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POINT-COUNTABLE ^-SYSTEMS AND PRODUCTS
OF ^-SPACES

YOSHIO TANAKA

In terms of products of ά-spaces, we consider spaces
having the weak topology with respect to a point-countable
covering consisting of compact subsets.

Let Szf be a covering (not necessarily closed or open) of a space
X. Then X is said to have the weak topology with respect to J ^
if F c X is closed in X whenever F Π A is closed in A for each
Aessf. Of course we can replace "closed" by "open". If each
element of J ^ is compact, then such a covering is called a k-system
according to A. V. ArhangePskii [1]. Recall that a space X is a
k-space (resp. sequential space), if it has the weak topology with
respect to the cover consisting of all compact (resp. all compact
metric) subsets of X. Then a space with a fe-system (resp. fc-system
consisting of metric subspaces) is precisely a &-space (resp. sequential
space).

As a case where cartesian products are Λ -spaces, E. Michael [8]
considered the concept of &ω-spaces. He pointed out that every
product of two fcω-spaces is a &ω-space and this is implicit in a result
of J. Milnor [10; Lemma 2.1]. A space X is a kωspace (K. Morita
[11] calls it a space of class @'), if X has a countable λ -system.

In this paper, as a generalization of feω-spaces, we shall investigate
spaces with a point-countable fc-system in terms of products of k-
spaces. We assume that all spaces are regular T±.

Let us begin with spaces with a star-countable Λ-system. The
following gives a characterization of paracompact, locally &ω-spaees.
These spaces will play an important role in connection with the study
of products of ά-spaces.

THEOREM 1. The following are equivalent.
(a) X has a star-countable k-system.
(b) X has a σ-locally finite k-system.
(c) X is a paracompact, locally kω-space.
(d) X2 is a paracompact space with a star-countable k-system.

Proof, (b) -»(a) and (d) —> (a) are obvious.
(c)—»(b). Since X is paracompact, locally kω, it has a locally

finite closed covering &~ = {Fr; Ύ e Γ} consisting of ^-subspaces.
For TeΓ, let {Crt; ieN} be a countable fc-system of Fγ. Let ^ =
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{Cn; 7 e Γ} and ^ = UΓ=i ̂ i Then it is easy to show that <gMs a
σ-locally finite fc-system of X.

(a) ~> (c) and (d). Let ^ = {Cr; 7 e Γ) be a star-countable k-
system of X. For 7, 7 'eΓ, difine 7~7' by Stn(Cr, <if) contains Cr

for some neN. Then, by this equivalence relation —, the set Γ
can be decomposed as \JaeAΓa for example. For α e i , let Xa = U
{Cr; 7 e ΓΛ}. Then for each C 6 <Sf, Xα Π C is empty or C. Thus, since
^ is a fc-system of X, each Xa is clopen. Also each Xa has a coun-
table A -system {Cr; Ύ eΓa}, hence Xa is &ω. Thus Xis the topological
sum of &ω-spaces Xa. Hence (c) and (d) follow from [8; (7.5)].

From the previous theorem, we have a generalization of [8; (7.5)].

PROPOSITION 2. If X has a star-countable k-system, then X2 has
a k-system, hence X is a k-space.

In view of the previous proposition, it is desirable to consider
a more general case of point-countable A -systems. However, by the
following example, we can not replace "star-countable" by "point-
countable" or "point-finite".

EXAMPLE 3. A paracompact space X with a point-finite fe-system
consisting of metric subspaces, but X2 does not have any Λ-system.

Proof. Let I be the closed unit interval, and X be P, and
define basic neighborhoods Vε(p), ε > 0, in X as follows:

For p = (x9 y\ x > 0, V,(p) = (x — e,x + έ)xyt and for p = (0, y),
V£(p) = {0 x (y - ε, y + e)} U {[0, βa) x a; \a ~ y\ < ε}.

Then {0 x J, I x α; α e 7} is a point-finite A -system consisting of
metric subspaces. Let Y be the quotient space obtained by identifying
all points of 0 x I, and let f X-^Y be the obvious map. Then Y
contains closed copies of spaces Sr, 7 <; 2% obtained from the topo-
logical sum of 7 convergent sequences by identifying all the limit
points. Since / is perfect, Y2 is the perfect image of X2. Every
perfect image of a space with a ^-system has a ά-system, so it is
sufficient to show that Y2 does not have any fc-system. But Y2

contains a closed copy of S* = Sω x S2ω. In view of [15; Corollary
2.4], S* does not have any &-system, so that neither does Y2.

