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ABSOLUTE CONVERGENCE FIELDS OF SOME
TRIANGULAR MATRIX METHODS

ARUN KUMAR AND D. P. SAHU

Recently Das [2] has obtained results on the comparison
of the absolute convergence fields between the Norlund
matrix and its product with the Cesaro matrix. In the
present paper a similar investigation for the Riesz matrix
((N, p,) matrix) is made.

1. Let A = (a,; be an infinite lower triangular matrix, that
is a,,, =0, if &k > n, transforming sequence s = {s,} into the sequence
A(s) defined by

AG) = (A,6) = {Sassn}

The sequence s is said to be absolutely summable A or summable
|A], if the transformed sequence A(s) is of bounded variation, that
is if >y |A(8) — A,_(s)] < . The absolute convergence field of
A, denoted by |A|, is the set of all sequences which are summable
|A]. The matrix A is said to be absolute conservative if |I| & |4],
where I is the identity matrix.

Let {p,} be a sequence of constants, real or complex, such that
P,=>%,p,#0. Whena,, = (9,_.)/P,, A is called the (N, p,) matrix
and for a,, = p,/P,, A is called the (N, p,) matrix. The (N, p,)
matrix for p, >0 and P, — « is also denoted by the (R, P,, 1)
matrix. When the sequence {p,} is such that p, = 1 for all n, both
the (N, p,) and the (N, p,) matrices reduce to the (C, 1) matrix.

For two matrix methods A and B, AB transform of s is defined
by A(B(s)). In particular,

Iy _ 1 & p
(L.1) tn(D, @) = -2 -7 3. 0,8, ,
P, =0 Q, =0
where %,(p, q) denotes (N, p,)(N, q,) transform of s.

Throughout the present paper we write P® = >3*_, p:, and for
any sequence {0,}, 4n8, = 46, = 6, — 6,,, and 6, = 0, if n < 0; K de-
notes a positive constant, not necessarily the same at each occur-
rence.

2. Concerning the relative inclusion of the absolute convergence
fields of (N, p,) and (N, p,)(C, 1), the following is known (see Das
[2], Theorem 2 and Theorem 5).

THEOREM A. Let the sequence {p,} be such that p,>0 and
443
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Duts/Pu = Puto/Purs = 1. Then |N, P,| < [(C, 1)(N, .)|.

Silverman [5] has shown that the (X, p,) matrix is not per-
mutable with the (C, 1) matrix unless the (N, p,) matrix is a Cesaro
matrix. However, it has been proved that Theorem A is true even
if the (C, 1)(N, p,) is permuted ([2], Theorem 4).

It has been proved (see Prasad and Pati (4)) that the absolute
Riesz summability |R, A, | implies the summability |R, ¢(\,), 7|,
provided, roughly speaking, the ¢(x) is reasonable regular and does
not increase more rapidly than a power of xz. But from Lemma 4
we see that

(1.2) |N, P,| < N, p.|

if and only if p,P® = O(P,)?.

The following theorems which we prove in the present paper
show that if we consider the product of (C, 1) and (N, p,) in place
of (N, p,) in (1.2) the relation (1.2) holds good for a fairly wider
class of sequences {p,}.

THEOREM 1. Let {p,} be a nonnegative sequence. Then |N, P,|<
[(C, 1)(N, p,)l, if

kp Pw ) 1
1.3 bk <K, k=12, --
(1.8) P, '»=zk|‘+1 n*P,

THEOREM 2. Let {p,} be a nonnegative sequence. Then

IN, P,| S |[(N, p.)(C, D] .

The condition (1.8) seems to be quite less restrictive but it is
not true even for all nonnegative sequences; for if we consider the
sequence {p,} such that P, = log 2 and for » > 0, p, is chosen to be
either 0 or 1 in such a way that log(n + 2) ~ P,. It is easy to see
that for this case (1.8) is not satisfied.

