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BEST SIMULTANEOUS DIOPHANTINE APPROXIMATIONS
II. BEHAVIOR OF CONSECUTIVE BEST
APPROXIMATIONS

J. C. LAGARIAS

It is well-known that the best Diophantine approxima-
tions to a single real number ¢ are exactly the convergents
of the continued fraction expansion of §. The properties of
one-dimensienal best approximations that make this true are
shown not to hold in general for best simultaneous Diophantine
approximations to a€ R® when n=2. They do hold in a
weak form for all badly approximate vectors a € R".

1. Introduction. In this paper we study properties of the set
of best simultaneous Diophantine approximations to a vector a e R"

with respect to a norm ||-|| on R*. We recall the basic definitions.
For a = (a,, - -+, ay) and a denominator ¢ > 0 the quantity
1.1) 0, = 0,(0) = MIN (g, — p,, -+, g, — D,) ||

(Pg,ee+,Py) LT

measures the degree of approximation to a possible by rationals of
denominator gq. The best simultaneous approximation denominators
(BSAD’s) q, = ¢,(a) to a with respect to the norm || - || are inductively
defined by ¢, = 1 and by ¢, being the least positive integer such that
0y < 04, The corresponding best simultaneous approrimations
(BSA’s)v, are the integer vectors

(1.2) U, = (@) = (Qiy Diery ***y Dioyn)

in Z**' where (p,., --*, Dr.) attains the minimum in (1.1) for g,.
(In case the minimum in (1.1) for a BSAD is attained by more than
one such veZ"™, we select one such in (1.2) arbitrarily. There
are only finitely many possible BSAD’s for which this may happen,
c.f. Proposition 2.1. In general we call any vector v = (g, p,, - - -, D,)
minimizing (1.1) an approximation vector and

(1.3) R@) = (qa, — »y, - -+, 9@, — )
its approximation remainder wvector.

It is well-known that the best approximations to a single real
number 6 are exactly the convergents of the continued fraction
expansion of # (Lang [6], p. 10). The following properties of these

(one-dimensional) best approximations form the basis of the continued
fraction algorithm.
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(i) The determinants
U, qx qx

Qrv1 Drs

(1.4) D, = = +1

Upi1

(ii) If v,_, v, are two successive best approximation vectors,
then

(1.5) Upyr = QU + Uy,

for some positive integer a.
In this paper we consider to what extent analogues of these proper-
ties hold for best simultaneous approximations in higher dimensions.
Higher-dimensional analogues of property (i) involve the N + 1
by N + 1 kth best approximation matriz defined by

qr Drax  **° Prin

Uy,

1.6) M= My, |-]) = | ey, | = | B Poer Pemo
vk+n

Qk+n Prana * " Prinyn

and the kth best approximation determinant defined by
(1'7) .D/, = det Mk B

In §3 we show that there is a two-dimensional analogue of
property (ii), which is related to the case that three consecutive

best approximation vectors v, v, V.4, are linearly dependent, i.e.,
when D, = 0.

THEOREM 1.1. For any ac R’ — @ and any morm | | on R?
there is a k, = ky(|| - ||) such that for k =k, the following are equi-

valent.

(i) D,=0.
(i) v, = av,_, + v,_, for some positive integer a.
For the sup norm || ||, we may take k, = 1.

The absence of an exact higher-dimensional analogue of the
continued fraction algorithm is reflected in the failure of property
(i) in all higher dimensions. In §4 we prove the following result
concerning zero determinants.

THEOREM 1.2. For any given morm | -| on R" with n = 2 there
exists an aeR" with dim,[1, o, --+, @,) = n + 1 such that for any
positive integer L there exists an integer k (depending on L) such
that the best approximation determinants of a with respect to || - ||
have the property
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(1'8) Dk=Dk+1= ."—:Dk—)-ll:o'

The proof of Theorem 1.2 actually shows in addition that we
can force the corresponding best approximation matrices M, M,.,,
««o, M., in (1.8) to all have rank exactly 2. Concerning nonzero
determinants, we show in the two-dimensional case for the sup norm
that arbitrarily large determinants can occur.

THEOREM 1.3. Let || ||, be the sup norm on R There exist
a € R? having the property that for any positive integer L there exists
(i) an integer k such that

D,=Dyyy=-+=Dpy;=0.
(ii) an integer m such that
|D,| > L.

Theorems 1.2 and 1.3 show that higher-dimensional analogues of
the continued fraction algorithm must include other approximations
than just the best simultaneous approximations with respect to a
fixed norm || -||. General discussions of multi-dimensional continued
fraction algorithms and their properties are given in Brentjes [1]
and Szekeres [8].

In §5 we consider the behavior of best simultaneous approxi-
mations to badly approximable vectors. A vector a in RY is said
to be badly approximable with approximation constant C if there
are only finitely many solutions to the inequality
(1.9) MAX |qa; — p;| < Clg|™".

1sisn

The main results of §5 show that badly approximable vectors cannot
exhibit the pathological behavior of the vectors a constructed in
Theorems 1.2 and 1.8. Applied to the two-dimensional case with
the sup norm we obtain the following result.

THEOREM 1.4. Let « be a badly approximable vector in R* with
approximation constant C. For the sup norm || .||, on R* there are
only finitely many solutions k to both of:

(i) |D,| > L with L = 12C™*.

(ii) D,=D,, = -+ = D,., = 0 with

L =[5+ 10{log C]] .
More general theorems are stated in §5.

