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BROWNIAN MOTION AND SETS OF
HARMONIC MEASURE ZERO

BERNT 0KSENDAL

Using Brownian motion the following results are estab-
lished:

(1) Harmonic measure and Keldysh measure are always
singular with respect to area measure in the plane. More
generally, this holds for the distribution of the first exit
point for Brownian motion of a given Borel set.

( 2) If U is open and K c dU is compact, then K has
harmonic measure 0 w.r.t. U if dU satisfies a certain metric
density condition at each point of K and, in addition, K
satisfies one of the following two conditions:

( i ) K has zero length and is lying on a straight line
or

(ii) K has α-dimensional Hausdorff measure zero, for
some a < 1/2.

l Introduction* Let U be a connected open set in the complex
plane C whose complement has positive logarithmic capacity. If a e U
we let λ* denote the harmonic measure at a with respect to U.
What are the metric properties of λα? In particular, what can be
said about sets of harmonic measure zero?

In this paper we use the Brownian motion characterization of
harmonic measure to give some answers to these questions. If bl(t)
denotes the two-dimensional Brownian motion starting at a (i.e.,
&«(0) = α), let Tu = TS(ω) = inf {t > 0; ba

ω(t) $ U) be the first exit time
for bl in U. Then for Borel sets G c 9 U, the topological boundary
of U, we have

χa(G) = Pa(bω(Tu)eG),

where Pa is the probability measure of the Brownian motion starting
at α. (See for example [10], p. 264.) In other words, λβ(G) is the
probability that bl(t) hits G before it hits any other part of dU.

In [16] (Corollary 1.5) it is proved that harmonic measure is
always singular with respect to area measure, using methods based
on analytic capacity and function algebras. In § 2 we prove a result
which implies this, using Brownian motion. The same proof applies
to the hitting distribution of b%(t) on any Borel measurable set, in
particular to the Keldysh measure.

If U is a Jordan domain with rectifiable boundary, a classic
theorem due to F. and M. Riesz (see [4], Theorem 3.3) states that
λα is equivalent to arc length on dU. However, for non-rectifiable
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boundaries it is not true in general that harmonic measure is equiva-
let to 1-dimensional Hausdorff measure on 3Z7, even if U is simply
connected. Lavrentiev [12] was the first to give an example of a
Jordan domain U with a subset E oί dU of zero length and \a(E) > 0.
A simpler example can be found in McMillan and Piranian [IS]. And
Lohwater and Seidel [13] constructed a Jordan domain whose boundary
meets a line segment in a set of positive length and harmonic measure
zero with respect to the domain. In § 3 it is proved that if K c dU
is a compact set of zero length and K is lying on a straight line,
then Xa(K) = 0, provided dU satisfies a certain density condition at
each point of K. (This density condition is trivially satisfied if U is
simply connected, for example.)

In § 4 we consider the general case when K is a compact subset
of dU, not necessarily linear. For the case when U is simply con-
nected, Carleson [3] has proved that there exists a constant β > 1/2
(which does not depend on U) such that λα is absolutely continuous
with respect to /3-dimensional Hausdorff measure on 3 U. For general
sets U we prove that if K has r-dimensional Hausdorff measure zero
for some r < 1/2, then Xa(K) = 0, provided dU satisfies a density
condition at each point of K.

It seems clear that all—or almost all—the arguments involving
Brownian motion in this paper can be translated into the language
of classical potential theory. Our main reason for preferring the
Brownian motion version is that it brings more intuition into the
subject, which again makes it easier to find the necessary arguments.

I wish to thank J. Brennan, T. W. Gamelin, D. Marshall and A.
Stray for useful communications about a preliminary version of this
paper. And I am greatly indepted to A. M. Davie for his many
valuable comments.

2«. First exit distribution is singular with respect to area*
We introduce the following notation:

If xedU, r > 0 let L(x, r) = m^UΠ {\z - x\ = r}) and A(x, r) =

m2(U Π Δ(x9 r)), where mu m2 denote 1- and 2-dimensional Lebesgue
measure, respectively. Here and later A(x, r) denotes the open disc
{\z-x\ < r } .

THEOREM 1. Let U be an open set, aeU. There exists ε > 0
{independent of U and a) such that if we define

E= [xedU; lim sup ( inf
2πr

< el

then Xa(E) = 0.
In particular, Xa is singular with respect to area measure.
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Note. The last statement follows from the preceding since
clearly {x e d U; limr_0 A(x, r)/πr2 = 0} c E for all ε > 0, so that all
the points of density of dU w.r.t. m2 is included in E for all ε > 0.