Concerning the inclusion relation between the absolute convergence
fields of the (N, q,) and the (C, 1)(N, p,) methods we prove the fol-
lowing.

THEOREM 3. Suppose that {p,} is monnegative nonimcreasing
sequence and that {q,} is positive and nondecreasing sequence. Then
IN, g.] S [(C, 1)(N, p.)]| .

It is interesting to observe that the relation |N, ¢,| <
(N, »,)(C, 1)| also holds good follows from Lemma 4. Since for non-
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decreasing sequence {9,}, @, = (n + 1)q,, we see that with {g,} in place
of {p,} and ¢, =1 in Lemma 4, the hypotheses of Lemma 4 are
satisfied. Hence

1.4 IN, ¢.] < |G, 1].

But for nonnegative nonincreasing sequence {p,} it follows from
Lemma 3 that (N, p,) is absolutely regular. Hence |N, q.| &
[(N, p.)(C, D).

2. For the proof of the theorems we need the following results.
In what follows we write a, = 9,+,.P¥/P,., and C, =m + 1 —
Py(i)/Pm-l—x-

LEMMA 1. In order that any {x,}c|I| implies {x,}€|A|, where
A = (@), 1t 1s necessary and suffictent that >, a,, converges for
all n and

m

Z kzl—o(an-}—l,k—a'n,k) éK, m=0) 1! 2: o

n=0| k=
LEMMA 1 is contained in ([6], Theorem 3).

LEMMA 2. For m,n=20,1,2, ---

(1) 348 )Py = Po — o

k=
@ 3 (k=)o =P Py Remale
=0 9mt+1
The proof of Lemma 2 is direct. The following lemma is con-
tained in [3].

LemmA 3. If {p.} is nonegative, monincreasing, then for all
kz0and 12 a=b= oo,

5P, ) = 3 (Bor - Py <1

n=a n=a

and, for any n >0, P(n, k) = 0.

LEMMA 4. Let q, > 0 and p, # 0. Then in order that |N, p,| <
IN, q,|, it is necessary and sufficient that P,/p, = O(Q./q.).

The sufficiency part of the lemma in a less general form is due
to Sunouchi [6]. The present form is due to Bosanquet ([1], p. 654).
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3. Proof of Theorem 1. Let t,(P) denote the (N, P,) transform
of {s,}. We have

ansn = P;LI)Z”(P) - Pr(blllz—n—l(P) y N = 0, 1: 2’ °

so that
BLP = nlt 1 é zi r;%(P WE,(P) — PAE, ((P))
3.0 T % 1 Z % {3 (4 %))PM,(P) + af P
SR <"‘pf> Bt ;:}MP)
= 3ia,,5(P),

say. Writing B,,,. = >t a,, and observing that a,, =0 for » > =n
we see that 8,, =1 for n < m and for n = m

fon= g 1S (4 5) 5+ £

We first simplify B, for # = m. By virtue of the result (i)
of Lemma 2, we have'

S5 (f) s
“5E+2 )5 E
=S arg) v 5 i)

:m+1+(Pm—am)Zl/Ps—Zas/Ps
s=m-+1 §=0
so that

3.9 =m+1 1 _ 1

In order to prove the theorem, it is sufficient to show that the
matrix (a,,) in (3.1) is absolutely conservative. From Lemma 1,
we see that the matrix (a,,) will be absolutely conservative if

(3.3) Zzngnlﬁnﬂ,m—ﬁn,mléK’ m =0, 1, 2) Tt

since B,.., =1 for n < m. From (3.2) we get

! We assume here onwards >4 =0 if b < a.



ABSOLUTE CONVERGENCE FIELDS 447

_ < m + 1 1 _
R b o N e T w3
1
Ao, T
Evidently,
(3.4) s géﬂ (m + 1)/(n + D(n + 2) + R(m) + L(m) ,
where
1 "1 1
E(m) = B ”zf"* (n + (n + 2) = %“ P, (n+2P,,

and L(m) = a,R(m)/P,.
We have

R(m) < P, 5.; 1 S " — i

TDm D P P,
m + 1
w=m (n + 1)(n + 2)P,+,
= P, X(m) + P,Y(m), say.