From the proof of the example, we also have the following.

REMARK, (i) Not every product of a space having a countable
fc-system and a space having a point-finite fc-system has a A -system.

(ii) Not every perfect image of a space having a point-finite
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fe-system has a point-countable &-system (remark that S2ω does not
have a point-countable λ -system by the later Proposition 8).

Now, Example 3 raises the following question (*): Under what
conditions, does X2 have a fc-system if, or only if X has a point-
countable ^-system?

To consider this question, let us begin with some preliminalies.
For x e X9 let (An) j x mean a decreasing sequence {An; neN} such
that An — {x} 9 x for neN. A k-sequence due to E. Michael [9] is
a decreasing sequence {An; neN} such that C = ΠϊU An *s compact
and each neighborhood of C contains some An.

The follwing lemma is due to [14; Theorem 4.2]. Recall that
a space X has countable tightness, t{X) <; ω, if x e A in X, then cc e
C for some countable C a A. It is well known that every sequential
space and every hereditarily separable space has countable tightness.

LEMMA 4. Suppose that 1 x 7 has a k-system with t(X) ^ ω.
Then the following condition (CO or (C2) holds.

(Cx). J/ (An) | x m I , ί/ιe^ ί/̂ erβ exists a nonclosed subset
{an; neN} of X with ane An.

(C2). If (An) is a k-sequence in Y, then some An is countably
compact.

According to E. Michael [9], a space X is bi-k (resp. countably
bi-k), if for each filter base &~ accumulating at x (resp. each (Fn) | x),
there is a Λ-sequence (An) .in X such that xeFΠ An for ^eiV and
Fe^ (resp. a?eFn Π An for neN), and every δί-fc-space (resp.
countably δi-fc-space) is characterized as being precisely the δί-
quotient image (resp. countably δi-quotient image) of a paracompact
ikf-space. Every locally compact space and every first countable
space is bi-k, and every δi-fc-space is countably bi-k.

The lemma will be used later, but we also have the following
application.

PROPOSITION 5. Suppose that t{X) <̂  ω and X has a point-coun-
table k-system, and that Y is a paracompact bi-k-space. Then XxY
has a k-system if and only if X or Y is locally compact.

Proof. The "if" part follows from the following well known
result due to D. E. Cohen: Every product of a locally compact space
and a fc-space is a fc-space ([3; Theorem 4.4, p. 263]).
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"Only if". Suppose that Y is not locally compact, hence not
locally countably compact. Thus there exists yeY such that no
neighborhood of y has a compact closure. Let &~ = {X — K; K is
closed, countably compact in X}. Then &~ is a filter base accum-
ulating at y. Since Y is bi-k, there is a fc-sequence (An) with each
An closed and #6 An Π F, hence An n F =£ 0 for neN and i*76^T
This shows that no An is countably compact. Thus, by Lemma 4,
X satisfies (d).

Now, let ^ be a point-countable fc-system of X Let Xo be the
topological sum of &, and let / : Xo —• X be the obvious map. Then
/ is a quotient map such that f~\E) is Lindelδf for every countable
subset E of X, for every /"̂ (α?) is countable and Xo is paracompact.
Moreover t{X) ^ ω and X satisfies (CJ. Thus by [9; Theorem 9.5]
for a e l and an open covering {Cae^ xeCa} of f~\x), finitely
many f(Ca) cover a neighborhood of x. This implies X is locally
compact.

The following lemma will be useful.

LEMMA 6. Let X be a space with a point-countable k-system &.
Then for each k-sequence (An) in X, some An is contained in a finite
union of element of %?.

Proof. Suppose that no An is contained in any finite union of
elements of <gf. For x e X, let {C e <9T; x e G) = {Cn{x)\ neN}. Beginn-
ing with any point xeX, there exists x1eA1 — Cx(x). By induction
there exists an infinite subset D = {xn; neN} of X with xne An —
Ui.^nCiiXj). Then for each Ceίf, C Π D is at most finite. Thus D
is a discrete closed subset of X. However, since xn e An, D has an
accumulation point in X This is a contradiction. Thus some An is
contained in a finite union of elements of ^ .