Certain of the results of this paper were announced in [4],
which contains relevant numerical examples.
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2. Preliminaries. We collect here some preliminary results
about norms and best approximations.

The first fact is that an arbitrary norm || - || on R is compatible
with the sup norm |||, on R

]l = MAX |z
in the sense that there are positive constants ¢, and ¢, (depending
on || -||) such that
(2.1) allx = llxl, S ellx] .

The norms ||-|| and Al - || for » > 0 determine the same sets of best
approximation vectors. Consequently we may deal without loss of
generality in the rest of this paper with scaled norms having the

properties
(i) xeZand x #0=>|[x|| =1
(ii) There is an x € Z" with || x| = 1.

The Euclidean and sup norms are scaled norms.
We also recall Dirichlet’s theorem.

DIRICHLET’S THEOREM. For any ac R" and any M there is a
denominator ¢ < M and integers p, such that

(2.2) MAX |qa; — p;| < ([M~V"]).

1sisM

Dirichlet’s theorem implies that for sup norm best simultaneous
approximation denominators ¢q to a given «,

(2.3) S (a) < ¢

We also recall ([5], Lemma 2.1) a simple result which shows that
best approximation vectors are well-defined except possibly for a
few small denominators.

ProrosITION 2.1. (i) For any norm ||| on R* and any € >0
there is a bound k, = k(|| - ||, &) such that
O(a) < ¢

holds for all a€ R™ and all best approximation denominators q to «
with respect to || - || for which q > k,.

(ii) For a scaled morm | -|, a vector acR"* and any deno-
minator q for which

1
sq(a) < E ’
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there 1s a umique approximation wvector v = (q, P, +++, D.) With
denominator q.

3. Z-linear dependence relations. As a first step in analyzing
the behavior of consecutive best approximation vectors, we consider
the restrictions that Z-linear dependencies among [1, «,, - - -, @,] impose
on the best approximation vectors to a, and we show there are
restrictions on the form of Z-linear dependencies that may occur
among consecutive best approximation vectors.

We use a result of Mack [7] to show that any Z-linear de-
pendence among [1, @, ---, «,] is satisfied by all sufficiently large
best approximation vectors v(g,). This is a property not only of
best approximation vectors, but of all sufficiently good approxima-

tions. We say a vector v = (g, p, ***, P,) iS a A-good approximation
provided
6.1 MAX |qa; — pi| < M|g|™"

1sisa

Dirichlet’s theorem implies that all sup norm best approximation
vectors are 1l-good approximations. Then (2.1) implies that all best
approximation vectors to a norm |- || are A-good with \ = ¢

THEOREM 3.1. (Mack). Suppose the components of o€ R" satisfy
the Z-linear dependence relation

3.2) Qy = }j: a,Q;

where a; € Z. Set

(3.3) A =MAX|a,|.

0=isn

If (q, iy =+, D) 18 & N-good approximation to « for which

(3.4) q > (mAN)"
then
(3.5) g = Ile ;P .
Proof. Let (q, », -+, »,) be an approximation vector satisfying

(8.4) and find ke Z so that
gaipi = aoq + k .

Subtracting ¢ times (8.2) from this equation yields
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(3.6) S ap— qa) = k-
Using (3.1), (3.3) we have the bound

< nAngV™ .

3.7

gll a(p; — qa,)

The hypothesis (3.4) then gives

gai(pt - qai)l <l1l.
Since ke Z in (8.6) this forces k& = 0, establishing (3.5). O

COROLLARY 3.2. Let dimy[l, @, ---, a,] =7, so that the Z"*-
module R of Z-linear dependence relations among [1, a,, -- -, a,] has
rank n +1—». Let r, -+, r,,_, be a Z-basis of R (which exists
because R is a subgroup of the free abelian group Z™) and write

ri = (atO’ ail, b ', ain) L4
Set
A = MAX |ay;] .
i'j

PIf w=(q,p, *+, D) 18 a A-good approrimation with
q > (mAN)"

them w satisfies the entire module of relations R. O

COROLLARY 3.3. If dimy[1, @), +--, @,] = 7 with r = 2 then for
any norm ||+|| on R there is a k, = ke, ||-||) such that for all
k > k,, the best approximation matrices M, have

rank, M, < r. O

Corollary 3.3 allows the possibility that for » =3 there can
be infinitely many k such that ranki; M, < » for a given a. We
believe the converse of Corollary 3.3 is true, and state this as a
conjecture.

CONJECTURE 8.4. When acR"— Q", then the following are
equivalent.

(i) dimy[1, a, -+, a@,]= 7.

3.8
(3:8) (ii) There is a k, = ky(a, || - ||) such that for k =k, ,
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3.9) rank, M, < r.

We will prove this conjecture when 7 = 2.

THEOREM 3.5. When ac R" — Q", the following are equivalent.

( i ) dlmQ[19 Qyy 200y an] = 2.
(ii) There is a k, = (o, || - ||) such that for k =k, ,

(3.11) rank, M, < 2.

(3.10)

REMARK. Equality must hold in both inequalities in (i) and (ii)
above. This is true for (i) because « € R* — Q". For (ii) this is true
because two consecutive best approximation vectors v, v,,, are linearly
independent over R. To see this, if v,,, = \v, for some A > 1, then

Oy = || R || = [N R@)] > | Rw) || = 0,

a contradiction.

Proof of Theorem 3.5.

