guarantees that if we start with any
presentation of G, and are given t as a word in the generators,
then we can compute a suitable group H. To avoid such impractical
tactics as "enumerate all finite presentations of G", it is hoped that
our assumption that G/((ί» = 1 is accompanied by a proof. We then
proceed as follows: Since G is generated by conjugates of t, G can
be presented in the form (t, s19 , sn; {Si — WϊHw^i,...,** other
relators). Let H = (t, s19 , sn; {s* = W^wJ^i,...,™). Alternatively,
for each original generator gt of G, there is a relation ϋ^ expressing
#i in terms of conjugates of £, and we can use these relations to
define H. These methods for finding a suitable H are based on the
proof given in [7] of Gonzalez-Acufia's theorem [6] which states
that each group of weight 1 is a homomorphic image of a knot
group (of S1dS5). According to that theorem, there also is a clas-
sical knot group that we could use for H. Actually, we could start
with any Wirtinger approximation of (G, t) and Steps 2 and 3 below
would carry us to W(G, t). But by asking that H2(H) = 0, we get
the nice property of C that ker (φ2: C —>G) is precisely H2(G) (see
comments after Step 2).

EXAMPLE 2.1 (cont'd). We wish to find a set of conjugates of t
that generate G. Since t~xat = α"1 and α3 = 1, we have a = (a~Ήa)~\t).
Since (abf - ¥ = 1, 6 = [(δ-WXδ^αδ)]2. Thus G is generated by t,
sx = a~Ha, s2 = b~Hb, sB = b~λa~ιtab, sA = b~2tb2, and sδ = b~2a~Ha¥. If

we replace a by sΐλt and 6 by (βΓ^sΓ1^)2 in the last five equations,
we get defining relations for a suitable group H. However, this is
not the most useful form. Since the second step in approximating
G will require knowing the kernel of ψx\ ΈL-+G, it is useful to have
a presentation of H in which the original generators of G appear.
We are thus led to the following choice.

H = {a, b, t, slf , sδ; sx = a~Ha, s2 = b~Hb, ss = b^a^tab,
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s4 = b-2tb\ sδ = b~2a-Hab\ a = s{% b = (s

= (a, b,t;a = a~ιt~ιat, b = [(6-2a62)(6"1a6)]2> .

In §3 we shall give a different treatment of Example 2.1, in-
volving a choice of initial approximation H that is harder to find
but easier to use later.

Step 2. Centralize the kernel of map from H to G. That is,

This step is automatic if the presentation one has for H involves
the generators from a presentation of G. It is useful to note that
the kernel of the map φ2: C —• G is precisely H2(G). This may be
seen by considering the exact sequence [12]

0 = H2(H) >H2{G) >keτφJ[H, keτφ,] >HX{H) >#i(G) >0 .

If we do not know H2(H) = 0 then we still have that ker φ2 is a
homomorphic image of H2(G). Since we can centralize an element
of H by declaring that t commutes with various conjugates of that
element, φ2: C —> G is a Wirtinger approximation.

EXAMPLE 2.1 (cont'd). C = <α, b,t;a = aΉ-'at, b = {b~ιaba)\ α3

central, δ5 central, (αδ)2 central, t~ιata central, t^btb^a^b^a'1 central).

Step 3. Adjoin enough relations to C to describe the centralizer
of t in G. That is, make the sets φ2\t) and φ2

ι (centralizer of t in
G) commute elementwise.

This is the step that distinguishes t from other killers of G and
that requires a fairly complete knowledge of the internal structure
of G.

Let Zt denote the centralizer of t in G. The crudest way to
perform Step 3 would be to adjoin all relations of the form [t, x] = 1
where t ranges over φ2\t) and x ranges over ψ2

x (Zt). The first
obvious simplication is that we only need to consider one antecedent
t for t and one representative x for each x. If t = tq1 and x = xq2,
where qlf q2ekerφ2, then in C, [t, x] = [t, x], since

ker <?2( = ker φJ[H, ker <px])

is central in C. This makes it clear that we are only adding
Wirtinger type relations, so Step 3 does yield a Wirtinger approxi-
mation of G.