The previous lemma will be used later, but let us now apply
the lemma to two propositions below. Recall that a space X is a
k'-space (resp. Frechet space) if, whenever xeA, then there exists a
compact subset C of X (resp. a sequence {an; neN} in A) with xe
Af]C (resp. an —>a?).

PROPOSITION 7. Lβί X ftcwe α point-countable k-system ^.
( i ) If X is countably compact, then it is compact.
(ii) If X is countably bi-k, then it is locally compact.
(iii) If X is a k'-space (resp. separable k'-space), then it is

locally Lindelb'f (resp. Lindelbf).
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Proof, (i) follows from the proof of Lemma 6.
(ii) Suppose that for some xeX, #£int U &' for any finite

subcollection if" of ίT. Let {C e 9f x e C} = {C,; i e N}, and Fn =
X — U?=i C< Then (FJ j, a?. Thus there is a ^-sequence (An) with
sc 6 An Π Fn. By Lemma 6 some Ano is contained in a union of finitely
many elements C* of <gf. Let G = X - {C*; £<gC*}. Then G is a
neighborhood of x which is disjoint from some Anι Π Fnι with nx*z n0.
But a? e GTΓA^fΓFni, a contradiction. Thus each point of X has a
neighborhood which is contained in a finite union of elements of <&.
Hence X is locally compact.

(iii) Since the k' case is proved similarly, we prove the separable
k' case. Let X — D with D countable, and xeX. Then there is a
compact subset K of X with x e K Π D. By Lemma 6, K is contained
in a union of finitely many elements of ^ . Thus cc 6 K Π -D implies
xeCTΠD for some Ce<af. This shows that X= U{CnJ5; CeΐT}.
Thus X is σ-compact, hence Lindelbf.

We remark that, in [6], we have a separable space with a point-
finite ά-system consisting of metric subspaces, but it is not meta-
Lindelof, hence not Lindelσf. Thus the λ '-ness of the parenthetic
part of (iii) is essential. However, I do not know whether or not
every separable fc'-space with a point-countable fc-system & has a
countable ά-system. If each element of ^ is metric, then such a
space has a countable ^-system by the later Corollary 11.

PROPOSITION 8. Let f:X—>Y be a closed map with X par acorn-
pact, countably bi-k. If Y has a point-countable k-system, then every
df~\y) has a countable k-system.

Proof Let ̂  be a point-countable fc-system of a space Y. For
ye Y, let {Ce^ yeC} = {Cέ; ieN} and Fn = [JUC.ίoΐneN. For
some xef~\y), assume that (X— f~\Fn)) I x. Since X is countably
bi-k, there is a /b-sequence (AJ in X such that An Π (X — f~\Fn)) 9
x for neN. Since (f(An)) is a Λ-sequence in F, using Lemma 6, as
in the proof of Proposition 7(ii), we have a contradiction to the
assumption. Thus each point x of f~\y) has a neighborhood Vx

contained in some f~\Fnχ). Let fi^f\f~\Cι) for ieN. Then
dΓ\y) ΠF.CU {3/ΓO/); i = 1, 2, , n9}. Let ^ = {df-\y) n V.;
^e/~1(ί/)} Then 3^ is an open covering of df~ι(y), hence df~\y)
has the weak topology with respect to Tl On the other hand, each
element of T is contained in a finite union of elements of a closed
covering &~ = {3/^(1/); ieN} of df~\y). Hence it is easy to show
that df~\y) has the weak topology with respect to ̂ T But each ft

is a closed map of a paracompact space onto a compact space C*, so
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that each dfτ\y) is compact by [7; Theorem 1.1]. Thus each element
of &~ is compact. Therefore, each df~\y) has a countable ά-system.

Now, using Lemmas 4 and 6, we shall prove the following
theorem related to the question (*) arised after Example 3.

THEOREM 9. Let f: X-+Y be a quotient s-map (i.e., every f~ι(y)
is separable), and let X have a point-countable base. If Y is a k'-
space, then the following are equivalent.

(a) Y2 has a k-system.
(b) Y has a point-countable base or a point-countable k-system.

