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RATES OF DECREASE OF SEQUENCES OF POWERS
IN COMMUTATIVE RADICAL BANACH ALGEBRAS

JEAN ESTERLE

Every element 6 of a radical Banach algebra & satisfies
l iπv^ ||6ra||1/TO=0. We are concerned here with the existence
of a lower bound for the rate of decrease of the sequence
(||δw||) under various assumptions over b and ^ , when b is
not nilpotent and & commutative.

If the nilpotents are dense in & then for every sequence
(λn) of positive reals there exists a nonnilpotent b e & such
that lim inf*-«, ||6n||/ϋ»=0. A stronger result holds if & pos-
sesses furthermore a bounded approximate identity. On
the other direction if & has no nilpotent element and if
some element of & which is not a divisor of zero acts com-
pactly on & then there exists a sequence (2n) of positive
reals such that \immfn-+0O\\bn\\lλn— + °o for every nonzero
be&. Also there exists universal lower bounds for the
rate of decrease of ll<zw|| if (a1) is an analytic semigroup
over the positive reals or over some open angle. Such lower
bounds do not exist for infinitely differentiable semigroups
over the positive reals.

1* W. G. Bade and H. G. Dales observed recently in [3] that
given any sequence (λj of positive reals there exists a nonnilpotent
element b of the Volterra algebra 14(0, 1) such that \\bn\\ <Xn for
every neN.

On the other hand they showed in [3] that if ω is a continuous
positive function over [0, + <*> [ satisfying

lim [ω(x)]Ux = 0 , ω(x + y) <£ ω(x)ω(y)
X-*OQ

for every x, ye[09 +oo[ then there exists a sequence Xn(ω) of posi-
tive reals such that

liminf
—> Xn(ω)

for every nonzero elements b of L1(R+

f ω). Precise estimations of
this sequence λft(α>) are given in [3] (also Bade and Dales obtain in
[3] a characterization of the "standard" closed ideals of L\R+, ω) in
terms of rates of decrease of the sequence of powers of their
elements).

We first study in § 2 commutative radical Banach algebras which
possess nilpotent elements. The Theorem 2.1 shows that if b e [b^V]~
for some nonnilpotent element b of a commutative algebra &, where
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is the nilradical of ^?, then for every sequence (λj of positive
reals there exists a nonnilpotent element c of ^ such that

lim inf JiίlU = 0, b e c[& φ Ce]~ .

We obtain a stronger result when & possesses bounded approximate
identities: if the nilpotents are dense in such an algebra & and if
6 is separable then for every sequence (λj of positive reals there
exists δ e ^ such that [&^]~ = ^ and such that | |6 % | |<λ % for
every neN. Using results recently obtained by the author in [9]
we incidentally deduce that if the continuum hypothesis is satisfied
then for every commutative complex algebra A without unit which
is an integral domain of cardinality 2*° and for every sequence (λj
of positive reals there exists a faithful algebra homomorphism
φ\A->& such that lim sup*-*, \\φ(an)\\/^>n = 0 for every nonzero
aeA.

In § 3 we study the behavior of | |α z | | where (az) is a (nonzero)
analytic semigroup in a commutative radical Banach algebra & de-
fined over an open angle Uθ = {z eC — {0}| |Arg£ |<#} where 0 <
θ <̂  π/2. (A.M. Sinclair proved in [12] that if & possesses bounded
approximate identities then & contains analytic semigroups (α*) de-
fined over Uπ/2 which are bounded over ]0, +<*>[.) We prove that
for such an analytic semigroup we have limlogr_oo | |α r e^| |/r r = 0 for
every 7 > π/2θ and for every φ e]—θ, θ[, the convergence being uni-
form over [—α, a] for every αe[0, θ[. (This result is related with
the Ahlfors-Heins theorem for continuous bounded functions over the
closed right-hand plane which are analytic over the open right-hand
half plane). In fact these estimates work for any continuous algebra
seminorm q over & such that q(a) ΦQ. In particular, the notations
being as above, we have lim inf,,-*, [q(an)]ι/n/exp[—nr~x\— + ̂ o for every

7 > 7CJ2Θ if q is a continuous algebra seminorm over & such that
q(a) Φ 0. We also obtain lower estimates for the rate of decreasing
at infinity of the function r—>||α r | | where (αr)r>o is a (nonzero)
analytic semigroup in & defined over ]0, +°°[. Such lower esti-
mates do not exist for infinitely diίFerentiable semigroups (αr)r>o over
]0, +oo[. We show in the Theorem 3.6 that for every continuous
positive function g over [1, + 00 [ there exists a commutative Banach
algebra & and an infinitely differentiate semigroup (αr)r>0 in &
defined over ]0, + oo[ such that 0 < | |α r | | < g(r) for every r >̂ 1.

