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ON RINGS WITH BOUNDED ANNIHILATORS

JOHN A. BEAacHY AND WiILLIAM-D. BLAIR

Commutative rings for which the annihilator of each
finitely generated module is determined by 7 or fewer ele-
ments are studied. For Artinian rings the bound 7 is ex-
plicitly determined. Noetherian rings satisfying this condi-
tion are of Krull dimension one. A new characterization
of Dedekind domains is given, and the relationship between
the bound and the number of generators of ideals is studied.

It is well-known that for commutative Noetherian rings there is
a one-to-one correspondence between prime ideals and isomorphism
classes of indecomposable, injective modules. Gabriel [6] showed
that this correspondence still holds for any noncommutative Noe-
therian ring R which satisfies the following condition (H): for each
finitely generated module ;M there exist elements m,, m,, ---, m,€ M
such that Anny(M) = Anng(m, m,, ---, m,). (Here Anng(S) = {re
R|#»s = 0 for all se S}, for any subset SS M.) Cauchon [4] showed
that the converse holds, and thus condition (H) holds, for example,
for any noncommutative Noetherian ring which satisfies a polynomial
identity or is integral over its center.

If the module ;M has the descending chain condition on annihi-
lators Ann(S) of subsets S <& M, then it is clear that Anni(M) =
Anng(m,, m.,, ---, m,) for elements m,, m,, ---, m, € M. Thus the class
of left Artinian rings is one of the basic classes for which Gabriel’s
condition (H) holds. In fact, the ring R is left Artinian if and only
if the condition on annihilators holds for all left R-modules, not just
the finitely generated modules (see [2]). If R is left Artinian, we
note that the number of elements required in condition (H) is bound-
ed by the length of a composition series for the ring B. This mo-
tivates the following definition.

DEFINITION. An R-module M is said to have bound = if % is
the least integer such that Anni(M) = Anng{m,, ---, m,} for some
finite subset {m,, -+, m,} S M. A ring R is said to have (global)
bound %, denoted by bdd(R) = m, if n is the supremum of the bounds
of all finitely generated R-modules.

We note that an R-module M has bound % if and only if = is
the least integer such that there exists an exact sequence 0 —
R/Ann,(M)— M", where M" denotes the direct sum of n copies of
M. This fact will be used repeatedly in the paper.
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We have been able to compute the bound of a commutative
Artinian ring in terms of the lengths of homogeneous components
of the socles of factor rings, but a similar characterization for non-
commutative Artinian rings appears to be much more difficult to
obtain. In this paper we restrict our study to commutative Noe-
therian rings, in which case the bound of a ring can be related to
the number of generators required for ideals of the ring. We note,
however, that a ring with a finite bound need not be Noetherian. In
fact, if R is commutative and the module M is a direct sum
®D..; BRm, of cyclic submodules Rm,, then Anng(M) = Anny(m) for
the element m = (m,).c; € M. Thus any commutative ring whose
finitely generated modules are direet sums of cyeclic modules has
bound 1, and such rings need not be Noetherian (see Brandal [3]).

We show that a commutative Noetherian ring with a finite
bound must have Krull dimension 1. In this case, the ring has
bound 1 if and only if it is a ZPI-ring, and so a Noetherian domain
is a Dedekind domain if and only if it has bound 1. For a local
Noetherian domain, the existence of a finite bound is equivalent to
the existence of a bound on the number of generators required for
any ideal of the ring, and in this case the two numbers are equal.
For a nonlocal domain, the two numbers differ by at most one. In
the last part of the paper we consider the problem for rings other
than domains by using a weaker notion of bound.

All rings under consideration will be assumed to be commutative
rings with unity, and all modules will be assumed to be unital. The
injective hull of a module ,M in the category of R-modules will be
denoted by E,(M).

We will make extensive use of the notion of the Goldie dimen-
sion of a module. (The reader is referred to Goldie [7] for details.)
A nonzero module is said to be uniform if any two nonzero sub-
modules have a nonzero intersection. A submodule N of M is es-
sential in M if N nontrivially intersects any nonzero submodule of
M. A module M has Goldie (or uniform) dimension » if M contains
a direct sum of % nonzero submodules, but no longer direct sum.
Then M has Goldie dimension # if and only if M contains an es-
sential direct sum of n uniform submodules, or equivalently, if and
only if E(M) is a direct sum of » indecomposable submodules. It
is evident that the Goldie dimension of a submodule of M is less
than or equal to that of M.