(1)—(ii) This is Corollary 3.3.
(ii) — (i) By (2.11) and the remark above for k& = k,,

dim, (v, U44,) = dimy(vy, V4, Vi) = 2.

Hence the Q-vector space W spanned by [vi,, v,..] is a subspace of
that spanned by [v;, v,..], so by dimension counting they are identical.
Hence W = [v;, v,4,] for all k = k,. Let V denote the Q-vector space
orthogonal to W, of dimension # —1. Then R=VNZ is a free
Z"'-module of rank n — 1, consisting of the Z-linear dependence
relations satisfied by all v, for k¥ = k,. Then

1y = <1, Bes ... pk,n)
q ad adx
satisfies all the relations of B. But

.1

lim—v,=(1,a, -, a,) .

k—oo qk

Consequently [1, a,, - - -, «,] also satisfies all the relations of R. Since
R has rankn — 1,

dim,[1, o), -+, @] £ 2. O

We next consider Z-linear dependencies among best approximation
vectors a in the two-dimensional case. In order to prove Theorem
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1.1, we first prove the following lemma, wnich is analogous to Lemma
2.1 of Davenport and Schmidt [3]. (See also [2].)

LEMMA 3.6. Let ac R — @ and || - || be any norm on R®. There
is a ky=1Fk(||-|]) such that for k=k, any two consecutive best
approximation vectors v, and v, are a Z-basis for the Z-vectors in
the Q-vector space they span.

Proof. We may assume || -|| is a scaled norm. Suppose v, v,
are not a Z-basis, so there exist rational a, g not both integers such
that

(3.12) w = (Wo, Wy, Ws) = OV}, + BUy,

has we Z®. By translation we may assume |a| < 1/2, |B] £ 1/2, not
both zero. The denominator w, satisfies

(3.13) [we| = lalge + 18] Qs < Qirs -
On the other hand by the triangle inequality
[Rw)|| = |a| | R@) | + 8] [| Rves) |l

14 1 1
(3 ) = —2‘5% + quki—l < 5% :

Now (8.13) and (3.14) contradict v,,, being a best approximation
vector, provided |w,| # 0. Suppose w, = 0, so that R(w)e Z"*'. By
the remark after Theorem 3.5, v, and v,,, are R-linearly independent,
hence w == 0 by (3.12). Since |- || is a scaled norm,

(3.15) [Rw)|| = 1.

Now choose %k, = k(|| - ||) using Proposition 2.1 so that 6, < 1 for all
k > k,. Then (3.14) and (3.15) contradict each other, completing the
proof. O

REMARK. For the sup norm | - |, on R* we can take k(| -|.) =
1 in Lemma 3.6. ‘

Proof of Theorem 1.1.

(ii) - (i) Immediate, since rank M, < 2.

(i)—>(ii) By the remark after Theorem 3.5, v, and v,., are
linearly independent over @, so D, = 0 implies v,,, is a Q-linear
combination of v,,, and v,. By Lemma 3.6, for & = k(|| -||) we can
write v,,, as a Z-linear combination

(3.16) Upyo = QUpyy + bvk B
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By the same reasoning v, can be written as a Z-linear combination
(8.17) U, = CU4y, + dugy, .

Substituting this in (3.16) gives

(3.18) Upyo = (@ + be)v,,, + bdv,,, .

Since v,,,, v,,, are Q-linearly independent, this forces bd =1 so b=
+1 and we have

(3.19) Upyo = akaka .
To complete the proof we must show
(3.20) Upz = QUpyy — Uy

cannot occur. Suppose (3.20) were true. Then ¢,,, = a@ri: — ¢ > Quss
so that @« = 2. Consider

w = (W, Wy, W) = Vpyy — Uy,

The denominator w, satisfies

(3.21) 0<w = Qs — @ < Qs -

Also

(3.22) w=1p,, - (1 —~ i)vk :
a a

Hence

|R@)| £ LI R@e | + (1= 2)1Rw)|
(3.23)

1 1
= ;quz + <1 - ';)3% < 0y -

Then (8.21) and (3.23) contradict v,,, being a best approximation
vector. O

4, Best approximation determinants. We give constructions
of vectors exhibiting various pathological behaviors of the best
approximation determinants, as described by Theorems 1.2 and 1.3.

Proof of Theorem 1.2. We will consider a = (o, -+, @,) having
the form

a=Vv>5

4.1) e
a,=VE+3t)T"2Li<n
i=1
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where ¢, ---, t,_, are the first n — 1 primes and f(j) is an increasing
integer-valued fuection satisfying

(4.2) JU+D) 5> 5 forall j=1.
F@
We show such « have the properties required by Theorem 1.3,
provided f(j) increases sufficiently rapidly.
We first check that (4.2) implies that dim,[1, @, -+, a,] = n + 1.
Suppose there were a linear dependence

4.3) m, + ma, + -+ + m,a, =0

with integer m,. We can rewrite this as 8, = 3, where B, = m, +
(m;, + -+ +m,)V'5 and

00

(4.4) B= = m 3 (L)
i= =
Now g, is algebraic, while we claim g, is either a Liouville-type
transcendental number or zero, the latter occurring only when m, =
- =m, = 0. Indeed, (4.4) clearly has a good rational approximation
with denominator (¢, ---¢,.)’Y. With the appropriate choice of
numerator H;, using (4.2) we have

H,
(e

2M

f(F+1)
tl J

B —

where m = MAX(|m;|). Now write ¢, -+« t,_, = e*and ¢, = e**. Then
using (4.2),

H;

e%f(f)

K e“’!ff(.f) .