Proof (a) —> (b). Y is sequential so that it has countable tight-
ness. Thus by Lemma 4, Y satisfies (d) or (C2). If Y satisfies (CJ,
by [9; Theorem 9.8] Y has a point-countable base. So, suppose that
Y satisfies (C2). Here we remark that every closed countably compact
subset of Y is compact metric. Indeed, since Y is assumed to be
countably compact, Y satisfies (CJ so that Y has a point-countable
base. Thus by [12; Corollary 1.6], Y is compact metric. Now, let
& be a point-countable base of X and assume that & is closed
under finite intersections. For x e X, suppose that {V(x, n) e &\ neN}
is a decreasing local base at x, hence is a ά-sequence. Then by
[9; Proposition 1.4], (f(V(x, n))) is a Λ-sequence in Y> so is (f(V(x, n))).
Thus by (C2) some /(V(x, nx)) is countably compact, hence separable
metric. But, X has the weak topology with respect to a point-
countable open covering &f = {V(x, nΛ); xeX}. Since / is a quotient
and s-map, Y has the weak topology with respect to a point-countable
covering f(0') consisting of separable metric subspaces. On the
other hand, Y is a Frechet space, because every compact subset of
a fc'-space Y is metric. Thus, by [6], Y is the topological sum of
spaces with a countable ^-network. Hence, to complete the proof,
it suffices to show that every ft-space Z having a countable k-
network and satisfying (C2) has a countable fc-system. Here we
shall recall that a covering J^~ of Z is a countable fc-network, if
GaU with C compact and U open in Z, then there exists a finite
subcovering 3Γf of ^ such that C c U &~* c U. We can assume
that each element of &~ is closed and ^ is closed under finite
unions and intersections. Let K be any compact subset of Z, and
{FeJ^;F-DK} = {Fi;ieN}. Let -BΓ, = Γ U * Ή for w e ^ . Then
each Kn 6 ̂  and (Kn) is a ^-sequence with K = f|?=i Kn. Thus by
(C2) some Kn is countably compact, hence compact. This shows that
^ = {Fe J ^ ; F is compact in Z) is still a countable ft-network. Since
Z is a &-space, & is obviously a countable fe-system of Z. That
completes the proof.
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(b) -*(a). If Y has a point-countable base, then Y2 is first coun-
table. Thus Γ2 has a fc-system. Suppose that Y has a point-countable
ft-system ^. Since every compact subset of Y is metric, a Frechet
space Y has the weak topology with respect to the point-countable
covering ^ consisting of separable metric subspaces. On the other
hand, Y satisfies (C2) by Lemma 6. Hence, by the proof of (a) —> (b),
Y is the topological sum of Λ^-subspaces. Hence, Y2 has a A -system
by Proposition 2.

As a generalization of closed maps and open maps, we recall that
a map / : X —>Y is pseudo-open if for any neighborhood U of f~\y)9

yeint f(U). Every pseudo-open map is quotient. Every pseudo-
open image of a metric space is obviously Frechet. Thus we have
the following corollary from Theorem 9 and the fact that every
quotient s-image of a locally separable metric space is metrizable if
it has a point-countable base [4; Corollary 1].

COROLLARY 10. Let X be the pseudo-open s-image of a metric
space (resp. locally separable, metric space). Then X2 has a k-system
if and only if X has a point-countable base (resp. X is metric) or
X has a point-countable k-system.

COROLLARY 11. Suppose that X has a point-countable k-system
consisting of metric subspaces. If X is a kf-space (resp. separable
k'-space), then X is the topological sum of kω-subspaces (resp. X is
a kω-space), hence X2 is a k-space.

Proof. Let & be a point-countable ̂ -system consisting of metric
subspaces. Let Xo be the topological sum of ^ and / : Xo —> X be
the obvious map. Then / is a quotient s-map. Thus, since X is
Frechet, X is the topological sum of fcω-subspaces by the proof of
(b) —> (a) of Theorem 9. If X is moreover separable, by Proposition
7(iii), X is Lindelδf. Thus X is a &ω-space.

The Λ'-ness of the previous corollary is essential by Example 3.
However, we have the following question in connection with whether
or not we can omit the metric "pieces".

Question 12. Suppose that X is a fc'-space with a point-countable
ά-system. Then does X2 have a fc-system?

As is well known, every A'-space is precisely the pseudo-open
image of a locally compact paracompact space ([2; Chapter III, Theorem
3.3]). As for Question 12, if X is the closed image of a locally
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compact paracompact space, then the answer is affirmative. More
generally we have

THEOREM 13. Let f:X—*Y be a closed map. If X is a par-
acompact countably bi-k-space, then (a), (b) and (c) below are equiva-
lent. Moreover (a) implies (d).

