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BIORTHOGONAL POLYNOMIALS SUGGESTED
BY THE JACOBI POLYNOMIALS

H. C. MADHEKAR AND N. K. THAKARE

In this paper we introduce and study a pair of biortho-
gonal polynomials that are suggested by the classical Jacobi
polynomials. Leta>—1, >—1 and J,(«, 8, k; x) and K, (2, B,
k; %), n=0,1,2, --- be respectively the polynomials of degree
7 in «* and x, where « is real, k is a positive integer such
that these two polynomial sets satisfy biorthogonality condi-
tions with respect to the weight function (1—2x)*(1+4x),
namely

El (A=) (- 2)8 T, B, k; @)w'ds is
1

(1) {0 for ©=0,1, ---,n—1;

not 0 for 1=n;

and

g‘ (=) L+ 2K (e, B, k; 2)(1— ) dw is
-1
(2) {0 for ©+=0,1, ---,n—1;

not 0 for i=n .

It follows from (1) and (2) that

ﬂl (1= )1+ @) (e, B, o; ) Konlar, 8, k; w)das is
o —1
(3) {0 for m, n=0,1, -+ -; m*n;

not 0 for m=n;

and conversely.

For k=1 both these sets are reduced to the Jacobi poly-
nomial sets. We obtain generating functions, recurrence
relations for both these sets and explicitly show that they
satisfy biorthogonality conditions.

Introduction. The notion of orthogonal polynomials has

been extended by Konhauser [7] to two sets of polynomials that
satisfy the following biorthogonality relation which happens to be
an extension of the usual orthogonality condition:

0f s = 0, 1’ Tt + H
pr(x)Rm(x)Sn(x)dx is oF m, e
“ not 0 for m =n .

Here p(x) is an admissible weight function over an interval (a, b)
and R,(x) and S,(z) are polynomials of degree m and % respectively
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in the basic polynomials 7(x) and s(x) both of which are polynomials
in x.

Above condition (4) is known to be equivalent to the following
two conditions.

0 for+=0,1----,m—1;
not 0 for 7 =n ;

[‘popr@rs. @i is |

and
0fori=0,1,:---,m—1;

Sap(x)[s(w)]iRm(x)dx is {not 0 for i =m .

Using his basic results of the general theory of biorthogonal poly-
nomials, Konhauser [8] introduced the following pair of biorthogonal
polynomials Z:2(x; k) and Y.%(x; k) that are suggested by the Laguerre
polynomials:

gy T +a+1) e i :
(5)  Zi(w; k) = ! 2 1>(j>]”(kj+a+1)’

see [8, p. 304]

6)  Yewb=r S5 S (] )(EEEE

r=0 1{ =0 S
see [2, p. 427].

These two sets are biorthogonal with respect to the weight
function x%¢°, (@ > —1) over the interval (0, ) and have been
extensively studied.

There is a classical result due to Feldheim [5] which connects
the classical Jacobi polynomials P/~"(x) with the Laguerre poly-
nomials L2(z) in the following manner.

(1) T+ a+ 8+ n)Ped() = g“ta+-ﬂ+"e—*L: < 1 — t)dt :
0

This result has made it possible for us to introduce, the first set from
the pair of biorthogonal polynomials J,(a, B, k; ) and K,(a, B, k; x)
that are suggested by the Jacobi polynomials.

Let us define the first set J,(a, B, k; ) by

I'l+a+ g+ n)d.(a, B,k
(8) = [terezs (22 k)at, a+8>—1, n=0,12, ..
0 2

Using (5) one obtains by routine calculations
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(9) J,,(C!, 8, k; 90) — (1 —;,a)kn g}(_1)j<n>(1+a+3+n>kj<1—x>k:‘ .

j 1 +a),; 2

In fact J,(a, B, k; ) has the following hypergeometric form
J.(a, B, k; x)
—n, 4k, 1 +a + B8+ n);
10) = Ll_"'_ﬁ_a_)iﬂ_k_l__lﬁ’k <1 _ x)k ,

n!
Ak, 1 + «);
where 4(m, 6) stands for the sequence of m parameters

J o+1 o+ m—1

m m m

m=1.