Proof of Theorem 1. Choose ε > 0, to be determined later. For

iSΓ = 1, 2, let

EN = \x edU; inf L^x> r ) < ε for all n ^ N\ .
{ 2τrr J

Then £7 = (J^=i - ^ s o ft suffices to prove that Xa(EN) = 0. Fix xeEN.
For each n ^ N choose a circle Γ% = {\z — x\ = r j , s.t. 2~?i~1 ^

rΛ £ 2'n and

£2πrn

Choose 0 < p < 2~N-' and put Δ = 4(«, /o). Let

Tt = inf {ί; 6:(ί) e U\A{x, rN+Λ)}

and

T = inf {t; K{t) ^ U} , k ^ 0 .

Then

Tk S Tk+1 ^ T for all fe ^ 0 .

Using conditional expectation we get

( 1 ) Pa(K(T) 6 J ) = ί P (6.(Γ) e Δ\ bω(T0) = x)dμo(x) ,
JC0ΓlU

where μ0 is the distribution of bω(T0) on ConU (μo(H) = P"(bω(T0) e H)
for Borel sets H c Co Π Z7). By the strong Markov property,

( 2 ) P (δ.( Γ) 6 JI δβ( Γβ) = x) = P"(δ.( D e l ) .

So

( 3 ) Pα(6ω(Γ) e 1) = t P%ba(T) e l ) ^ 0 ( a ; ) .

Repeating the argument (l)-(3) on the integrand, we obtain

Pa(bω(T) el) = \ (\ P i(6(Γ) G Δ)dμ1{xι))dμQ{x) ,

where μx is the distribution of 6ω(TΊ) on d Π U. Repeating this k
times, where p < 2~N~2h~~1, we have

( 4 ) P\bω{T) e J) = (
Jconf/
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where μό is the distribution of bω(Tό) on Cs Π U; 1 ^ j ^ k. Since
Cs c {z; 2"*-2'-1 £\z-x\£ 2~N-2j}, the ratio of the radii of Ci+1 and
C3 is at most 1/2. Therefore there exists a universal constant M
such that

( 5 ) P i-i(6(Γy) e Cy Π C/) ^ m ( C n £/)
< M ε

2πrN+23

This gives

( 6 ) P\b{T) e Δ) ^ (Λίε)fc for ^ < 2~N-2k~1

If we choose k so large that 2~N~2k-d <* p we have

( 7 ) ^

where the log is taken with base 2.
Combining (6) and (7) we get

( 8 ) P\b(T) e I)

Now choose ε so small that

Then

(10)

where Mt does not depend on p or a;.
To complete the proof, choose η > 0 arbitrary, cover EN by discs

<Φi, (Oj, , Δ(xn, pn) with ;θfe < 2-N-y and

Σ |OΪ < V •

Then by (10)

P (6β(Γ) e ^ ) ^ Σ ΛίΊ/oϊ < ΛΓî
fc=l

Since η was arbitrary the proof is complete.

Let E C C be Borel measurable with cap (C\J57) > 0, where cap
denotes logarithmic capacity. For a fixed aeE we define the first
exit time of E

TE = inf {ί > 0; 6; ί E} ,

and the "first exit distribution"

μξ(G) = Pa(b(TE) 6 G) , G Borel measurable.

'C is a probability measure supported on dE.



SETS OF HARMONIC MEASURE ZERO 183

If E is open, μξ coincides with harmonic measure λf. If E is
compact, μξ coincides with the Keldysh measure for a with respect
to E. This is proved in [5].

For more information about Keldysh measures, see also [7] and
[8]. The proof of Theorem 1 also applies to the Keldysh measure.
More generally, the proof gives:

COROLLARY 1. The first exit distribution μξ is singular with
respect to area, for any Borel measurable set E.

It seems reasonable to conjecture that μξ is singular with respect
to α-dimensional Hausdorff measure, for any a > 1. (See § 4 for
definition of Hausdorff measure.)

3* Linear zero sets* In this section we consider linear sets,
i.e., sets lying on straight lines. If K is a compact, linear set of
zero length, it need not have harmonic measure zero in general, but
the next result shows that the harmonic measure of such a set is
zero if 3 U satisfies a density condition at each point of the compact.

The circular projection of a plane set E about a point xQ is
defined as follows:

E*(χ0) = {\z - χo\;zeE} .

THEOREM 2. Let K be a compact subset of dU, assume that K is
lying on a straight line segment 7 and has zero length. Then if

*)n[o,*]) > 0 f o r a l l x e K >

K has harmonic mearsure zero with respect to U.