In § 4 we study the rate of decrease of sequences of powers in
commutative radical Banach algebras which are integral domains and
in which some nonzero element acts compactly. We prove that for
every continuous algebra norm q defined on such an algebra &
there exists a sequence Xn(q) such that
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for every nonzero element 6 of ^?. W. G. Bade and H. G. Dales
showed in [3] that every element of L\R+, ω) acts compactly if ω
is a continuous weight over [0, ^ [ such that a)(x + y) <^ ω{x)a)(y) for
every x9 y Ξ> 0 and

Km [ω(x)]1/x = 0

provided the function x —> [ω(x)]1/x is decreasing over [0, +oo[. We
thus obtain in a very simple way the existence of a lower bound
for the rate of decrease of sequences of powers in the weighted
algebras L\R+, co) for every weight ω which is continuous over
]0, +co[ (even if the weight is unbounded at the origin), but of
course we do not obtain a concrete estimate for this lower bound.

Note that G. R. Allan and A. M. Sinclair proved in [2] that if a
commutative radical Banach algebra & has a bounded approximate
identity then for any sequence (λj of positive reals such that
lim^ooλ,, = 0 there exists δ e ^ such that lim inf %_oo \\bn\\1/n/Xn= +oo.
In other terms the sequence (||6W||) may decrease as slowly as pos-
sible in this case. It was also recently proved by the author in
[8] that the rate of decrease of the sequence (||&%||) is usually very
irregular. If b e [b&]~ for some nonnilpotent element 6 of a com-
mutative radical Banach algebra & then there exists ce^l? such
that

I must thank W. G. Bade and G. H. Dales for sending me pre-
prints and Paul Koosis and A. M. Sinclair for several valuable dis-
cussions.

I thank also the referee who checked very carefully the original
version of this paper.

2* Rate of decrease of sequences of powers in commutative
radical Banach algebras which possess nilpotent elements.

THEOREM 2.1. Let & be a commutative radical Banach algebra
and let Λ^ be the set of nilpotent elements of &. If be\b<yV"Y for
some nonnilpotent element b of & then for every sequence (λΛ) of
positive reals there exists a nonnilpotent element c of & such that

lim inf H^ϋ = 0 .
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Proof. Add a unit e to &&. We will construct by induction a
sequence (β.) of elements of ^ a sequence (μj of positive reals and
a strictly increasing sequence (q.) of positive integers satisfying the
following conditions, where we denote by Xκ the product
IQtj + β i ) ; . . . , (μκe + e.) (we put for convenience X = 6, A> = 1,

<7o - 1).

(1) || XVt, - Xlk II < 2-n\k for every k < n and every w ̂  1 .

(2 ) || X ' || < 2—λ,. for every n ^ 1 .

(3) || -X.-X - X. | | < 2-(l + ||(AΊβ + e,)-1 H)-1

• (1 + II ( / W + 6,,-x)-1 ID'1 for every w ^ 1 .

We can choose a nonzero element ex of J\Γ such that

| | b - f o | | < 1/2max(l,λi)

Let q,. be some positive integer such that e?1 = 0. Then

lim bHβi

(use the Newton polynomial). So taking μ1 > 0 small enough we can
arrange the conditions (1), (2), (3) to be satisfied for n = 1. Now
suppose that we have constructed a finite sequence (eu •••, eβ) of
elements of JΓ, a finite sequence (μlt ••-, μj of positive reals and
a finite increasing sequence (qu • • , q%) of positive integers satisfying
the three conditions. As b e [b^T]~ we have also Xn e [XnΛ~] and
there exists a sequence ( / J of elements of ^ T such that

So

for every A; ̂  n and taking eκ+1 = /„ for m large enough, we can

arrange that

for every A; ̂  » and

|| Xw - ZBβκ+11] < 2— 1 [ l + || {μιe +

Then

lim sup IIX:* - A«'
μ~+0
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lim sup || Xn - Xn(eκ+1 + μe)\\ < 2^'ι[\\ {μxe + e^1 II +
μoμ-*o

Also if qn+1 > qn is some integer such that el^1 — 0,

lim sup \\X2«+i(μe + en+1)
9»^\\ = ° >

(use again the Newton polynomial).

So choosing μn+1 > 0 small enough we can arrange the conditions (1),
(2), (3) to be satisfied by the finite sequences (elf , en+1), (ql9 , qn+1)
and (μl9 •••, μw+1). We thus see that we can construct by induction
three infinite sequences (e j , (^Λ) and (jMΛ) satisfying the three con-
ditions.