B: —

This suffices to prove that 3, is transcendental unless all H; =0
from some point on. But H; = 0 gives the relation

4.5) S [M]””mj —0.
j=2 tj

Take a system of equations of type (4.5) for N —1 consecutive values
of j. Viewed as linear equations in m; the determinant of this
system is a Vandermonde determinant, and since all (¢, - - - ty)/t; are
distinet it is nonzero. This requires that m, =m, = -+ = my = 0.
Finally 8, = m, + m;)’'5 = 0 hence m, = m, = 0.

The idea of the remainder of the proof is that the vector «
quite closely approximates the vectors a'® = (af®, ---, al¥) where
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al? = V5,
—_ k . .
aé"’ = 1/5 + Z (ti—1)—f(j) j2=1=m.
i=1

The vectors a‘'® have
dim, [1, ), -+, aP] =2,

and hence have all D, =0 from some point on as described by
Corollary 3.3. By choosing f(j) to grow fast enough the behavior
of the BSA’s of @ must mimic a®. The actual proof is complicated
by the problem that we cannot guarantee that « has the same set
of BSA’s as a’® on any segment k& < k,, no matter how close to a*
we make «. This is because the a'® may be such that there is a
BSAD ¢, and a denominator ¢' with ¢;,,>¢'>¢q, such that ,, = 6,,. In
this case an arbitrarily small perturbation of a'® to a may make
¢’ a BSAD of @. We circumvent this problem by proving that for
sufficiently large f(k + 1) the BSA’s of a will contain the BSA’s of
a® on a long initial segment, and that new BSA’s of a that are
added in this initial segment will not affect a long chain of zero
determinants. The first step is to analyze the behavior of the
BSAD’s q,, = ¢ to a®®. We claim that
(i) There is a constant C, such that for all m,

(4.6) g,y < Cigm)™ -
(ii) There is a constant C; such that for all m,
(4.7) Onir < Cig -
To show (i) we recall the one-diminsional BSAD’s ¢* of 15 satisfy
(4.8) |g5V 5 — k| < (g .
Now consider the denominator
(4.9) g=( -t "

Using (4.6) it is clear that we can choose numerators #, so that for
all 7,

|ga® — T, < (& -+t (@0,
that is (using (2.1))
(4.10) 07 < ety « - L)Y (@)

On the other hand V5 is a badly approximable one-dimensional
number (see §5). Using |(p/q)* — 5| = 1/¢> we have
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(4.11) g5 — p| > 3]/—5-«1"

for all denominators ¢. This implies by (2.1) that for approximations
to a'® we have

(4.12) 5, > —%cl(q)“‘ .

Now (4.8) and (4.11) imply the BSAD’s of V5 satisfy
qk., < 45q} .

(Dirichlet’s theorem would be violated otherwise.) Then by (4.9)
for any BSAD g, of a® we can find § with

(4.13) 7= ¢.=457.
Then (4.10) implies (i) with
Cp, = 45¢y(t; «+ - t,_)®
since 9, < d;. To prove (ii), given g, we can find 7 satisfying (4.10)
with

ECk( 1 cl> lq,,. <7< Ck(%Q)—IQm .

Then (4.9) and (4.10) give
07 < %cl(qm)“ < 4y,

This proves (ii) with

Cl = C,,(%—cl)_l i

We now inductively define the f(k). The condition (4.2) implies that
(4.14) | — a®| < 2.27F%

Suppose f(1), ---, f(k) are chosen. We will construct a block of at
least %k consecutive zero best approximation determinants. First
consider a'®. All BSA’s to a'® are (e¢,)'-good approximations by
(2.1). Consider those denominators § for a’® with

(4.15) 0, =07 and ¢, <q< @pys -
Any such that occur are )\,-good approximations with

= (C)"(e)™,
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using (4.7). Now a set of Z-relations of rank n — 1 satisfied by the
coordinates of «a'® are

k

(4.16) ty PP — 0a — [ 35ty | =0

j=1

for 2 <% < n. The coefficients of these relations are bounded above
by

Ak =(t, -~ tn—l)f(k) .

By Corollary 3.2 all A-good approximations to a satisfy the relations
(4.16) and hence lie in a certain 2-dimensional Q-subspace V, provided
that

(4.17) q> (nAN)" .

The following lemma guarantees that a suitable f(k + 1) can be
chosen.

LEMMA 4.1. Given any ac€ R", any scaled ||| and any finite
set S of BSA’s of a whose largest BSAD is q,. Suppose 6, < 1/2
for all q in this set. Then there is an € = e(a, L) > 0 such that if
a* has

(4.18) laf —a;| <e
for 1 £ 7 < n then the BSA’s in S are also BSA’s of a*.