The next simplification is that we only need to consider Zt n G'
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r a t h e r t h a n all of Zt. Each xeG can be expressed in t h e form tnx0

where xoeG'. In G, [t, x] = [t, x0], so x e Zt if and only if xoeZtnG'.
When we adjoin to C the relation [t, x0] = 1, we can deduce relations
of the form[£, tnx0] = 1. The third simplification is that we do not
need to add a relation for each element of Zt Π G', but only for a
set of generators of that group. For suppose xl9 x2, generate
Zt Π G' and suppose we have added to C relations [t, xt] == 1. For
each xeZtΓi G' there is some word in the xt that we could choose
for x. Thus adding a relation [t, x] = 1 would be redundant.

Finally we note that we need to add only finitely many new
relators [t, x], regardless of the possibility (???) that Zt Π G' is
infinitely generated. The relators we are adding generate a sub-
group of ker<p2. When G is finitely presented, H2(G) is finitely
generated, and so the homomorphic image, ker^2, also is finitely
generated.

EXAMPLE 2.1 (cont'd). It is not hard to check that in G, t
commutes with b2a and with a¥ab2. It is much harder to show that
these elements generate all of ZtΓ\G'. The mapping a —> (153), 6 —>
(12345), t —> (35) is a homomorphism of G onto the symmetric group
S5 that faithfully maps G', that is the subgroup generated by a and
6, onto the alternating group A5 [cf. 3, §6.4]. The centralizer of
(35) in A5 is just the subgroup generated by (124) and (14) (35), that
is, the images of b2a and a¥ab2. Modulo Theorem 2.2 below, we
then have the following.

W(G, t) = <α, b,t;a = a-H^at, b = (b~ιaba)\

{α3, 65, (αδ)2, t^ata, t-ιbtb2a~ιb-*a-1} central,

[ί, b2a] = [ί, aVab2] = 1> .

THEOREM 2.2. The group produced by Step 3 is a (hence "the")
best Wirtinger approximation. That is, if φx\ H,t —> G, t is a
Wirtinger approximation of (G, ί), C = H/[H, ker 9>J, WQ — C/[φϊ\t)f

φϊXZt)], and φ2:C->G, φQ:W0-+G are the induced homomorphisms,
then φ0: W09 t—*G,t is a best Wirtinger approximation.

Proof. By definition, the group Wo has a presentation WQ =
<ί, 8lf , 8Λ; ^ i , &2, ^3>, where ^ consists of n relations {ŝ  =
wϊΐwt} and perhaps some others {t~ιvjιtvό}\ ^ 2 — ̂ t~ιc~γtc\c is a
word defining an element of ker^}; and ,^?3 = {t~ιx~ιtx\ t, x, are
words such that φz(t) = t and 9>2(̂ ) ^Zt}.

Any Wirtinger type word in ΐ, sl9 , sΛ that is in ker φ0 is
already trivial in Wo. For if s^v^Sj/v is such a word (denote £ by
s0 here) (0 <£ i, & <; w), then using {̂  = WΓ1?^^!,...,., the word can
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be rewritten in Wo as a conjugate of [t, wkvwj% Since [t, wkvwjι] e
ker <p09 ΨoiWkVwj1) e Zt, and so [t, w^wj1] e &z.

We now exhibit an isomorphism between WOf t and the group
W(G,t),8 of Theorem 1.3. For g Φ e, φo{wλ\ , φo(wJ in (?,
introduce the symbol a, as an additionanal generator of Wo and set
xg == £-1£#, where # is any word in t, slf , sn for which <po(#) = #.
By substituting g^tg for â , and recalling the above paragraph, we
see that any Wirtinger type word in the generators {t, slf , sn, {xg}}
that is mapped by φ0 to 1 in G is in the consequence of the relators
defining Wo. If we identify ΐ, sl9 , sn with xβ, xΨo(Wl), , α?9o(Ww),
we obtain the desired isomorphism between Wo, t and TΓ(G, t), s.

EXAMPLE 2.1 (concluded). To decide whether or not (G, t) has
a Wirtinger presentation, we must decide whether or not the de-
fining relations of G can be deduced from the relations defining
W(G, t). The answer is "yes," but rather than go through the
derivations here, we shall defer to the next section.