We begin with an easy but useful lemma.

LeMMA 1. (i) Let M be an R-module. If the Goldie dimen-
ston of R is m and 0 — R — M' is an exact sequence, them there is
a homomorphism such that 0 — R — M" is exact.
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(ii) If bd(R) = n, then bd(R/I) = n for each ideal I of R.
(iii) bd(R, D --- D R,) = max,g,q, {bd(R)}.
(iv) Let S be a multiplicative set. Then bd(R;) < bA(R).

Proof. (i): Let (m,, ---, m, be the image of 1 under R — M",
and then note that {[;}, 7 =1, ---, t is a direct family where I, =
N:.; Anng{m.}.

(ii) and (iii) are clear.

(iv): Let M be an Rg-module generated by «,, ---, x,. Consider-
ing M as an R-module, let N be the R-submodule generated by
x, +++, %. Then there exist m,, ---, m,€ N such that Anng{m,, ---,
m,} = Anng(N), where n = bd(R). But Anng{m,, ---, m,} = Ann, (M)
and so bd(Rs) < n. :

Recall that the socle, Soc(M), of a module M is the sum of its
minimal (#0) submodules. The socle is a direct sum of certain of
the minimal submodules. A homogeneous component of the socle is
the sum of all minimal submodules in an isomorphism class of mini-
mal submodules.

THEOREM 2. Let R be an Artinian ring. The bound of R 18
the supremum of the lengths of the homogenesus components of the
socle of R/A, for all ideals A of R.

Proof. Observe that the supremum exists since the length of
R/A is at most the length of R for all ideals A of R.

Let # be the supremum of the lengths of the homogeneous com-
ponents of the socles of all factor rings of R. We first show that
bd(R) = n. Suppose that R = R/A has a homogeneous component of
its socle of length n, and let I be a minimal ideal of R which ap-
pears as a direct summand of the socle S of R exactly n times. Let
X be a direct sum of one minimal ideal from each isomorphism
class of minimal ideals of R. We consider the injective hull E =
Ez(X) and show that 0 — R — E” is exact and that » is the least
number of copies of E into which R can be embedded.

Since each homogeneous component of S has at most » sum-
mands, there exists an exact sequence 0 — S — E". Since E is in-
jective and since S is essential in R, this extends to an exact sequ-
ence 0 —» E(R) — E”, and hence R embeds into E». If 0— R — E™
is exact for some m < %, we have that E™ contains a direct sum of
n copies of I and thus X™ = Soe(X™) = Soc(E™) would contain I*, a
contradiction to the Krull-Schmidt theorem.

Let (x, ---, z,) be the image of 1z in E", and let M be the R
submodule of F generated by {z,, ---,«,}. Then M is a faithful,
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finitely generated R-module such that B embeds into % but no fewer
copies of M. Hence bd(R) = bd(R) = n. (We remark that it is not
necessary to pass to M since X is a finite sum of minimal ideals, F
is a finite direct sum of indecomposable, injective R-modules and
hence is itself finitely generated by a theorem of Matlis.)

To show that bd(R) < n, we note that R=R, P --- PR, is a
direct sum of local Artinian rings and since bd(R) = max{bd(R,)}, it
suffices to show that bd(R,) < n where n is defined as above. Since
each homogeneous component of Soc(R/A) is contained in some R,/AR,,
it suffices to show that bd(R) < n when R is a local Artinian ring.

Let M be a finitely generated R-module and R = R/Ann,(M).
Since R is local, all minimal ideals are isomorphic and the socle of
R is homogeneous. Since every nonzero ideal contains a minimal
ideal, Soc(R) is an essential direct sum of isomorphic minimal ideals,
and thus the Goldie dimension of R is equal to the length of Soc(R).
Since we have an embedding 0 — R — M*' where ¢ is the length of
R, there exists an exact sequence 0 — R — M* where [ is the length
of Soc(R) by Lemma 1. Since k < n, there is an exact sequence
0—R— M"* and bd(R) < n.

The following corollary will be useful in our study of Noetherian
rings with a finite bound.

COROLLARY 3. Let R be a local Noetherian ring with maximal
ideal m. If dimg, (m*/m**) = n for some ke Z*, then bd(R) = n.

Proof. Since R/m**+ is Artinian and since the (homogeneous) length
of the socle of R/m**' is a least n, we have bd(R)=% by Theorem 2.