Ms

+ P,

In view of the fact that for nonnegative sequence {p,}, {P,} is
nondecreasing, it follows that

(8.5) P, Ym)< K.
Observing that >, 1/P, > (n — m)/P,, we obtain

1 = 1 1
X(m) f_.; { T D 1D 2P T 2)Pﬂ+1} +Xim).

We now prove that P,X(m) < K. For, we first estimate

1 51 1
(n + D(n + 2) szm““ P, m+ 2)P,,+1} )

X, m =3 |

First changing the order of summation and then wusing that
SY 1n + Dn =1/s — /(N + 1), we get

(3.6) X*(N,m)= > 1 s t-5 1o
. , m _s=m+1 (S + 1)13a N+2 s=m+1__P.: n=m41 ('n + 1)P” .
If P, as n— oo, it follows from (3.6) that X*(N, m) —0 as
N - . If P, o, then, since {P,} is nondecreasing, P, — a finite
limit P, say, as n — co; and in this case X*(N, m) — — 1/P. In view
of this and (3.5) it follows that

3.7 P,X(m)=< K.
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From (3.5) and (3.7) we get
(3.8) R(m)= K.
Now we estimate L(m). We have
L(m) £ a,(X(m) +Y(m)) .

From the hypothesis (1.3) we see that «, is bounded whenever
P, < K. Using this fact and the observations made just after (3.5),
we see that «,X(m) < K. That a,y(m) = K follows from the hypo-
thesis (1.8). Thus L(m) < K. This together with (3.8) and (3.4)
yields ¥ = O(1), since the first term in (3.4) is bounded. This proves
Theorem 1.

Proof of Theorem 2. Following closely the proof for (3.1) we
see that

_ 1 n 7 p P7(<1) 1 p Pr(l) _
t 1) = = s 4 — e Lt (P
1) =53 3 22 P,> t o2 I)Pm} (P)

= 3, a,,F,(P)
Thus, in this case
1 & (& p, PR 1 p,P®
o = —— [ S — A PR A
B Pﬂr%{s;rs—l—l( Pr>+('r+1)Pr+1}

for n =z m and B,,., =1 for m = xn.
Using the technique, with the result (ii) in place of (1) of Lemma

2, for obtaining (3.2) we see that
Bum = PulPy + (Cu/P) 3 pf(s + 1) .

Now we proceed to prove that for this case also (3.3) holds
good. We have

L P, P 1 & »p 1
Y= Duirlm C,=m — s >l
"ZJ'”‘ P,,,P,,,+1+ P'n+1<P7s ssmt+18 + 1 n+ 2
SCmm pnﬂ_l_ < s . P'n'_'Pm
- ”Z‘m P,s<Znns +1  (n+2)P,

at1

+ C,P, < Pati + P, S
”;'"' (In + 2)PnPn+1 ”g""l 'P%P‘Ib‘l'l

= 21 + 22 + 23 .
To prove that 3, is bounded we first consider the following sum

N n
SN = 3 Pas| 1 p. _ Pp— Py |
(N) n=%‘+1P”+1 P, 8=%‘+1 s+1 (n + 2)P,
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Observing that (n + 2) > . 0,/(s + 1) > P, — P, we see that the
expression under the modulus sign in Y(IN) is nonnegative. Hence
by a change of order of summation we get