Proof. The condition §, < 1/2 guarantees that the BSA’s in S
are unique, by Lemma 2.2. Any BSA has the property i (a) < d,.(a)
for all ¢* < ¢q. This property for each pair (g, ¢*) is preserved for
small perturbations of a since d,(a) is a continuous function of a.
We can thus choose an ¢ small enough to preserve this property

for the finite set of pairs (g, ¢*) with ¢* ¢ < ¢, and §,(a) < d,.(a).
This guarantees that when |a;, — a}| < ¢ for all ¢ then

(4.19) 5,() < Bu(@) — d,(a*) < S (¥,
for all q, ¢* < q;. |

To complete the proof of Theorem 1.2, pick an index L = L,
such that the BSA’s of a'® satisfy

(4.20) q: > (MAN)"
and

p=Dpyy=++ =Dy, =0.
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Pick an ¢ = ¢(a'®, L,) guaranteed to exist by Lemma 4.1 and choose
f(k + 1) so large that

2.9~Fkt) £ g |

Then any f(k + 1) satisfying (4.20) and (4.2) has the properties

(i) The set of BSA’s of « includes the BSA’s v, of a® with

L=<m=<=0L+k.
(ii) Any other BSA’s of a with BSAD ¢ satisfying ¢¥® < ¢ <
¥, lie in the 2-dimensional @-subspace V,.
Property (i) follows from Lemma 4.1, assuming L is large enough
that 6, < 1/2. Property (ii) follows from the observation that (4.19)
implies that any new BSAD’s ¢ < q;,, that occur for @ must satisfy
(4.15). But such approximations are \,-good by the choice of X\,.
Then (4.20) guarantees they lie in the subspace V,.

Finally properties (i) and (ii) show that there is a block of at
least k& + 1 consecutive BSA’s of « lying in a 2-dimensional Q-subspace
V., and hence giving at least & consecutive zero best approximation
determinants. Theorem 1.2 follows by induction on Z. O

Proof of Theorem 1.3. We will construct the desired vector a
inductively as the limit of a sequence a® ¢ R®. All the a'* and «
will sit in the unit square I =[0,1] x [0,1]. In this construction
we want a“*™ to leave unchanged a block of the first L, BSA’s of
a'’®., To this end we prove the following lemma.

LEMMA 4.2. The set S of a in the unit square I of R* having
the following two properties is dense.
(i) dimg[l, @, a,] = 3.
(ii) For the sup norm
Bq(a) + Bq'(a)

whenever q + q'.

Proof. It suffices to show S has Lebesgue measure one, which
implies denseness. In order for (i) to fail, there must be integers
m,, m,, m; such that

m, + myx, + my, = 0 .
In order for (ii) to fail, there must be integers ¢, ¢;, m, m, with
¢, # ¢; such that one of

Qo + m, = g, + m;

.Q, + m, = qo, + m,

Q.0 + My = G, + my
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holds. Each set (m,, m, m;) or (q, ¢, m, m;) gives a constraint
intersecting I in a set of measure zero. There are only countably
many such constraints, so the total removed has Lebesgue measure
Zero. O

In the construction, we will choose each ' ¢S. For any a €S
and any positive integer L, by Lemma 4.1 we can findane=¢; >0
such that all vectors a* in the sup norm open ball of radius ¢, i.e.,

la—=a'll, <e

all have the exactly same first I, BSAD’s as a. In this case (4.19)
becomes for ¢, ¢* < ¢, that

4.21) 8,(0) > D) = d,(@*) > o) .

In the construction, we alternate back and forth between pro-
ducing long blocks of zero determinants and large determinants.
The zero determinants case is relatively easy and we merely sketch
the proof. We first observe that the set

T={a+b/5,¢+d 5)|a,bdcdecZ and bd 0

is dense in I. Suppose a,, €S is constructed and the first L,, BSA’s
are fixed. We pick a small open neighborhood N, of «,, whose
closure N,,., sits inside the previously constructed open neighborhood
N,., and which is so small that the first L,, BSA’s of any a’e€ Ny,
agree with «,,. Since T is dense, we can find a member a* of T in
N,.. We choose ay,,, to be a member of S sufficiently close to a*.
Proceeding exactly as in the proof of Theorem 1.3, we can find a
block of N + 2k consecutive BSA’s of a* starting with v, (a*) each
of which sits in a 2-dimensional Q-subspace V,,, and such that all
denominators ¢’ with

(4.22) O = 00y I < € < Qs

and m < L + 2k + 2 have associated approximation vectors v(q’)
lying in V,,. We can then show that any « sufficiently close to a*
will include all its BSA’s v,, with L < m < L + 2k + 2 and possibly
some other BSA’s v(q’) from the set (4.22), and hence has a block
of =2k consecutive zero determinants. Choosing a,,., €S to satisfy
this, set L,.., = L* where

Qr(Qgi1) = Qrimpr(@™) .

The interesting case is that of producing large determinants.
Suppose @, €S and L,,,, are given. Pick an open ball N,,,, around
04, SO small that all points o’ in it have the same first L,,,, BSA’s
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as a,,,, and so that N,,., & N,.,. Since the set

e

is dense in I, we may choose B3, = (P,/Q, P,/Q) from T* which lies
in N,,,. The set of BSA’s of g, is finite since B,€@*. The first
L,.,, of these agree with those of a.,, and the last one is (@, P, P,).
Of course

Q, P,P,ecZ Q is prime, and 0< P, P, < Q}

(4.23) 0(B0) = 0
and 6,(8,) # 0 for 0 < ¢ < Q. Then
(4.24) lq%—r’g% for i=1,2,

when 1 < ¢ < @ and »€ Z, so that

1
0,(B0) = )
for all ¢, Q.

We next consider

(4.25) B = (Buy Bu) = (% + ﬁ % + k llo Q>

where &, and k, will be large positive integers. We will show that if

k, = 5Qk, ,
4.26
(4.26) k, =2 @,
then there is a determinant
(4.27) ID,(B)] = Q .