Our next result shows how severe a restriction the existence of
a bound places on the class of Noetherian rings.

THEOREM 4. Let R be a Noetherian ring. If R has finite bound,
then the Krull dimension of R is at most one.

Proof. Since the condition that R has a finite bound passes to
all localizations, we may assume that R is a local ring. Let m de-
note the maximal ideal of R and let bd(R) = n. By Corollary 3,
dim,,,(m*/m***) < n for all ke Z+. Let f(k) be the length of R/m?".
For sufficiently large k, f(k) is a polynomial in % (Hilbert-Samuel
theorem). The degree of f(k) is less than or equal to 1 since
fle + 1) — f(k) is the length of m*/m*+', which is bounded by n. By
Theorem 11.14 of Atiyah-MacDonald [1], we have that the Krull
dimension of R is at most 1.
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A ring R is called a ZPI-ring (Zerlegung Primideale) if every
ideal can be written as a product of prime ideals of R. R is a
ZPI-ring if and only if R is a Noetherian ring such that for each
maximal ideal m of R there are no ideals of R strictly between m
and m®. (See Larsen and McCarthy [9].)

THEOREM 5. R 1s a Noetherian ring with bd(R) =1 if and
only if R is a ZPI-ring.

Proof. Let R be a Noetherian ring with bd(R) = 1 and let m
be a maximal ideal of R. Then bd(R,) = 1 and Corollary 3 implies
dimg /. (mR,/m’R,) < 1. Thus there are no ideals of R, strictly
between mR, and m*R,, and so there are no ideals of R between
m and m?, since such ideals are m-primary.

Conversely, by Theorem 9.10 of Larsen and McCarthy [9], if R
is a ZPI-ring, then R is a finite direct sum of Dedekind domains
and special primary rings. Since any finitely generated module M
over a Dedekind domain D is of the form M= D/ & ---H D/I,
where I, = I, = --- = I,, we have that I, = Ann,(M) and thus there
is an embedding of D/Ann,(M) into M. Hence bd(D) =1. If S is
a special primary ring, then the socle of S/I for any ideal I has
length 1 and thus by Theorem 2, bd(S) = 1. Hence bd(R) = 1.

By Theorem 4 of Warfield [10], R is a Noetherian ring with
bd(R) =1 if and only if every finitely generated R module is a
direct summand of a direct sum of cyclic R-modules. We also point
out that a special case of Theorem 5 gives a new characterization
of Dedekind domains.

COROLLARY 6. R is a Dedekind domain if and only if R is a
Noetherian domain and bd(R) = 1.

It is well known that every ideal in a Dedekind domain can be
generated by two elements. As an extension of this last corollary
we explore the relationship between Noetherian domains of finite
bound and the number of elements required to generate their ideals.
I. S. Cohen [5] designates the rank of a ring to be n if every ideal
of R can be generated by n or fewer elements. According to this
definition a ring of rank % is also of rank & for all h = k. We will
say that R has least rank =, denoted by rk(R) = u, if it has rank
n but not rank n — 1.

THEOREM 7. Let R be an Artintan ring. Then bd(R) = rk(R).
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Proof. Suppose that 7k(R) =». Then R=R D --- PR, is a
direct sum of local Artinian rings and 7k(R,) < n. Let A be an
ideal of R,. Then the socle of R,/A can be generated by n or fewer
elements and it is homogeneous, so the length of the socle is at
most n. Hence bd(R;) = n by Theorem 2 and bd(R) < n.

Conversely, suppose that bd(R) =n. Then R=R, P --- PR, is
a direct sum of local Artinian rings with maximal ideals m; and
bd(R;) = mn. Let I be an ideal of R, which requires %k generators.
Thus I/m,] is a k-dimensional vector space over R/m;,. Hence the
ring R/m,I has Goldie dimension at least &, and so the homogeneous
length of the socle of R/m,J is at least k. Hence bd(R,) = k, and
so bd(R) = k. Thus n = bd(R) = rk(R), and the theorem is proved.

THEOREM 8. Let R be a Noetherian domain. Then R has finite
rank if and only if R has finite bound, and in this case rk(R) =
bd(R) or rk(R) =bd(R)+ 1. If R is a local Noetherian domain,
then rk(R) = bd(R).

Proof. If R has finite rank or finite bound, then the Krull
dimension of R is one by Theorem 9 of Cohen [5] and Theorem 4.
Thus all proper factor rings of R are Artinian.