Using the condition (3) we see that the sequence (Xn) is Cauchy.
Denote by c its limit. We have, for every neN:

< iixqn\\ 4- y
— II -**-n II I x i

m = %+l

Using the conditions (1) and (2), we obtain:

So

Also

lim inf ^ = 0

\c{μλe + eλ)-1

Σ
ro=n-\-l

\e + βi)"1 (μne +

• (μne +

- X^fte +

Using (3), we obtain: || c{μ±e + e,)-1 (^e + en)~ι - b \\ ^ 2~w. So 6 e
[c(&@Ce)Y, and c is not nilpotent, which achieves the proof of the
theorem.

We will now prove a stronger result for commutative radical
Banach algebras which possess approximate identities.

THEOREM 2.2. Let έ% a commutative separable radical Banach
algebra which possesses a bounded approximate identity. If the
nίlpotents are dense in &, there exists for every sequence (λj of
positive reals an element c of & such that [c&]~ = ^? and \\ cn \\ < λΛ
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for every n e N.

Proof. To prove the theorem we can use any algebra norm
over & which is equivalent to the given one, and it follows from
[12] that there exists an equivalent norm over *% for which the
bound of the approximate identity is 1. So we may assume without
any loss of generality that there exists a sequence (ej of elements
of & such that | |eΛ | | = 1 and

lim||/3en - β\\ = 0
•ft—>oo

for every βe&. In fact, as κA
r is dense in &, we may assume

that (β J is nilpotent for every neN. Choose any be& such that
[b&Y = & (the existence of such an element b follows from the
Johnson Varopoulos extension of Cohen's factorization theorem [5],
[11], [13], as observed by G. R. Allan in [1]). Taking a suitable
subsequence of the sequence ((1 — l/n)en) we easily obtain a sequence
(/J of nilpotent elements of & such that || fn\\ < 1 and || 6 - bfn\\ < 2rn

for every neN. Let (qn) be a strictly increasing sequence of posi-
tive integers such that /> = 0 for every neN. We have, for every

n e N : lim (μe + fnf = 0 for every
'<>0

So we can find for every neN a positive real μn such t h a t

\\{μ.e + fn)
kII < λfc if qn£k< qn+1 and such t h a t | |μ w e + Λ | | < 1,

6 - b(μne + fj\\ < 2r\ P u t : Xn = b(μλe +/,)-" (μne + / J . We have:

\Xn - X n + 1 1 | ^ I)^β + / ; ! ! • • • | | ^ β + fn\\ \\b - b(μn+ie fn+1)

So the sequence (Xn) is Cauchy. Denote by c its limit.

Let k be any integer ^ q±. There exists neN such that qn ^

Λ < qn+i- We have, for m^n:

So |]cfe|| ^ λ̂  for k large enough, and taking 3 > 0 small enough

we obtain ||(δc)*|| < λ/c for every keN. Also

= lim || b(μn+1e + fn+1) (μme + / J - b \\

^ II b(βn+ιe + /.+ 1) - 61| + Σ II &(J".+Ie + Λ+i)
+l
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^ Σ Wμme+fm)-b\\£2r .

So be c[& 0 Ce\~~. As & has bounded approximate identities, c e
This achieves the proof.

COROLLARY 2.3. Lei A ίe α commutative nonunital complex
algebra which is an integral domain of cardinality 2**° and let &
be a commutative separable Banach algebra with bounded approx-
imate identities in which the nilpotents are dense. If the continu-
um hypothesis is assumed there exists for every sequence (λj of
positive reals a faithful algebra homomorphism φ from A into &
such that lim^oo sup \\φ(an)\\/Xn = 0 for every nonzero element a of A.

Proof. It follows from [9], Corollary 6-2 that if A satisfies the
above conditions and if b e [b2^]~ for some nonnilpotent element of
a commutative radical algebra & then there exists a faithful al-
gebra homomorphism φ from A into Γ L e ^ * - ^ when the continuum
hypothesis is assumed. It follows from the Theorem 2.2 that there
exists δ e ^ such that [ 6 ^ ] - = ̂ , | | δ w | | < λ % for every neN.
Then b e [b2^]~ and there exists a faithful algebra homomorphism
φ from A into Γ\neNbn^. As limΛ6ΛΓsup ||2/*||/||δ*|| = 0 for every
y^ΠneNbn^f this proves the corollary.