COROLLARY 2.3. // G/G' = Z, G/((t)) = {1}, and the centralizer
of t in G is just (t}9 then the Wirtinger obstruction group, ker φ,
is precisely H2(G).

Proof. By Theorem 2.2, Step 3 yields W(G, t). But if Zt Π G' =
{1}, then there are no relations to be added in Step 3. Thus ker φ ~
ker<p2, which, as noted after Step 2, is isomorphic to H2(G).

3. Examples* The previous section concluded with the need to
decide if a certain messy-looking group is isomorphic to a given
extension G of A6. We shall give a different analysis of the same
group G that makes the final calculation easier. The first two of
the following lemmas are useful for several examples.

LEMMA 3.1. The group 2f = <α, 6; a3 = ¥ = (α&)2> has H^&f) =
= 0.

Proof. The quotient &j2&f clearly is trivial. Since &f has the
same number of generators as relations, it follows that H2(&) = 0.

LEMMA 3.2. (Special case of HNN extensions.) Suppose D is
a group with H^D) = H2(D) = 0. If a is an automorphism of D
and K is the extension (D, t; t~ιat = a(a), all a e D), then HX(K) = (t)
and H2(K) = 0.

Proof. This follows immediately from the Mayer-Vietoris se-
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quence for HNN extensions [1].

LEMMA 3.3. The function a —> a~ι, b —> ab3ab~2 defines an auto-
morphism of & = <α, 6; α3 = δ5 — (αδ)2>.

Proof. It is useful to rewrite the relations for & as aba = δ4

and 6α6 = α2. In addition, it can be shown [3, §6.5] that (α3)2 = 1
and that 3f is finite.

Let a: <α, δ; -> -> ^ be defined by α(α) = α~\ α(δ) = αδ3α6-2.
Then a induces a homomorphism of 3f into ^ .

Suppose ί c e ^ and α(sc) = 1. Consider the projection of 3f onto
the alternating group A5 = (a, 6; α3 = 65 = (αδ)2 = 1>. Since, as noted
in §2, the function a —> a~\ b —> ab3ab~2 in 1-1 on Aδ, x e ker (ϋ^ —> Aδ).
But [3, §6.5] this kernel is just the group of order 2 generated by
α3, and α(α3) — a3 Φl. Thus x = 1, α is 1-1, and so α defines an
automorphism of 3ί.

EXAMPLE 3.4. (Example 2.1, different analysis.) G = <α, δ, t;
α3 - δ5 = (αδ)2 = 1, t - t a = a~\ t~ιbt = αδ3αδ~2>.

By Lemmas 3.1-3.3, we can use if = <α, δ, ί; α V = (αδ)2, ί - 1αί =
a~\ t~xbt — a¥ab~2) for our first Wirtinger approximation of (G, t).
Since the kernel of φλ: H-^G is just the central (remember α6 = 1)
subgroup of order 2 generated by α3, we have C — H (and also
H2(G) = kerφ2 ^ ker φ± ^ Z2). As in §2, Z« Π G' is generated by δ2α
and αδ3αδ2. We thus have W(Gf t) ^ <α, δ, ί; α3 = δ5 = (αδ)2, ί~2αί = α
t-'bt = aVab~\ [ί, δ2α] = [ί, αδ3αδ2] = 1>.

We deduce W(G, t) = G from the last relation: 1 = t^a
α"1 = a^iatfab'ya'Xatfab^yb^a^b^a'1 = (freely reduce, then multiply
each δ-2 or δ"3 by δ5, each α"1 by α3, and use αβ = δ10 = l) (¥a)5ba¥a¥ab6a
b2a2 = (δ3α)3δ3α2δ2αδ2α2 = (since bab = a2)b2a2ba2ba2b2a2ba2ba2=(since α6α =
δ2αδ3αδ2αδ3α = (since δαδ = a2)ba2bab2a(a3) = (extract αδαδ)δαδα.

" 1

2

EXAMPLE 3.5. Let G = Λ 0 Z = ( α , δ, τ; α3 = δ5=(αδ)2 = 1, τ-ιaτ = a,
τ'γbτ — δ> and let ί = τx, where cc denotes one of α, δ, or b2ab*ab3a.