Suppose that rk(R) = n. Let M be a finitely generated R-module.
If Anngz(M) =0, then since R is a domain we have an exact se-
quence 0 - R — M. If Ann(M) # 0, then R/Anng(M) is an Artinian
ring and since rk(R/Anng(M)) = bd(R/Anny(M)) < n, R/Annz(M) em-
beds into n copies of M. In any case, there is an exact sequence
0 — R/Ann,(M) — M"™ and so bd(R) < rk(R).

Suppose that bd(R) = n. If I is a nonzero ideal of R, then
choose 0 #ael. Then R/aR is Artinian and bd(R/aR) < n. Thus
rk(R/aR) < n and I can be generated by = + 1 (or fewer) elements.
Thus rk(R) < bd(R) + 1.

Now suppose that R is a local Noetherian domain with maximal
ideal m and bd(R) = n. If I is an ideal of R requiring % generators,
then dimy,(I/Im) =k%. Thus the Goldie dimension of R/Im is at
least & and so the homogeneous length of the socle of R/Im is at
least k. Since R/Im is Artinian, bd(R/Im) = k and thus » =k and

bd(R) = rk(R).

COROLLARY 9. Let R be a local Noetherian domain. Then R
has finite bound if and only if the Krull dimension of R is at
most one.

PrROPOSITION 10. Let R be a Noetherian domain. If bd(R,) =n
for all maximal ideals m of R, then bd(R) = n.
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Proof. We first observe that if R, has finite bound for all
maximal ideals m, then R has Krull dimension at most one. Let M
be a finitely generated R-module, with A = Ann,(M). If A =0,
then there exists an embedding 0 - R — M. If A = 0, then R/A is
Artinian and R/A =R, /q.R, © --- D R,,/q.R,, where A =q,N---Nq,
is a primary decomposition of A and each q; is p,-primary. Thus
there exists an embedding 0 — R/A — M" since bd(R,,) = n for each
1. In any case, R/A embeds into = copies of M, and hence
bd(R) = n.

Recall that if R is a domain with quotient field K, then any
subring S with RS SZK is called an overring of R. The following
theorem extends the well-known result that any overring of a
Dedekind domain is a Dedekind domain.

THEOREM 11. Let R be a Noetherian domain with finite bound,
and let K be the quotient field of R. If S is an overring of R,
then bd(S) < bd(R).

Proof. By Proposition 10 it is sufficient to show that bd(S,) <
bd(R) for all maximal ideals of S. Let m be a maximal ideal of S
and let m" = mN R. Then S, is an overring of R, and both rings
have Krull dimension at most one by Theorem 93 of Kaplansky [8].
The proof of that theorem shows that if A is a nonzero ideal of S,,
then S./A can be embedded in a proper cyclic R,-module, and so
the Goldie dimension of S,/A is at most that of the cyclic R,-module.
Since S, and R, are local, the socle of any proper factor ring is
homogeneous, and so the length of the socle of S./A is at most
bd(R,) < bd(R) and hence bd(S,) < bd(R).

Next we wish to consider Noetherian rings which are not neces-
sarily domains. For this purpose we introduce the notion of a
weak bound.

DEFINITION. The ring R has weak bound at most %, denoted
wbd(R) < n, if for every finitely generated R-module M such that
Ann,(M) has no embedded primes there exist » elements m, ---,
m, € M such that Annz(M) = Anny{m,, ---, m,}. If wbd(R) < n but
wbd(R) < m, then we write wbd(R) = n.

ProposiTiON 12. If R is a Noetherian ring and wbd(R) < n,
then the Krull dimension of R is at most one.

Piroof. We first observe that if S is a multiplicative set in R,
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then wbd(R) =< n implies wbd(Rs) = n. To see this let M be a
finitely generated Rs;-module whose annihilator has no embedded
primes. If {x, ---, z,} is a set of generators of M, then as in the
proof of Lemma 1 let N be the R-submodule of M generated by
%, +++, &. Then Anngz(N)= Ann, (M)NR has no embedded primes,
and so there exist m,, - --, m, € N such that Anng(N) = Anng{m,, ---,
m,}. Thus Ann, (M) = Anng(m,, ---, m,}.

The proof of the proposition follows from Corollary 3 exactly as
in the proof of Theorem 4 because wbd(R) = bd(R) for Artinian
rings.