3* Lower estimates of the rates of decrease at infinity for
analytic semigroups in commutative radical Banach algebras* Let
θ be any element of ]0, π/2] and let & be a commutative Banach
algebra. We will say that a function z-+az over the open angle
Uθ = {z e C — {0}/| Arg z \ < θ] is a semigroup in & defined over Uθ

when aZl+Z2 = aZia*2 for every zl9 z2 e Uθ, and the semigroup will be
said to be analytic when the function z -> az is analytic over Uθ.
Such nonzero semigroups exist an abundance in & when & posses-
ses bounded approximate identities. A. M. Sinclair proved in [12]
that it is then possible for every b e & to construct an analytic
semigroup z-^az defined over Uπ/2 such that | |α z] | is bounded over
the positive reals and such that beaz-& for every ze Uπ/2.

We will now give, using the classical Ahlfors Heins theorem,
some lower bounds for the rate of decreasing of \\az\\ along half
lines. (The proof works also in the semi-simple case, but our esti-
mates are vacuous if & is not radical.)

THEOREM 3.1. Let & be a commutative radical Banach algebra,
and let θ be any element o/]0, τr/2]. Put: Uθ = {zeC - {0}\|Arg z\ < Θ}.
If a nonzero semigroup (az)zeϋθ in & is analytic over Uθ we have
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gli^—UL = 0

for every 7 > π/2θ and every φ e ] — θ, θ[, and the convergence is uni-
form over [ — a, a] for every a e [0, θ[. Similar results hold for
\\ψ(baz)\\ where b is any element of & such that ba Φ 0 and ψ any
homomorphism from & into a Banach algebra such that ψ(ab) Φ 0.

Proof. For δ > 0 and a e [0, θ[ put

Mδ>a = 1+ sup | |α 2 | | .
/Arg zl<a

If I Arg z I S a, Re z ^ 0 then ] Arg(5 + z)\ ̂  a and there exists n e N
such that no <, Re(δ + z) < (n + l)δ.

So

^ Re (A
n

and

Arg + ^ α

[1^(5+^/^11 < /if \\nd+z\\ < (M Y < (M V | 2 | / δ + 1

Denote by log z the determination of the logarithm for z Φ 0,
Re z ^ 0 which is real over the positive reals and put:

π

This function can be extended by continuity at zero and is then
continuous over [Uπ/2\~ and analytic over Uπ/2. Let b beany element
of & such that ab Φ 0 and let I be a continuous linear from over
& such that l(άb) Φ 0. The function

/: z > l[ba1+z2aπ]

is continuous over [Uπ/2]~ and analytic over Uπ/2. We have, for
every z e]£7r/2]-:

So / is also of exponential type in the closed right-hand half plane

[Uπ/2]~, and Γ \og+\f(iy)\/(l + y2)dy < +00. It follows from the

Ahlfors-Heins Theorem (see for example [4], Theorem 7.2.6) that

there exists a real number λ such that limr_oolog|/(rei9)|/r = λcos<p

for "many" φ, and certainly for at least one φe]~π/2, π/2[. Put:
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β = (2aφ/π). We obtain

ι i m log \l(ba^

2a

So

2α Ίϊa

m [ l o g P 1 1 + l o g 11 a l l ] ^

2a

Now let r be any positive real number. We have:

(r + l)eiβ = r c o s β Γ l -

tga J sin <

Put:

\ tga / sin

We have: \\aZr\\ ^Mδ,a Kr+1, where

So

and

where

„ _ tga

cos /3(ίβrα —

We obtain:

l i m i n f l o g | | 6 α 1 l ^ l i m i n f l g ^
r-^oo 7Γ r-*oo

2 ^ "ϊ

π
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So

(μr + I)*"*

lim inf l o g | ' ϋ α - !l > - oo for every 7 > — ,
r->oo γr 2Θ

which implies in fact that

lim inf * 0

for every 7 > π/2θ. Now take again a e [0, 0[ and let φ be any

element of [ — a, a]. We have, for every r > 0: 2r + 1 = re' + 1 +

# r, where 2?r = r[2 — cos φ — i sin 9?]. So

| A r g s r | ^ ^ £ a , i|α

where

For I Arg 0| ^ α, 2 Φ 0, 7 > ττ/2(9 we obtain:

log

z V

Now put :

α = 1 + sup ||α*|( .
l ^ | z l S 2
I Arg « ! ^ α

If [ ^ 1 ^ 1 , let n be the positive integer satisfying n S \z\ < n + 1.

We have:

Finally we obtain, for \z\ ^ 1, 7 > π/20, | A r g « |

log_kq + log II611 > log | |6α' l |

α:

\zV~λ

log

As

H m i n f
(2r + I)"'
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this proves the first assertion of the theorem. In fact this achieves
the proof, because if a semigroup (az)zeUθ is analytic over Uθ then
the maj)z-±ψ(az) defines an analytic semigroup over Uθ in & if ψ
is any continuous homomorphism from & into a Banach algebra &.