The polynomials {J,(«, 3, k; x)} were first introduced by Chai [4]
and Carlitz [3] published the proof of their biorthogonality to «°
(i.e., of type (1)) with respect to 2*(1 — x)* on (0, 1). Chai’s proposal
was on (0, 1) instead of our (—1,1). This also reminds one of the
transition of the classical Jacobi polynomials first denoted by
F.,(a, B;x) and orthogonal with respect to the weight function
2%(1 — x)? on (0, 1) to that of Szego’s standardized Jacobi polynomials
Plv5(x) which are orthogonal with respect to the weight function
(1 — z)*(1 + x)® over the interval (—1, 1).

We introduce the second set K,(a, B, k; ) in the form of the
following explicit series representation

K.(a, B, k; »)

w35 (~1)m.( Z)nzﬁfff)fmw, <s+ak+1 ><x;1><x;—1>‘

For k=1, both K,(a, 8, k;x) and J, (o, B, k; x) get reduced to
the Jacobi polynomials P{#(x).
It is easy to observe that

p—ooo

lim Jn<a, 8, k1 — &”_) = Zx@: k)
(12) e

‘B—voo

lim Kn<a, 8, k1 — 36-”—> — Y k) .

For k =1, each of (12) gives well known connection relation between
the Jacobi polynomials and the Laguerre polynomials; see [12].

2. Biorthogonality. Employing the explicit formulas (9) and
(11) we shall show that the pair of polynomials K, («, 8, k; ) and
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J.(a, B, k; x) satisfies the biorthogonality condition (3).
In fact, we have

L=\ (=21 + 0@, 6, b )Kule, 8, k; 9)d
_I'dA+a+k)'A+8+m 3 (— 1) n\I(1+a+B+n+kj)
2"n!m!I'l +a + B+ mn) i=o ) 2YT(1+a+kj)

& 1y T\ (s8t+a+1l 1
X2 & 1)<s>< o >mr!F(1+,8+’m—’r)

X Sl (1 _x)a-i-kj-i-r(l +x)ﬁ+m-—rdx

_ gurars A+ at+kn)[1+5+m) 3~y ® I'l+a+p+n+kj)
n!m! 'A+a+B+n) =0 j ) I'@+a+p+m+kj)

mofatkj+r\ &, [T\ sta+l
E(TT)Eev()eL

Recall the following result of Carlitz [2, p. 429]:

c+a+l) _&(—2c+r—1\&, r\(s+a+l

< k >n“§o( > >Z=‘<J)( 1)(3,)( k )
Using this, we have

I = 21Jr(,,..r;,l“(l +a+kn)'1+ B8+ m)
m n!m! IF'l+a+ B+ n)
u i T N L+ @+ Basss
X —1) — D
jz=‘f>( )(3>( 2 1+ a + Bmsrin
_ grrers LA+ @ + kn)I'(L + 8 + m) (_1),,,(%)
w!I'l+a+ B+ n) m
" 3 (1) ’n—m> A+ & + Basei
7'=Z""( ) <J —m /L + &+ Buirin
_ gurats I'l+a+kn)lA+83+m) (1
n!I’'l+a+ B8+ n) m/
« Bl —1)i n — m> A+ &+ Busbmrrsi
-72:6( ) ( _7 (1 + a + B)m+km+k.‘l'+1
=21+a+pr(1+a+k%)r(1+3+m) n
w!I'A+a+ B+ n) m

n — m)Dn»~m—1xtx+ﬁ+n+km+kj

<5 <~1)f(
=0 9

_ g A+ a+ k)1 + 8 + m) <n
n!I'l+a+ B+ n) m

=1

X Dn—m—lxa+ﬂ+n+km(1 . xk)n—’m

z=1
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which is 0 for # # m and nonzero for % = m. In particular,