An immediate consequence is

COROLLARY 2. Assume U is simply connected and K c dU is a
compact, linear set of zero length. Then K has harmonic measure
zero with respect to U.

Therefore the examples of Lavrentiev and MacMillan/Piranian
mentioned in the introduction, must be nonlinear sets.

REMARKS. ( i ) If U is simply connected, a shorter and more
direct proof can be given. See [17].

(ii) We conjecture that Theorem 2 holds for all rectifiable arcs
7. This would constitute a nice generalization of (one half of) the
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F. and M. Riesz theorem stated in the introduction.

Before we give the proof of Theorem 2 let us illustrate the result
by an example.

EXAMPLE 1. Consider the following linear Cantor sets: Let
Pu V2, be numbers greater than 1. Start with the interval Co =
[0, 1]. The first step is to remove the middle interval of length
1 — l/plm The remaining part d consists of 2 intervals, each of length
l/2plβ In step 2 we remove from each of these 2 intervals the middle
interval of length (1 — l/p2)(l/2p2). After n steps we are left with
a set Cn consisting of 2n intervals, each of length 2~n Πfe=i Pk1-

c = ή cn.
l

Then C has positive length iff ΣϊU 1°& Pn < °°
Therefore we see that if we let X be such a linear Cantor set

of positive length and put U = C\X, then the density condition (*)
in Theorem 2 is satisfied at each point of X. In fact, the density
defined in (*) is equal to 1 for all xeX. We conclude that harmonic
measure is absolutely continuous with respect to 1-dimensional
Lebesgue measure on X in this case.

Proof of Theorem 2. We may assume K c [0, 1] and U bounded.
Fix aeU. For n = 2, 3, let

Kn = \x e K; lim inf

Then K = JJ«=i -̂ »> s o ^ ^s enough to prove the result when there
exists r] > 0 such that

l i m i n f m1((dunχ)a[o,t])>v f o r a l l χ e K
t-*o t

Let {δw}̂ =1 be a sequence of positive numbers decreasing to zero. Put

0 , so λβ(^γ)-*0 as N-> oo.
Therefore, if ε > 0 is given, there exists iSΓ such that if we put

HN = {a;eίΓ;/w(^) ^ 5? for n ^ ΛΓ}

then we have
Xa(K\HN) < ε .
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We conclude that it is enough to prove the result for the case when

( 1 ) mAdUYix) n [0, K}) s v f o r χ G K f n ^ N .

We will choose dn = (η/2)n; n = l,2,
Let U1 — U f] {z Imz > 0}. We may assume a e UΊ.
Let Tx = TUχ and Γ = TΌ be the first exit times for 6(ί) of ^

and £7 respectively. Then clearly I\ ^ T and since harmonic measure
for the half-plane is absolutely continuous, we have X^(K) = 0, and
therefore

(2) P\b(T) eK) = ^ P%b(T) e K)dμa(x) ,

where J= U Γ) R and μa is the distribution of b(Tλ).
Let Ilf I2, be the complementary intervals of K f]R in [—R, R],

where R is chosen so large that U a z/(0, R). Set

(3) Vk= U\(J\Ik),

and let Tk be the first exit time for b(t) of Ffc, k = 1, 2, - -. Then
we claim that there exists a constant c > 0 independent of a? and A;
such that

(4) P%b(Tk)edU)^c for all s e i * , k = 1, 2, .

Let us complete the proof under the assumption that (4) holds. By
(2) and the F. and M. Riesz theorem we get

( 5 ) P\b{T) eK) =

where vx is the distribution of b(Tk), when xelk. Repeating this n
times we get

(6) Pa(b(T)eK)

= L(L( ( L P H b { T ) e
 *>*>.Λ*S) • • ) y ^ ) .

By (4) we have

( 7 ) vH(J) 5Ξ 1 - c ,

so by (6)

(8) P"(6(Γ) e K) ^ (1 - c)n ,

and since n is arbitrary, the result follows.
It remains to prove the claim (4):

L e t Wk = C\(R\Ik), h = « x k ) , dk = xk- x'k. P u t Δ = Δ{xk, dk) a n d
assume x e Ik.
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Let τk be the first exit time of U C\ Λ\[χk, °°) and let σk be the
first exit time of Wk = Λ\[xk, °°). Then by the Hall projection theo-
rem (see [6])

(9 ) Px(b(Tk) edU)^ Px(b(τk) edU)^ c-Px{b{σk) e F) ,

where F = (dU)*(xk).
Put An = {z; δn+1 ^ \z — xk\ ^ 8n), where δn = (ηβ)n as above.
We can write d\ζk(t) = gx(t)dt for t e [xk, xk + dk], where gx(t) > 0

and decreasing.
Let nk be the smallest integer satisfying nk^ N and δn]e <* dk.