COROLLARY 3.2. Let a be a nonzero element of a commutative
radical Banach algebra &. If there exists an analytic semigroup
z-+az defined over Uθ for some θ e[0, π/2] then

lim inf [exp^7"1)]!! an \\1/n = + oo for every 7 > — .

Proof. Let 7 be any element of ]π/2θ[, 00 [ and let 7' be an
element of ]π/2θ, τ[. There exists m > 0 such that

| |α* | | 1 / Λ ^ e x p l ] ,

for every neN. So

liminf e x p ^ - ^ l l α J I 1 ^

^ lim inf exp[^ r - 1 — mnr'~ι\ = + 00 .
n-χχ>

We now give lower estimates for the rate of decrease at infinity
of | |α r | | , where r —> ar is an analytic semigroup over ]0, +©o[.

THEOREM 3.3. Let & be a commutative radical Banach algebra
and let (ar)r>0 be a semigroup in & defined over the positive reals.
If the semigroup is analytic over ]0, + 00 [ then there exists λ > 0
such that

lim log II ar || exp( —λr) = 0
r—*oo

(and more generally such that

lim log II ψ(bar) \\ exp(-λr) = 0

for every be& and for every homomorphism ψ from & into a
Banach algebra satisfying ψ(ab) Φ 0).

Proof. The function r -»ar is analytic at 1, so there exists
Ύ] > 0 and a sequence (an)n^0 of elements of & such that

ar = Σ <*w(r - 1)* for every r e [1 - 2η, 1 +

So the series
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is absolutely convergent for | z | ^ 2η, and its sum f(z) is analytic
for \z\ < 2η.

We have, for every tlf t2 e [-η, τj\ f{tλ)f{t2) = a1+t^a1+t^ = affo + ί2).
This implies that the equality f{z^)f{z2) = α/fo + z2) holds for every
«!, ί! 2eC such that \z,\ ̂ η, \z2\ ̂ η. Now take any zeC such that
Rez ;> 2, | I m s | ^ 17. Put: 0(2) = /[ i Im z]aRez~\ Using the ana-
lyticity of / and the multiplicative properties of the semigroup we
see easily that g is analytic in the interior of the set Δ = {z e
C/ΈLe z ^ 2, Im z <* ̂ } and continuous over J . If ^ = α̂  + i ^ e Δ,
z2 — χ2 4- ΐ^2 e J and if the sum zx + ^2 belongs also to A we have:

<7(*i + «2) = fiiy,

Also if 2; is real and if Re 2 ̂  2 we have 0(3) = /(O)α'"1 = α α2"1 = α2.
For Re z > 0 denote by Log 2 the determination of the logarithm

which takes real values over the positive reals. The function

z > 2 + ^Log(z + 1)
π

maps the closed right-hand half plane [Uπ/2]~ into Δ. Now let 6 be
an element of & such that ab Φ 0, let ψ be a continuous homo-
morphism from & into a Banach algebra & and let I be a con-
tinuous linear form over & such that l[ψ(ab)] Φ 0. The function

h: z > I [ f [δ ^(2 + |?Log(s + 1))]]

is analytic over Uπ/2 and continuous over [Uπ/2]~. As

lim||cr| | = 0 ,
n—>cx>

there exists M > 0 such that || ax \\ ^ M for every xe[l9 H- °°[, which
implies that g is bounded over J. So 7& is bounded over [Uπ/2]~.

Using again the Ahlfors-Heins theorem we see that

i > - T C for some

So
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lim inf.
log

> — oo for some

We have:

Put:

We obtain:

π
re )~|α:

J

K = sup

For r > 1, log |1 + re^l ^ log(r — 1) and

g |1 + re"I - ^
π π

where xr 5: 1. We obtain, for every r > 1:

So

xr

lim inf [log || ψ[ba*] ||]expΓ-^L t] = lim inf
1 + exp — ί

L2τ? J

So

As

lim inf [log || ψ(baι) ||]expΓ —— ί l ^ 0 .
£—><κ> |_ 79 J

lim ||τKδα )|| = 0 . lim sup [log ||v.(6α )| |]expΓ-—ίl £ 0
t-oo t-oo L 7? J
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So

lim[log ||ψ(δα')||]exp["-_£«! - 0 ,
ί-oo L 7] A

which proves the theorem.

COROLLARY 3.4. Let & be a commutative radical Banach algebra,
and let a be a nonzero element of £%. If there exists an analytic
semigroup (ar)r>0 over ]0, +co[ with a1 — α, then

lim inf || an || expfexp(λw)] = + oo for some λ > 0 .