(a) Y has a point-countable k-system.
(b) Y is a paracompact, locally kω-space.
(c) Y2 has a point-countable k-system.
(d) Y2 has a paracompact space with a k-system.

Proof, (b) -» (c) and (b) —> (d) follow from Theorem 1, and (c) ->
(a) is clear.

(a) —> (b). The paracompactness of Y follows from the well known
results due to E. Michael: Every closed image of a paracompact
spaces is paracompact ([3; Theorem 2.4, p. 165]). We prove Y is
locally kω. Let yeY. Then every df~\y) is Lindelδf by Proposition
8, and by the proof there, each point of f~\y) has a neighborhood
contained in the inverse image of some compact subset of Y. Now,
since each closed subset of X is countably bi-k, as in the proof
of [7; Corollary 1.2] we can assume that every f~\y) is Lindelδf.
Hence there exists a neighborhood W of yf open subsets Vn of X,
and compact subsets Cn oί_Y such that f~\ W) c USU Vn9 Vnaf-\Cn)
for n e N. Let F = f~\ W) and T = {F f] Vn; n e N}. Then T is
an open covering of F and F n Vn c F Π f~\Cn) for n e N. Thus F
has the weak topology with respect to {F Π f~\Cn); n e N}. Since
/ 1 F is closed, hence quotient, so f(F) = W has the weak topology
with respect to {W Π Cn; we AT}. This shows that Y is a locally kω-
space.

Concerning the implication (d) —> (a) of the previous theorem, we
have

THEOREM 14. (CH). Let f: X->Y be a closed map with X para-
compact bi-k (resp. paracompact locally compact). Suppose that
t{Y) S fi> Then the following are equivalent. When Y is sequential,
(CH) can be ommited.

(a) Y has a point-countable k-system, or Y is bi-k {resp. Y has
a point-countable k-system).

(b) Y has a point-countable k-system, or every df~\y) is compact
(resp. every df~\y) is Lindelbf).

(c) Y2 has a k-system.

Proof, (a) —> (b). If Y is bi-k, then every df~\y) is compact
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by [9; Theorem 9.9]. The parenthetic part follows from Prop-
osition 8.

(b) —> (c). If Y has a point-countable k-system, then Y2 has a
^-system by Theorem 13. If every df~\y) is compact, we can assume
that every f~\y) is compact. Thus Y2 is a ά-space by [9; Proposition
3.E.4]. If X is locally compact and every df~\y) is Lindelδf, then
Y2 is a fc-space by [15; Lemma 2.5].

(c)-»(a). Suppose that X is paracompact bi-k and t(Y) <L ω.
Then by [5; Theorem 2.11], Y is paracompact locally kω, or bi-k
under (CH), and if Y is sequential, (CH) can be ommited. Thus we
have (a) by Theorem 1. If X is paracompact locally compact and Y
is bi-k, since every df~ι(y) is compact, Y is paracompact locally
compact. Hence Y has a point-countable fc-system.

From Theorem 14 and Proposition 8, we have

COROLLARY 15. Let f: X-+Y be a closed map with X paracom-
pact and first countable. If Y2 has a k-system, then every df~\y)
has a countable k-system.

Finally we shall consider the product Xω of countably many
copies of X.

THEOREM 16. (i) Xω has a point-countable k-system if and only
if X is compact.

(ii) Suppose that X has a point-countable k-system and t{X) <; ω.
Then Xω has a k-system if and only if X is locally compact.

Proof, (i) The "if" part is clear.
"Only if". Suppose that X is not compact. Hence X is not

countably compact by Proposition 7(i). Then X contains a closed
copy of N, hence Xω contains a closed copy of Nω. Since a metric
space Nω has a point-countable fe-system, Nω must be locally compact
by Proposition 7(ii). This is a contradiction. Hence X is compact.

(ii) "If". Since X is locally compact, Xω is a ά-space by [2;
Chaper III, Theorems 3.7 and 3.9].

"Only if". We may assume that X is not compact, hence not
countably compact. Then Xω contains a closed copy of XxNω. Thus
by Proposition 5, X is locally compact.

The previous theorem suggests the following question.

Question 17. Suppose that X has a point-countable or countable
^-system. Then is X locally compact if Xω has a fc-system?
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