Z(N) — ﬁ“ Ds i Daut1 — ﬁ“ Dut1
s=mi18 4+ 1 a=s P‘nP'n'l'l n=m+1 (’)’b + 2>P,4+1

+ P, S o Pari
"oZwii(n + 2)P, P,
Since
N
3.9) “Z=spﬂ+1/P%P%+l = 1/P, — 1/Py.,,

and p,/P, <1, we have

K 1 & p P o Dat
Z’N _<_ 3 m nTl
) = m + 1 * PNﬂa;ns +1 * m + 3sZm1i P, P,y
(3.10) X 1 ” X
= + 2.0, = :
m+ 1 (m + 1)Pyy,s=0 m+ 1

It is clear that the term of X, for » = m is bounded. In view
of this and (8.10) we get that X, is bounded, since C, < Km by
the fact that P < (m + 1)P,. That 3, and 3, are bounded follows
from (8.9). Thus we get that ¥ < K for all m. This completes the
proof of the theorem.

Proof of Theorem 3. It is interesting to observe from the
result (1.4) that to prove Theorem 3, it is sufficient to show that
|C, 1| < |(C, 1)(N, p.)|, which is just special case of Theorem 3 when
(N, q,) is (C,1). But to prove this special case we require the
same argument (except minor simplification of the method of the
proof) as for the general case. In order to give a direct proof we
consider the general case.

Let £,(1, p) denote (C, 1)(N, p,) transform of the sequence {s,}.
We have

t.(1, ») =

So far the case

It is clear that 8,,.=1 if m = n. Simplifying by using Lemma
2(ii) we see that for m < n
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Bn,m =1-

1 - <Pk—m-—l + Qmplc-—m—1> .
n + 1esmes P/z qm+1Pk

Now we prove that (3.3) is true for this case also. We have

E = i 1 < 1 N Plc—m—l . an—~m>
w=mlm 4 2\n + 12w P, P,
_— Qm < p%——m . l > pk—m~1 )l’
N0+ 2)Py (0 + L)(n + 2) 5w P,
BID) i & P, 1 . P,,_m_ll
T moa=m| (0 + 2)P,, n + 2)(n + 1) w=nar P,
+ Qm < p'ﬁ—m Q - 1 < pk-—m~1

Qi n=m (0 + 2)P,1, Q= (n + D)(n + 2) e=nie P,
= %llm (M) + 3"+ 3,
say. We first consider X'(M). Since for nondecreasing sequence
{24}, {Pien_i/P:} is nondecreasing in k& for £ > m, we get that the
expression under the modulus sign in X’'(3{) is nonnegative. By a
change of order of summation we obtain

u P v P 1 LA =
ZI M = P i S— k—m—1 _(__ Fem—1
M) = > (n + 2)P,,, +Zwn(k+ 1)P, M + 257 P,
gt Bl S 1K
(]‘I =+ 2)PJI+1 (m + Z)Pm’l‘l M - QkEmi1
Hence
(3.12) SV (M) = 0Q) .

To prove the boundedness of Y and 3’ we first estimate the
following sum. Observing that (w —m + U)p, < P, = P,y We
see that for a =1 or 2

S Pom X y - S y
= - Rl k[ —
(3 13) 'n;m (,n' =+ a)P'/Hrl %Z_“m ('n/ + a)-P'n'E'l nz?z’"""-l (n =+ a)Pn*i'l
' P, < 1 - K

s T+ = .
- (m A+ a)Pyy w=ma(n —m)n —m -+ 1) m 41

Since for nondecreasing sequence {g,}, @, = (n + l)q,, we obtain
from (3.13) that

(3.14) 3" < o

Applying the above reasoning after a change of order of summation,
we see that

3.15 M — Qn < Pi—m— < oo
< ) Qb1 k=2‘m+1 (k + ]->Pk
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That ¥ is bounded follows when we use (3.12), (3.14) and (3.15)
in (3.11). This completes the proof of Theorem 3.

The authors would like to express their grateful thanks to
Professor B. Kuttner of the University of Birmingham for some
valuable comments. OQur thanks are also due to Professor H. P.
Dikshit and a referee for comments which have imporved presentation

of the paper.
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