COROLLARY 13. If R is a Noetherian domain, then wbd(R) =
bd(R).

LeEMMA 14. Let p be a prime ideal of the Noetherian ring R,
and suppose that R/p has finite rank. Then R/Y* has finite rank
for each ke Z+.

Proof. The proof is by induction on 4. The case &k = 1 is true
by hypothesis. Assume that R/p** has finite rank. Thus every
R-submodule of R/p*~* can be generated by rk(R/p*') elements. The
R/p-module p*~'/p* is generated by say, m elements. Thus any sub-
module of p*~'/p* can be generated by m-»k(R/p) elements. Hence
any ideal of R/p* can be generated by rk(R/p*) + m-rk(R/p) ele-
ments and thus R/p* has finite rank.

THEOREM 15. Let R be a commutative Noetherian ring. Then
R has finite rank if and only i+f R has finite weak bound.

Proof. Suppose that rk(R) = n» and suppose that B has ¢ mini-
mal prime ideals. Let M be a finitely generated R-module whose
annihilator has no embedded primes. Let Anny(M) = q,N---Ng,N
Qe -+ Nq, be a primary decomposition of Annx(M), where q, is
p,-primary and p,, - - -, p, are minimal prime ideals of R while p,.,, - --, b,
are maximal ideals of R. Since R has Krull dimension at most one
and Ann,(M) has no embedded primes, we have that g,N---Ngq, and
Oe:N - - Ng, are comaximal ideals for if m is a maximal ideal con-
taining q;N---Ngq, and g+, N --- N q, then m contains some g, with
1<i=<s and some q; with s +1 <7<k and so m = p; 2 p; con-
tradicting the fact that Ann,(M) has no embedded primes. Thus

R/Ann,(M) = R/(@, N -+ N q) D B/ -+ N as)

Since R/, N+ Nqw) = R/ P --- D R/q, is Artinian and since
rk(R) = n, we have that the bound and hence the weak bound of
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R/(q,s.N - NQq,) is at most n.

On the other hand, since for ¢ =1, ---, s, q; = q;R,, N R, we have
that R/q, embeds into R,/q,R, where R, is the Artinian local ring
obtained by localizing R at p,. Since rk(R,) < n, the Goldie dimen-
sion of any factor ring of R, is at most n. Noting that the Goldie
dimension of R, /q;R, as a ring is the same as the Goldie dimension
of R, /qR, considered as an R,-module, which is the same as the
Goldie dimension when it is considered as an R-module, we see that
the Goldie dimension of R/q, as an R-module is at most n. Since
s <t and since R/(q,N---Nq,) is contained in R/q, P --- D R/q,, we
see that the ring R/(q;N---N g, has Goldie dimension at most ¢-n.
Thus R/(q;N---Nq,) embeds into nt copies of any faithful module
over it. Therefore R/Annp(M) embeds into wt copies of M, since
M= (B/(a.N---Na)NMD B/ N ---Nq)M and (B/(q,N---Nq)M
is a faithful R/(q,N---Nq,)-module and (R/(qe.N---Nq))M is a
faithful R/(q,4, N --- N q,)-module. Thus wbd(R) < nt.

Conversely, suppose that wbd(R) = n. Then for each prime ideal
p of R, R/p is a Noetherian domain and bd(R/p) = wbd(R/p) < n.
Thus rk(R/p*) <n + 1. By Lemma 14, rk(R/p*) < for each ke Z+.

From a primary decomposition of 0 we see that there exists an
integer k& such that 0 = Mi_; p¥! where the p, are the minimal primes
of R. Hence we have an exact sequence

0— R— R/pi D --- D E/pt.
Since rk(R/pt) is finite we see that »k(R) is finite.

THEOREM 16. Let R be a semilocal Noetherian ring of dimen-
sion one. Then wbd(R) < bd(R) < oo.

Proof. R has only finitely many prime ideals, say k. Let A be
an ideal of R and suppose that A = gq,N---Ngq, is a primary decom-
position of A, where q; is p,-primary. Thus 0—-R/A—R/a,P--- D
R/q, is exact, and as in the proof of Theorem 15, the Goldie dimen-
sion of R/A is less than or equal to k-max{rk(E,)}. Each R, has
finite rank by Corollary 9 and an application of Lemma 14, as in
the last part of the proof of Theorem 15.

Finally we mention that we have no example of a ring for
which the weak bound is finite but the bound is not finite.
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