Proof. It follows from the theorem that there exists two posi-
tive numbers c and μ such that log||α% |] >̂ — cexj)[μn] for every
n ^ 1. So \\an\\ ̂ > exp[ — cexp(μn)] for every nTzl and

lim inf || an || exp[exp(2μw)] >̂ lim inf exp[exp(2μ%) — c exp(μw)] = + ̂  .
%->oo %—>oo

REMARK 3.5. In the proofs of the Theorems 3.1 and 3.3 we only
used the fact that the map z H^ l(baz) is analytic for at least one
continuous linear form I over & such that l{ab) Φ 0, so the theorems
remain true under this weaker notion of analyticity. Note also that
in the proof of the Theorem 3.3 we only used the fact that the
function r—>ar is analytic at 1. In particular if lim^oo ||6%||exp[exp
(n log n)] = 0 for every nonzero element b of a commutative radical
Banach algebra & then the only semigroup (ar)r>0 which is analytic
at 1 is the zero semigroup.

We will now show that there are no general lower bounds for
the rate of decrease at infinity of the function ί—>||α*|| for infinite-
ly differentiate semigroups (a*)t>Q over ]0, +oo[ such that a1 Φ 0
for every t > 0.

LEMMA 3.4. For a > 0, denote by fa the function defined over
[0, +co[ by the formula:

fa(x) = 0 if x^a

fa{x) - - _ £ —exp ( 2 l _ ) if x>a.
V π(x — ά)m V x — a I

The function α—>/α defines in L1(R+) an infinitely differentiate
semigroup over the positive reals.

Proof. Put:
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for x > 0 and ga(0) = 0. Then fa = #α*δα, where <5α is the point
measure at a. A calculation given in [7], p. 63 shows that the
Laplace transform of gx is the function zκ+exp( —21/2) where V~z
is the detemination of the square root over the closed right half
plane which takes real positive values over the positive reals.

We have:

= \
Jo

Put: u = xja2. We obtain:

So ^f[ga+β] = £?(ga)^(9β) = ^(ga*Qβ) and using the uniqueness
theorem for Laplace transforms we see that ga+β = ga*gβ for every
a, β e ]0, + oo[. So fa+β = ga+β*δa+β = (fir«*5β)*(^*^) = /α*/p for every
α, /SeJO, +oo[. So the mapαπ->/α defines in L\R+) a semigroup
over the positive reals.

It is easy to see that the wth-derivative of fa with respect to
a has the form fP[x] = 0 if x £ a, f{

a

n)[x] = ^(α)[α;]exp[-α2/^] if
x > a where

for some polynomial P%(α, a?) in two variables whose degree with re-
spect to x is 2n. So f^ e L\R+) for every a > 0 and every w e N
and it is not difficult to prove that f(

a

n)(x) depends continuously of
a for every x ^ 0 and every neN. Also for every a > 0, 57 e ]0, α[
and every w 6 N there exists a continuous positive integrable func-
tion un,atV over fO, + 00 [ such that 1/ (̂̂ )1 ^ untΛtη for every x ^ 0 and
every /3 6 ]α — η, a + ^[. We have

fc)

Jo
- An+I)(χ)\dx

where 0 < θa(h, x) < 1.
numbers such that

Let (Ap) be any sequence of nonzero real
oo hp = 0. We have, for p large enough:
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for every x ^ 0. As lim^oo θa(hp, x)hp = 0 for every x ^ 0, it follows
from the dominated convergence theorem that

lim
fin) fin)

J cc+hp J a

K
So

- /r+l) = o .

II fin) fin)
l ίrvi \\J a+h J a fin+
11111 I J a

h ii h

I
h-*oo ii

= 0

and the semigroup (/«)α>0 is infinitely differentiable, which proves

the lemma.

THEOREM 3.6. Let g be any continuous positive function over
[1, c<>[such that g(l) =.1. There exists a positive continuous function
ω over [0, + °° [ such that ω(x + y) ^ ω(x)ω(y) for every x, y ^ 0,
lim^oo [ω{x)]Ux = 0 and a semigroup (α*)«>0 ^ L\R+, ω) which is in-
finitely differentiable over [0, ©o[ α^ώ satisfies 0 < ||α*|| < βr(ί) /or
every t ^ l .

Proof. Let ϊ be the positive continuous function over [0, +°°[
defined by the formula:

l{x) = 1 i f O ^ c c ^ l

i(a?) = inf (1, g{x)) if cc ̂  1 .