To check this, we first claim that (@, P, P,) is a BSA of g,, so that
there is an integer ! for which

Ul+1(181) = (Q, Pl, Pz) .
Indeed using (4.25) we have

_1_ 1o
(4.28) 9o(B1) = - < 5(Q) ’

while for 1 < ¢ < @ we have (using (4.24))
0,(81) Z 0,(B0) — |98 — 4Bl

(4.29) 1
Q" — 3(@—3 ’
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proving the claim.
Now we can write

143 q D Do
(430) -Z”l = M(B1) = |V | = Q P1 P?
Ui Qi1 D1 Ditae

Now suppose that there is a nonzero determinant D,,, = D, (8, for
some m = 0. We will prove such an m must exist later. Consider
the least such m. Then by Theorem 1.2 there are positive integers
a; such that
(4.31) Uy = Q0151 T Usyj
for 2< j<m — 1. Hence

Ulpm—s
(4'32) M+m—2(61) = | Vgm—1 | = ur

vl+m
where

'8 D11 Pi2

(4.83) T=| Q 4 P,

Qitm  DPitmi  Ditm,e

and

(4.34) U=T 4.

with
0 1 0

(4.85) A;=|1 a; 0| for 1Zj<m-—1.
0 0 1

It is clear that det 4; = —1,det U = 1. Hence

(4.36) |det T| = |det M, o) = | Disms] = 0.

Our goal is to show |det T'| = Q.

Before doing this, we turn back to show the existence of an
m = 0 with D,,,, # 0. Suppose it did not exist. Now B, €@’ so 3,
has a finite sequence of BSA’s. Examining (4.25), we see that the
last one is clearly

(4.37) V. = (bK.Q, ke, Py + k,, k., P, + 1)

where n = 2 is the appropriate integer. By hypothesis D,,, = 0 and
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(4.31) holds for 2 < j < n. Then the formulae (4.32)-(4.35) hold with
m = n. Thus

(4.38) | Dyl = | det T*|
where

q: D D,z
(4.39) T =| @ P, P,

Qi+n Ditng Dita,e

But subtracting k%, times the second row of T'* from the third and
using (4.37) gives

Q1 pl,l pl,?
detT*={Q P, P,
(4.40) 0 &k, 1
@ D, q: Dia
= -k ’ .
'l 2 |T|e p

Since @ is prime and P, ¢, < @ we have Q } ¢, P, so that

@ Di,e
Q P,

and the first term on the right of (4.40) is at least @°® in absolute
value. The second determinant on the right is bounded in absolute
value by 2@? hence det T* =0, so D,,, # 0, the required contra-
diction.

To show |det T'| = @ we use (4.86). By subtracting appropriate
multiples of the second row from the first and third row of T in
(4.33) we obtain

#0,

0 5 o,
(4.41) det7=|9 P Bl 5 5,

0oL T

Q Q
where
(4.42) 0i = Dy — qlﬁ; t=12,
Q

(4.43) 7= Prons qm%; i=12.

Note the 7, are integers. We first bound the §,. We have
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1
4.44 1= ==
(4.44) 10 Q'
where (4.24) gives the right hand side, and the left side follows
from p,; being the nearest integer to ¢,(P,/Q).
The key part of the proof is the estimation of the ,. We claim

that », = k.,», and that »,= 0. If this is so, then using the integrality
of 7,

[detTI = ]7'152[ - |T2511
= || (k.| 0,] — |0.])
(4.45) >k _ 4

= 4Q°,

using (4.41) and (4.26). To prove the claim, we start from (4.25),
and obtain

1
0p = —.
=T
Now let ¢ = ¢q;4,, so that
(4.46) §,< 6,= L.
k,
This certainly implies that
1811 = Divmsl < Zly

(4.47) 0
IQBl,z - pl+m,2| < ‘E

1

Substituting the definition (4.25) of 3, into (4.47) and using (4.43)
yields

4.48 a4 _ ., ‘ 2Q
(4.48) T r| < A
2Q

4.49 [ 9 _ .,
(.49 PR
These two inequalities give

l<l -]

11v2
< — ZQ

lc ke_, K
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Then (4.26) gives further

2 2 1
4.50 'ﬁ_ ,._+__ L
(4.50) “<m %fm
But 7, and », are both integers, so (4.50) forces 7, = O(mod k,) and

then
(4.51) ro= ks .

Now 7, = 0 gives 7, = 0 which makes the bottom row of 7 in (4.41)
identically zero so det T' = 0, contradicting (4.36). Hence |7,| =1,
proving the claim.

We now make the important observation that the argument
above actually shows the stronger result that any approximation
v = v,(B,) with 6,(8,) < 2/k and with

Ul(Bl)
(4.52) D) = |v,1.(B) | # 0
v
must have D(v) > 4@Q".

To complete the proof, we now choose %, and k, satisfying (4.26)
and (4.27) to be so large that B, € Ny.,. Then any a € S sufficiently
near 3, will have the desired property. First we can guarantee axe
N, Second, if a is close enough to B, by Lemma 4.1 we can
guarantee it includes all the BSA’s v; of B, with ¢; < kk,Q. Now
it may contain some extra BSA’s v with ¢ < ¢;,,,. Since v,.,.(8) is
Z-independent of v,(8,) and v,,,(8,), there will be some k¥ with

vi(a)
(4.53) Dy(a) = |vpu(@) | # 0
Upio(Q)
where
Qe+o(@) = QB -

We have now for a small ¢,
bola) < L 4 ¢
k
so for ¢ = g,.,(a) also
0,(a) < —l];— +e.