We shall show that in the third case, (G, t) has a Wirtinger
presentation, while in the first two cases it does not. The third
case, where x is an element of order 2, has been studied in [11],
and represents, along with Example 3.4 and [2], one of the few
known groups having a Wirtinger presentation and nontrivial second
homology. We shall consider the three cases simultaneously.

By Lemmas 3.1, 3.2, we may take H = <α, δ, τ; α3 = δ5 = (αδ)2,
τ-χaτ = α, τ^bτ = δ>. Since the center of & = <α, δ; α3 = δ5 = (αδ)2>
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is contained in ker {3ί —> Aδ), and A5 is simple, it follows that for
any word x in o and & that defines a nontrivial element of A69

H/τx = {1}. Since ker (2ϊ-> (?) C Z{H)f we have C = H. To pass
from C to W(G, t), we must distinguish the choice of t, i.e., of x.

Case 1. x = a or x = δ.

In this case, Z* n (?' is just the cyclic subgroup of Aδ generated
by x. In terms of α, 6, and τ, [£, #] = [τ#, x] — 1 in C. Thus we
need add no relations to get from H to C to TF((?, £); that is, W(G, t) =
<α, 6; α3 - δ5 = (αδ)2> φ <τ>. Since [3, §6.5] the central element α3

of ^ has order exactly 2 in £^, we conclude that (G, ί) does not
have a Wirtinger presentation, and the obstruction group ker (φ) is
Z2.

Case 2. x = &2aδ4a63a.

We could use any involution for as, but this choice has the
convenient property that a^αcc = α"1, a;"^ = δ"1 in A> and in fact
in &ί. Thus, if ί = τx9 t~ιat = α"1, r 'δ ί = δ"Λ The group Zt Π G'
is precisely the subgroup of A5 consisting of elements that commute
with x = b2a¥aVa. By identifying a with (153) and δ with (12345),
we see that the centralizer of x in Aδ is generated by δ3αδ3 and
baVab. We thus have W(G, t) = C/{[t, δ3αδ3], [t, batfab]} ~ (a, δ, r;
α,3 = bδ — (αδ)2, τ~ιaτ = α, r - 1 6r = δ, [τx, δ3αδ3] = [τx, ba¥ab] = 1>, where
x = b2a¥ab3a. The next-to-last relation says x~Ψa¥x = bBa¥. But since
ίc-χαx = α-1, x~ιbx = δ"1 in ^ , we have in W(G, t): b~za-lb~z = δ3αδ3,
i.e., 1 = δ3αδβαδ3 = δ3αδαδ3(δ5) = δ3δ2(δ5)(αδαδ) = δ5. Thus the relation
δ5 = 1 holds in W(G, t), so W(G, t) = G.

CONJECTURE 3.6. If G is the group of a tame knot in the 3-
sphere with meridian t and longitude λ, then (G/λ, t) does not have
a Wirtinger presentation.

Considerable progress has made (see e.g., "Property R" in [10])
on the conjecture that (?/λ cannot be a high dimensional knot group
of SnaSn+2, i.e., that H2(G/X) must always be nontrivial, and on
the special case G/X Φ Z. If G is the group of a knot for which
the conjecture H2(G/X) Φ 0 has been verified (e.g., fibered knots, other
knots with nontrivial Alexander polynomials) then we know that the
second Wirtinger approximation φ2: C —> G/X has nontrivial kernel
(in fact, Z). To show (G/X, t) does not have a Wirtinger presenta-
tion, we need to know that [φϊ\t), Ψl\Zt Π G/λ)'] is strictly smaller
than ker<p2. While this seems likely, there are very few cases in



WIRTINGER APPROXIMATIONS AND THE KNOT GROUPS OF Fn IN Sn+2 189

which we can actually verify this. The following example has also
been noted by Maeda [11].

EXAMPLE 3.7. Let G be the trefoil knot group (a, b, t; t~γat = 6,
t-'bt = a-ιb), λ = ab-ιa-ιb. In G/λ ( = G/G"), Zt n (G/λ)' = {1}. Thus
W(G/X, t) is just the second approximation C, and the obstruction,
ker<p, is Z.
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