Put, for x ^ 0: 9>(α?) = inf Zd/J l(yn) the infimum being taken over
all finite families (ylf •••,!/») of nonnegative real numbers such that
x = J^H [-!/». I t follows immediately from the definition of φ
that 0 ^ 9>(a?) ^ 1 for every x ^ 0, φ(x) ^ flr(a?) for every x ^ 1 and
9(αj + !/) έa ψ{^)cP{y) f ° r every α;,i/ ̂  0. Let a? ̂  0 and let (yu ••-,!/.)
be any family of nonnegative reals such that x = yxΛ hyn. De-
note by px the greatest integer such that px ^ x. At most px

elements of the family (yl9 -—,yn) are greater than 1, so

l(Vi) KVn) ̂  [m(x)]>

where

= inf

So 9>(a?) > 0.
Also for every δ > 0 we have:

l ( !θ ^ Z(Vl) l(yn) .

As this inequality holds for every family (ylf , yn) of nonnegative
reals such that x -= yx-\ \-yn, we have φ(δ + x) S φ(x) and φ is
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decreasing over [0, +°°[. Now let meN and let ε > 0. There ex-
ists a > 0 such that \l(y^ — I(y2)\ < e/2 for every ylf y2e[0, m] satis-
fying \yλ — y2\ < a, and we may assume a < 1. Let xlf x2 be two
elements of [0, m] such that 0 <; x2 — x1 < α. If <£>(x2) = 1 then

= 1, φ(x2) — φ(xx) = 0. If φ(x2) < 1 there exists a finite family
'' > V«) of nonnegative reals such that

%2 = y1+ +yn, Kvi) - - - i(yJ <

So yτ > 1 for at least one yif say
we have:

inf

Then yn — (OJ2 — xλ) > 0 and

Kv.-d [i(Vn) + j

4 <
So 0 ^ ςp(x2) ~ ^(^i) < ε and φ is uniformly continuous over [0, m]
for every meN, which shows that φ is continuous over [0, +°°[.
Put, for x ^ 0: a)(x) = ^(x)exp(-x2). Then ω(x + y) ^ ω(x)o)(y) for
every cc, 7/ e [0, +oo], and

lim sup 1/a; ^ lim sup e"* = 0 ,

0 < cw(α ) ^ 1 for every α; ̂  0, ω(x) ^ gr(α ) for every x ^ 1 and <# is
continuous over [0, +°°[.

Clearly L\R+) £ L\R+, ω). Put, for ί > 0: α* = /„ where /, is
the function defined in the lemma. As the injection from L\R+)
into L1(R+

f ω) is continuous, the semigroup (α*)ί>0 is infinitely differ-
entiable over [0, +°o[ with respect to the norm of L1(R+, ώ).

Also

expf

< ω{t) Γ-τ=

\χ~t

exp

ω(x)dx
J

f )

Γ 3/2
Jo V 7Γ ̂  '

where gt is the function

x - t
dx

X > — 7 =

V πxZl



78 JEAN ESTERLE

As JZf(gt)(z) = exp( — 2tλ/z ), we obtain: jj α* |j ^ ω(t) for every
t > 0. So || α* || ^ g{t) for every ί ^ 1, which proves the theorem.

REMARK 3.7. The example of the Theorem 3.6 has the property
that at & [at'L\R+, ω)]~ if t > t'. It is also possible, given a positive
continuous function g over [1, +<*>[, to find a continuous weight ω
and an infinitely differentiate semigroup (<&*)*><, over ]0, +<*>[ in
L\R+, ώ) such that 0 < ||α*|| < git) for every t ^ 1 and such that
[atL\R+

9 ω)]~ — L\R+, ώ) for every t > 0, but these examples in-
volve much more difficult computations (which will be given in [10])
and we will not do this here.

4* Lower bounds for the rate of decrease of sequences of
powers in weighted convolution algebras*

THEOREM 4.1. Let & he a commutative radical Banach algebra
without nilpotent elements. If the map a\->ba is a compact endo-
morphism of & for some element b of £% which is not a divisor
of 0 then for every continuous algebra norm q over & there exists
a sequence (an)n^Q of positive real numbers (the sequence depending
on the norm) such that

lim inf * ϋ ϋ = + oo

for every nonzero element a of &.

Proof. For p e N, put: Ep = {a e &\ || ba || > 1/p \\ a ||}. Put, for
neN:

Suppose that λn,p = 0 for some n, peN.
Then there exists a sequence (ak)keN of elements of Ep such that

\\ak]| = 1 for every keN and lim^_>θog(αl) = 0.
As b acts compactly in ^ ? , it would be possible to find a sub-

sequence

of ak such that the sequence

(bak.)ιeN

is convergent. Denote by c its limit. As ak e Ep for every k e N,
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| |δc| | = lim||6α fc || ^ — , so cΦO.