For « sufficiently close to B,, this implies
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2
aq(Bl) < _k‘ .

Then Dy (a) = D(v) in (4.52) and so D(v) > 4Q*. Hence we may choose
Ooyr = &, and L,,., equal to that L for which ¢, (@) = k.k.Q.

We are done by induction on k, since the a, tend to a limit a.
The initial L, BSA’s of a agree with those of a;, because o e N, for
all %. |

5. Badly approximable vectors. We recall that a vector a in
RY is said to be badly approximable with approximation constant
C if there are only finitely many solutions to the inequality
(5.1) MAX |gqa; — p.| < Clg|™" .

1Zi<N
By Dirichlet’s theorem 0 < C < 1.

This section shows that the best approximation vectors of badly
approximable vectors a cannot behave as pathologically as the
examples constructed in §4. Throughout this section we abbreviate
0, to 0.

THEOREM 5.1. Let a € R* — Q" be a badly approximable wvector,

with approximation constant C. For a given morm | - | on R" there
is a constant 4, depending on || - || such that there are only finitely
many k for which

(5.2) | D > 4,(C)™ .

Proof. The basic principle used is that the best approximation
denominators with respect to a given norm |-|| cannot be too far
apart or Dirichlet’s theorem will be violated. Suppose « is badly
approximable with approximation constant C and that (5.1) has no
solutions for ¢ > @,. Let ¢, > @, be a sup norm best approximation.
Then

(5.3) (@)™ z 8, = Clg™" .

By Dirichlet’s theorem using (2.3) applied with ¢ = ¢,.. — 1 gives

(5.4) 0r = (G — D7V
Combining this with (5.3) yields the bound
(5.5) G —1=C7q, .

Using (2.1) we derive analogous inequalities for the best approxima-
tions g, in another norm | - ||, which state that
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Cz(‘]k)—l/? = 0, = Cey(gp) ™"

(5.6) )
0r = e(Qpyy, — 1)V
5.7) Qo — 1 < (-"—)Cq :
¢,

Now consider for the approximations g, with respect to the general
norm | - || the determinant

s pk'l et pk,n
(5.8) D, = q’f“ pk:i-l,]_ pk:Hm .

Qitn Prtna *°° Ditnyn

Subtract «; times the first column from the (7 + 1)** column, for
1 <4< n. This leaves the determinant unchanged, and yields

Qs T T T
(5.9) D,=|: : :
Qitn  —Ertnt " Ehinn
where
(5.10) Eim = Qillyy — Dim »
Note ¢;,, is the mth entry in R(q,), so that
(5.11) [Eim| < 01 = 0 -

Estimating (5.8) by absolute value estimates we obtain

| Dyl = n! q1a(0)"

5.12)
( = 0! () "Qra(q0)™?
using (5.6), (5.11). Repeated use of (5.7) with C, = (¢,/¢,)C gives

Qirn = Ci”qy+ 1+ Cy* 4 «++ + Cyrin0
S Ci(qy + m) .

Applying this to (5.12) when ¢, > MAX(Q,, ») we obtain

(5.13) |D,| £ 4C~,
where
—n2
(5.14) 4, = 2(02)"(ﬁ> n!
C,

depends only on ||-]. O
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We next bound the number of consecutive D, = 0 that can occur
in the two-dimensional case.

THEOREM 5.2. Let a € R* — @ be a badly approximable vector,

with approximation constant C. For a given norm | || on R* there
are constants 4., 4, depending on || - || such that there are only finitely
many k for which

(5.15) Dy=Dy, =+ =D, =0

where

(5.16) L =4, + 4,|logC]] .

Proof. By Theorem 1.1 D,=0 for a given k=k,(]| - |) implies that
(5.17) U, = aQUp_; + Up_s

for some positive integer «. In what follows we assume that kb =
k(] - 1)) satisfies (5.15) and (5.16). From this hypothesis we derive a
contradiction, proving the theorem. By (5.17) we may write

(5.18) Vprj = G0hy51 T Upyje

for 0 £ j < L, where the a; are positive integers.

We examine to what extent this mimiery (5.18) of the continued
fraction algorithm carries over to the components of the approxima-
tion remainder vectors R(q,.;). We use the notation

(5.19) R(q) = (@, — Dy, @06 — D10) = (&1, S10) -
Then (5.18) implies
(5.20) S10 7 Wigion,s T Srong

for l =k, k+1,---,k+ L and 1 =1,2. We shall call z,, OCF-like
if in the relation (5.20) we have

(6.21) (1) 0< &l <&l
(5.22) (ii) &_,; and &,; have opposite signs.

Otherwise we shall call &,; non-OCF-like. The key facts we need
are the following.

Fact 5.3. If &, is non-OCF-like, then
(5.23) |&eienel 2 18004l

Sor all 5 =1 for which (5.20) holds.
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Proof of Fact 5.3. If (ii) fails, then &_,; and &, have the same
sign, or one of them is zero. In that case for all [ 4+ j with j =1
the two terms on the right side of (5.20) have the same sign, so
(5.23) holds for 5 =0. If (i) fails then (5.20) applied with 7 + 1
shows &, and &, have the same sign, and as before (5.23) holds
for 5 = 1. O

Fact 5.4. There is a value of 1 =1,2and m = 0,1, 2 or 3, such
that the following both hold.