I = guiets I'A+a+m)I'1L+ 6+ n)
! I'l+a+pg+nA+a+p+mn+kn)

3. Generating functions and recurrence relations. From the
explicit representation (9) we can obtain by usual series techniques
the following generating functions

> s, 5,
n=0 kn

=1 — )t
(13) (4 + 1,1+ a+ B); .
| (I + DA — @) \¢f — @ + 1t |
k+1Fki\ < ok ) < (1 _ t)k-H > ’
Ak, 1 + a); -
& Ja, B —m, k; ),
n=0 (1 + a)lcn ’
Ak, 1 - 3); 1
(14) (“ e Lay
= e ka, —t( 2 > i
A, 1 + a); |

For &k = 1, (14) reduces to a generating function for Jacobi polynomials
which is due to Feldheim [5].

Differentiating (9) with respect to x, we can obtain the follow-
ing recurrence relation.

DJ.(a, 8, k; %)

(15)
=kl -2 A+ a+ B+, (a+kB+1 k).

By using the result (6) of Konhauser [8], the result on page
638 of Karande and Thakare [6] involving Z2(x; k) we can obtain
in view of the definition (8) the following recurrence relations

(x — 1)DJ (a, B, k; x)
= nkJ (e, 8, k; 2) — k(bn —k+a+ 1) J, (o, B+1, k; 2),

(@ — HDJ(a, B, k; x)
=n + ) (a—1,8+1 kx)—at (o B k).

(16)

amn

Alternatively the results (15) and (16) can be obtained by direct
computation by adopting the technique given by Konhauser [8] for
evaluating the recurrence relations for Z2(x; k).
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Since J,(a, B, k; ®) are essentially ,. ., F,-type generalized hyper-
geometric polynomials, we can obtain the following differential
equation

[(@ —1D)D(x —1)D+a—k+ 1), — 271 — 2)*((x — 1)D — nk)

From (11), we have after routine computation
io K. (a, B8 — n, k; z)2w)"/(x + 1)
= (& + 1)/2)7(1 — w) (@ — 1)/2 + (1 — w)"J

This readily yields the formula

1 /o+1 "‘ﬂ{ 9" —tatp/k
1 K — Dx) = — ( tap)/
(18) A, B — m, k; x) o ( 5 > P 1 — w)

25 a-o]

In (18) replace @ by a + vn, 8 by B + » + én and apply to the
resulting expression the Lagrange’s expansion formula [9, p. 146] to
obtain the generating function in the form

w=0

i K. (o + vn, B+ on, k; x)u" = k( x Z 1 >_ﬂ(1 — q)—Grat/E
n=0

x—1 ve I B —w)—yw A + ow(x — 1)/2 -t
+1—w) —
[ 2 1 [ 1-w (1—w)[x;1 +<1—w)ﬂ

where

_ x+ 1Y . (1+a+»>/k[ x—1 . 1/k]_1_5
u—w< 5 )(1 w) —5 + (1 — w)

With the substitution w = 1 — (1 + ¢)7*, the above generating relation
can be put in the form

oo

K. (o + vn, B + om, k; 2)u" = k(t + 1) (1 +e=1 t>ﬁi
’ X

F1
X{k—v[(t+1)’°—1]~ (1+6)(w——1)[(t+1)"—1]}“
t+1 z+ 1+ (w— 1)t

where u = 2(x + 1)°[(¢t + 1) — 1](¢ + 1)"**"P(x + 1 + at — t)"“"”. The
special cases with v =0, 6 = —1 and v = —%k, 6§ = —1 yield quite
compact forms and they reduce for 4 =1 to the generating func-
tions for Jacobi polynomials due to Feldheim [5]; see also Carlitz

[1].