Also

q(c%) = lim q(bnan

k.) ^ g(δ*)lim q(άit) = 0 , cw = 0

and c would be nilpotent, which is impossible.
So λΛ>p > 0 for every n, peN, and the family

is a countable family of sequences of positive reals. It is then well-
known that there exists another sequence (an)neN of positive reals
satisfying

for every peN. Let a be any nonzero element of &. As b is not
a divisor of zero, ba Φ 0 and aeEp for some peN. We obtain:

> lim inf ^ [ l l | | ]

^liminf (n\\ a\

This proves the theorem.

COROLLARY 4.2. Lei ω be a positive continuous function over
]0, +oo[ such that ω(x + y) ^ ω(x)ω(y) for every x, ye]0, +oo[,
lim^ootω^)]1^ = 0. There exists a sequence (ocn(o)))neN of positive
reals such that

f J i ί - L = +00
— an(ω)

for every nonzero element a of L\R+, ω).

Proof. W. G. Bade and H. G. Dales discussed in [3] the com-
pactness of the map f-*f*g in L\R+

9 ω) where ω is a continuous
weight over [0, +°o[ satisfying ω(x + y) <; ω(x)ω{y) for all x, ye
[0, +oo[ and

lim [ω(x)]1/x = 0 .
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Their result is that this map is compact iff

4» 0 .
ω(x)

In particular if ω is a continuous weight over [0, +°°[ satisfy-
ing the above conditions then every element in L\R+, ώ) acts com-
pactly provided the function x H* [ω(x)]1/x is descreasing over [0, + oo[.

Now let ω be any continuous weight over ]0, + °°[, not neces-
sarily bounded at the origin. Using the same argument as in the
proof of the Theorem 3.6 we can construct a decreasing positive
continuous function h over [0, + °o [ such that h(x) ^ 1 for every
x ^> 0 , h(x + y) ^ h(x)h(y) f o r e v e r y x , y ^ 0 a n d h(x) ^ ω(x) f o r
every x :> 1. Put: t (a ) = [h(x)]x; v is positive and continuous over
[0, +oo[,

lim [v{x)Y/x = limh(x) = 0 ,
α;-»oo a;->oo

i ζa; + y) = [h(x + if)] +* ̂  [h(x)Y [h(y)Y = v(x)v(y)

for every x, y > 0. So L\R+, v) is a commutative radical Banach
algebra and Bade's theorem implies that all elements of LX{R+, v)
act compactly in L\R+, v). Also L\R+, v) is an integral domain
(this is an easy consequence of Titchmarsh's convolution theorem,
see [6]). So there exists a sequence (αj of positive reals such that

lim inf Jl/ϋJl = + oo

for every nonzero feL\R+, v) (where we denote by \\ \\υ the norm
in L\R+, v)). As ω is bounded below at the origin, the quotient
(v(x)/ω(x)) is bounded over [0, 1] and v{x) — [h(x)Y ^ h{x) ^ ω(x) for
every x >̂ 1. So L\R+, ω) £ L\R+, v) and this injection is continu-
ous, which shows that the sequence (an) defined above satisfies the
condition of the theorem.

Note that the Corollary 4.2 is in fact true for every continuous
algebra norm over L\R+, ω) if ω is continuous over [0, + oo [ and if
the function x h-* [ω(x)]1/x is decreasing over [0, +<*>[. Also the
corollary can be extended to every measurable weight over [0, + oo [
which does not vanish almost everywhere over [α, +oo[ for any
a > 0.

REMARK 4.3. The Theorem 4.1 is true for commutative separ-
able radical Banach algebras without nilpotent elements in which
every element acts compactly: let (αTO) be a dense sequence in such
a Banach algebra ^? . The argument used in the proof of the



RATES OF DECREASE OF SEQUENCES OF POWERS 81

Theorem 4.1 shows that for every meN and every continuous al-
gebra norm q over & there exists a sequence (aUtm)ueN of positive
reals such that

lim inf 9 ^ = + oo

for every b eέ% such that b-am Φ 0. There exists a sequence (λJΛeΛr
of positive real numbers such that

lim inf ^ ^ = + oo

for every meN. Now let & be any nonzero element of &. Then
& αm ^ 0 for some meN, for otherwise 6 - ^ = 0, δ2 = 0 and b would
be nilpotent. So

which proves our assertion.
This result does not extend to nonseparable commutative Banach

algebras in which every element acts compactly (take the direct
sum & of all algebras L\R+, ω) where ω runs over the set of all
positive continuous weights over [0, oo [ such that a)(x + y) <̂  ω(x)ω(y)
for all x, y ^ 0 and lim^*, [ω(x)]1/x = 0).
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