(5-24) ( i ) 3k+L—m = ‘Sk+L-—m,i!
(5.25) (ii) &4y;: ts OCF-like for 0 < j < L — m.

Proof of Fact 5.4. Pick ™ such that

Oprz—s = |Eprrret| -
If &..;:+ is not OCF-like for some j with j < L — 2 then by Fact 5.3
(5.26) [Epsrit] Z [rrrorit| = Opsrs s
which contradicts
Oktzo1 > Opz = |Epir,iv] -

Hence £,,;,+ is OCF-like for 0 < j < L — 2. If &,.;, is OCF-like for
j=L—1 we are done with m = 1, ¢+ = 7%, so suppose not. We must
also have

(5-27) lSk+L—1,i+l = lEk+L—2,i+‘

in this case, otherwise (5.23) would hold m =k + L — 1 and the
proof of Fact 5.3 yields the same contradiction (5.26). Let ¢~ =% 4%
denote the other value of 7. Then (5.27) forces

(5.28) 5k+L—2 = l§k+L—?,i—[ > |§k+L—2,i+| .
If &, is non-OCF-like for some j with j < L — 3 then by Fact 5.3

3k+L—1 = [5k+L—1,rl = |§k+L—2,r‘| = 5k+1,—2 ’

a contradiction. Hence &,,;,- is OCF-like for 0 < j < L — 3 in this
case. Now choose m = 3 and 7 to make (5.24) true. O

We continue the proof of Theorem 5.2. Recall that the ordinary
continued fraction (OCF) expansion of a number 6, proceeds with
partial quotients g, and partial remainders 6, satisfying the recursion
(for nonintegral 4,)
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(5.29) 0, = a, + -
k+1
where 6, > 1 for k=1 and
(5.30) 0,—1<a, <8,
for all k. Let
% = [0, @y, -+, ]

denote the kth convergent to §,. Two well-known properties of the
continued fraction algorithm which we will use are

P 1
5.31 0, — =k| <
(6-31) -l <&
and
3 k-2
(5.32) Q. > (—2-)
for all k = 1.

Consider those values L* = L — j and 1 for which Fact 5.4 holds.
Since each &,.;, is OCF-like for 0 < j < L*, each &, is nonzero.
We define

(5.33) 6, = _?k%—i—z,i

Sk+i—1,1
for 0 < j < L*. Dividing (5.20) by &,,;, and rearranging yields
1

J+1

(5.34) 0, =a; +

The conditions (5.21), (5.22) of being OCF-like show that
;=21 for 0=5<L*,
and with (5.34) this implies
0; —1<a;<0; for 0=<j5=<L*.

Hence the a,’s of (5.20) agree with the first L* + 1 OCF partial
quotients to 4,.

Now we can apply (5.31), (5.82) to derive the final contradiction.
We obtain

)
Q.

1

(5.35) ‘m -

<
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The definition (5.33) of 6, then shows that

|Qr&isyi + Préioii| < (Qu)™ [&rel
< Q) "0k

On the other hand, the identity (5.20) and the continued fraction
recurrence easily lead to

(5-37) Ek+L“,i = PL*flc-m + QL*Ek—m .

(5.36)

Using (5.24) and (5.36) we obtain
(5.38) Oz < (Qe) ™04y «

This will turn out to be too small to be compatible with the constraint
(5.6), which asserts that

(5.39) Orszr > Cei(Qusz) ™,
since « is a C-badly approximable vector. Indeed by (5.18)
(5.40) Qesze = Pregy s + Qregis
in a similar way to (5.37). The bound
P = (g + 2)Qrgis

for continued fraction convergents is easy to establish by induection.
We then obtain from (5.40) the bound

(5.41) Qrrr = (@ + 2)QreQyss -
We can bound a, by observing that for the BSAD’s
Q= Qi1 + oz > QG -

To avoid contradicting (5.7) we must have

Ao
(5.42) ay < (7) c—,
where ¢, and ¢, are constants associated to the norm ||| by (2.1).
So (5.41) becomes
(5.43) Qyz = <(ﬁ>c_2 + Z)QL'qk—l ’

1

and (5.39) becomes

(5.44) buar > (&) ¢ + 2) (@)

1
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Using (5.6) in (5.38) yields
(5.45) Opirr < 26(Qr)™(qpr) ™2

These last two inequalities are contradictory whenever

(5.46) & < O((2Y o + 2)@ur,

G

which is certainly true whenever

(5.47) Q,. > 2" ¢~
(e,)?
But by (5.32)
3 L-3
(5.48) Qu=Q .= (-5) :

Hence (5.48) shows that (5.47) holds whenever
L= 4 + 4,]logC/|,

where
3 -1
(5.49) 4, = <log—é—> (log 2 + 4log ¢, — 2log¢) + 3,
_ 3\
(5.50) 4, = 4<log E> .
This completes the proof. I

Proof of Theorem 1.4. For the supnorm ¢, =¢,=1. The theorem
then follows from Theorems 5.1 and 5.2 using (5.14), (5.49) and (5.50).

O

REMARK. For the special case of the sup norm on R? by taking
more care in the estimates of Theorem 5.1 we can improve (i) of
Theorem 1.4 to

(5.51) |D,| > L with L=2+2C"2+2C".

Using more detailed arguments involving the geometry of the sup
norm, sharper bounds than (5.51) can be proved for badly approx-
imable vectors with large approximation constants.
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