Then we have, using (1):

(10) P%b(σk)eF)

= Σ P*Φ(σk) 6 F n AJ ^ Σ ^(% + δJ-m^F n AJ

2

^ Σ flr.(av+ 3.) (-2-)"+1 = (-2-Y Σ d-Γff-^*
n = nk \ 2 / \ 2 / »A-1 \ 2 /

I") J Λ(t)dί ^ (- | ) P*(b(σk) e [xk9 xk

We assert that

(11) Px(b(σk) 6 [ίcft, xfc + δ»A_i]) is bounded away from 0 for xeJ.

To see this consider the two possible cases:

( i ) δN <£ dk: Then the assertion follows from the fact that U is
bounded.

(ii) δN> dk: Then by minimality of nk we have dk ^ δWfc_x and (11)
follows.

We now combine (9), (10) and (11) and obtain the claim (4).
That completes the proof of Theorem 2.

4* Connection with HausdorfE measures* Let h(t) be a con-
tinuous increasing function on [0, <>o) such that h(0) = 0. Let E be
a bounded, plane set. For 8 > 0 we consider all coverings of E with
a countable number of discs Δs with radii p3 <£ 8, and define

the inf being taken over all such coverings. The limit

Λh{E) = lim A{{E)
<5->0

is called the Hansdorff measure of E with respect to the measure
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function h. If h(t) = ta, for some a > 0, Λh is called α-dimensional
Hausdorff measure and denoted by Λa. For measurable subsets of
rectifiable arcs Ax is equivalent to arc length. See [2] and [9] for
more information about Hausdorff measures.

For a general set U, λα need not be absolutely continuous with
respect to Λa, for any a > 0. However, in this section we prove
that if dU satisfies a density condition at each point of a compact
set K c dU, then λβ(jK") = 0 provided Λa{K) = 0 for some a < 1/2.

If the density condition is weakened, a similar connection can be
established, but with lower values of a.

It is not clear to what extent these upper bounds for a can be
improved.

We will need the following well known result (see for example
[11], p. 366-367 for an explicit calculation).

LEMMA 1. Let q be a point on the y-axίs and put V = C\R.
Then for Borel subsets G a R

dxP\b(Tv)eG) = \ -
b\(l + (x/\b\Y)

LEMMA 2. Let a be a point on the x-axis. Put V = C\iR, W —

C\iR\B, where B = zί(0, p). Then, if \a\ > p > 0.

P\b(Tw) eBU (-2pί, 2pϊ)) ^ 2 P\b{Tv) e(-2pi, 2pi)) .

Proof. Let c > 1 be a positive constant. Then

(1) P\b(Tw)eB{j{-cpi,cpϊ))

= P\b{Tv) 6 {-cpi, cpi\ b(Tw) eΰU (~cpif cpi))

+ Pa{\b(Tv)I > cp, b(Tw) e δ U (-cpi, cpi))

rg P\b(Tv) e (-cpi, cpi)) + \ Pz(\b(Tv)\ > cp)dμ(z) ,
JdB

where μ is the distribution of b(Tw) on dB. By Lemma 1

(2) P*(\b(Tv)\>cp)^\ j y

} \ v \ * i c - i ) p π | ί c | ( l + ( y / \ χ \ ) )

^ 1 - — Arctan (c - 1) ,
π

where x = re z, ze dB.
Combining (1) and (2) we get

( 3 ) Pa(b(Tw) eBΌ (-cpi, cpi))

π
2 Arctan (c — 1)

.Pa(b(Tv)e(-cpi,cpi)) .
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Therefore we obtain the result by choosing c — 2.

LEMMA 3. Suppose y, δ, a > 0. Then

dx

 = 1 fδY
\ y /πy(i + (xIvY) 2 cos (πa/2) \ y

Proof. The substitution u = (x/y)a transforms the integral to

πa \y / Jo 1 + 22/α

The value of this integral can be found in tables, and we get
Lemma 3.

LEMMA 4. Let U be open, zoeδU. Let 0 < ε < 1/4 and δn = 2~n;
n = 1, 2, . Suppose

n[o,<U

Choose a > 0

exists a constant A depending only on ε and N such that

for all a with \ z0 — a \ ̂  δN/2; p > 0.