BIORTHOGONAL POLYNOMIALS 423

4, Concluding remarks. (i) Spencer and Fano [11] utilized
biorthogonality of polymomials in 2 and polynomials in 2° with
respect to the weight function 2% * («a, nonnegative integer) over
the interval (0, =), in carrying out calculations involving the pene-
tration of gamma rays through matter. We are also optimistic that
the particular cases of pair of biorthogonal polynomials considered
here would, certainly, be of use in physical problems.

(ii) It is needless to say that these polynomials will yield for
a = 3 =0, a pair of biorthogonal polynomials suggested by Legendre
polynomials, for a« = 8 = £1/2 a pair of biorthogonal polynomials
related to Chebychev polynomials of the second kind and first kind
respectively and when « = 8 we would have a pair of biorthogonal
polynomials suggested by ultraspherical polynomials.

(iii) Prabhakar and Kashyap [10] have discussed the polynomials
(which are just constant multiples of J,(«, 0, k; x)),

N S N e O R AN S Tk A%
Un ;k — ]I ,
@) = g S ), )

% . i o \kJ
Vit ) = 235 i 4 s g, (222)°
r! =0 gl 2

and showed that they form a pair of biorthogonal polynomials over
(—1,1) with respect to the weight function ((1 — x)/2)«. It is to
be noted that these two sets are related to each other by the
following

s\ o
Vila; k) = LK), Uitk <1 — 2< 1_%> ; 1//c> ;
n! 2
and as such are not independent of each other.

ACKNOWLEDGMENT. The authors are grateful to the referee for
inviting their attention to the work of Chai [4] and Carlitz [3] and
also for several fruitful suggestions.

REFERENCES

1. L. Carlitz, On Jacobi polynomials, Boll. Unione Mat. Ital., Series 3, 11 (1956),
371-381.

2, , A note on certain biorthogonal polynomials, Pacific J. Math., 24 (1968),
425-430.
3 , Problem 72-17, “Biorthogonal conditions for a class of polynomials”,

SIAM Rev., 15 (1973), 670-672.

4. W. A. Chai, Problem 72-17, “Biorthogonal conditions for « class of polynomials,”
SIAM Rev., 14 (1972), 494.

5. E. Feldheim, Relations entre les polynomes de .Jacobi, Laguerre et Hermite, Acta
Mathematica, 74 (1941), 117-138.



424 H. C. MADHEKAR AND N. K. THAKARE

6. B. K. Karande and N. K. Thakare, Some results for Konhauser biorthogonal poly-
nomials and dual series eguations, Indian J. Pure Appl. Math., 7 (1976), 635-646.

7. Josepn D. E., Konhauser, Some properties of biorthogonal polynomials, J. Math.
Anal. Appl., 11 (1965), 242-260.

8. —————, Biorthogonal polymomials suggested by the Laguerre polynomials, Pacific
J. Math., 21 (1967), 303-314.

9. G. Pélya and G. Szegd, Problems and Theorems in Analysis I, Narosa Publishing
House, New Delhi, 1979.

10. T. R. Prabhakar and N. XK. Kashyap, A biorthogonal pair of polynomial sets
suggested by a class of Jacobi polymomials, Indian J. Pure Appl. Math., 11 (1980),
1147-1154.

11. L. Spencer and U. Fano, Penetration and diffusion of X-rays, calculation of
spatial distributions by polymomial expansion, Journal of Research National Bureau of
Standards, 46 (1951), 446-461.

12. G. Szegd, Orthogonal polynomiols, Amer. Math. Soc. Collog. Publ., Vol. 23, third
edition, second printing, Amer. Math. Soc., Providence, Rhode Island, 1974.

Received July 22, 1980.

MriLIND COLLEGE OF SCIENCE
AURANGABAD-431001, INDIA
AND

MARATHWADA UNIVERSITY
AURANGABAD-431004 INDIA