Proof. We may assume that £0 = 0 and that α is a point on the
negative α-axis, \a\ > p. Put B = J(0, p), F = (3J7)*(0) and let D =
C\F\B. Then by the Beurling projection theorem (see [1])

(1) PaΦ(Tu) eB)^ P\b(TD) e B) .

Using Lemma 2 and its notation, we get, setting δ — 2p,

(2) Pa(b(TD)eB)

^ P\b{TD) e B, b(Tw) eB{J(-δi, δi)) + Pa(b(TD) e B, \b(Tw)\> δ)

^ 2Pa{b{Tv) e (-δi, δi)) + 2 (" P ίδίΓ,,) eB\b(Tv) = y)dv(y)
Jδ

= 4 Arctan (-AΛ + 2 ( P^δCΓx,) 6
\ | α | / Jδ

where dv{y) = d2//(ττ|α|(l + (2//|α|)2)) by Lemma 1.
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Repeating this procedure, we get

( 3 ) Py(h(TD) 6 5 ) ^ 4 Arctan (-$-) + ( P'(b(TD) e B)dμy{x) ,
\\y\J is

where E = (-°°, S) U (S, oo)\F and μy is the distribution of by(TC\R)
on JR:

π\y\a + (x/\y\Y)

Repeating (l)-(3) n times and combining, we obtain:

( 4 )

+4 s2ΐ(L(; <L(i~ W ^ > * ^
• ' ( S Γ ( L A r c t a π ( ^ ) d Λ l ( ^ ^ ^ .

( L
The last term is less than

4 2 2- cΛ , where c = max {/*„(#)} < 1 ,

so it will tend to zero as n —> °o.
Let An = {α G i2; 2"%-1 ^ x ^ 2—}. For w ̂  iSΓ we have, by hy-

pothesis,

( 5 ) m^ni

Therefore, if f(x) is positive and decreasing,

f(x)dμy(x) £ Σ /(g ! ? ( g

< Λe. V
^ 4ts 2-ι

ΓT;
π\y\(l

By (6) and Lemma 3 we get

(7) [(A-)' ^ ^\ +\ ^ (1 + 4ε) Γ +
JE\\X\/ πy(l + (x/y)2) J^n[o,δ^] )R\ZO,5NI JO

< i + 4s / g y wat y
~ 2 cos(?rα/2) \ y / 2 ^ ^ /
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Since Arctan (δ/\y\) ^ δ/\y\ ^ (δ/\y\)a for \y\>δ, we ge t by using

(7) repeatedly:

~ L4 cos2 (πa/2)J V | α | / 2 \<V L4 cos2 (ττα/2)J \ 2 /

The terms in the other sum in (4) are estimated similarly. There-
fore, combining (4) and (8) we get the estimate

(9) P\b{TD)eB) <£ (AXCι.±k\ / o J ,
\ | α | / *=i L2cos2 (ττα/2)J

where cx is a constant.
By the choice of a this series converges, and Lemma 4 is proved.
We are now ready for the main result of this section:

THEOREM 3. Let U be an open set, K a compact subset of dU
such that

(OmonίQ,*]) = 1 f o r a l l x e K .
t

Then if Λa(K) = 0 for some a < 1/2, K has harmonic measure zero
with respect to U.

Proof. Choose a < 1/2 such that Λa(K) = 0. As in the proof of
Theorem 5 we may assume that there exists N < <*> s.t.

x) Γι[0, gj) ^ 1 c^ 1 c

for all n^ N, where 3n = 2~n, and ε > 0 is chosen such that

Let Dk = ^(2*, δjV/4); k — 1, • , M be discs centered at K such that

Choose ak e 3Dk n i7 for ft = 1, , ikf. Choose ^ > 0. Cover if by
discs {Δ(xh Pj)\i=i centered at K with radii ps < δN such that

Fix ae U. Then there exists a constant C such that
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\%(K) ^ Cxξk(K) for 1 <: k ^ M .

Then Lemma 4 gives

M M

Σ ΣΣ KVbiPiV^C Σ Σ

where A is a constant which does not depend on ΎJ. Since η was
arbitrary, the proof is complete.

Note that the same argument also gives that if

[o,t)) ^ 1 _ ε f o r a l l x e K f

then iΓ has harmonic measure zero with respect to U provided

Λa(K) = 0 for some a > 0 satisfying

We end this section by illustrating Theorem 3 with an example:

EXAMPLE 2. Let C be a linear Cantor set of positive length, as
described in § 3.

Let F c R be any closed set. Put X = C x F nnά U= C\X.
Then the condition (**) of Theorem 3 is satisfied at each point of
X. Therefore

for all a < 1/2 in this case.
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