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THE CONNECTED COMPONENT OF THE
IDELE CLASS GROUP OF AN
ALGEBRAIC NUMBER FIELD

MIDORI KOBAYASHI

We shall give another proof of Weil's theorem of the structure of
the connected component of the idele class group of an algebraic number
field. Our proof is different from Artin's.

Let Q be the rational number field and k be an algebraic number field
of finite degree over Q. We denote by Ck the idele class group of k and Dk

the connected component of unity of Ck. Let T denote the multiplicative
group of all complex numbers of absolute value 1 with compact topology,
R the additive group of the real numbers with usual topology, and S the
Solenoid with compact topology.

Weil ([3]) has shown that Dk is isomorphic to T"2 X RX Sr, by
determining the structure of the dual D*. Artin ([1]) has exhibited a
system of representatives of idele classes and given a different proof. In
this paper we shall give another proof of the above Weil's theorem.

1. Let k be an algebraic number field which has rx real infinite
primes and r2 complex infinite primes. As usual we put r — rx + r2 — 1.
Let Ik be the idele group of k, Ck the idele class group of k and Dk the
connected component of unity of Ck. An idele will be denoted by
(av) = (tf^, α λ ), where v runs all primes of k, $ all finite primes and λ all
infinite primes of k (λ = 1,... 9rλ + r2). We shall agree that λ (1 < λ < rλ)
is real and λ (r, 4- 1 < λ < rx + r2) is complex. Let us denote by σλ the
embedding of k into the complex number field attached to an infinite
prime λ. Then σλ with 1 < λ < rx is a real embedding and σλ with
rλ + 1 < λ < rx + r2 a complex one.

For any topological group G, G* denotes the character group of G. If
χ is a character of Ck9 i.e., a continuous homomorphism of Ck into T, we
can regard it as a character of Ik which is trivial on principal ideles. If we
restrict χ to the infinite part RχrιCx'2 of Ik, χ can be written as follows:

where / λ G Z (the rational integers), φ λ E R (λ = l,. . .,r, + r2), and
/ 1 ? . . . ,/r] = 0 or 1. Such / λ and φ λ (λ = 1,... ,rλ + r2) are uniquely de-
termined, so we say that χ is of type (/λ, φ λ ) .
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It is well known that the following two lemmas hold.

LEMMA 1. Let χ be a character of Ck, of type (/λ, φ λ ) . Then the
conditions (i), (ii) and (iii) are equivalent to each other:

(i) χ is of finite order.

(iii) / = 0 (i = η + 1,... ,r, + r 2), φ λ = 0 (λ = 1,... ,rx + r 2).

LEMMA 2. Letf / λ E Z α«d φ λ E i? (λ = 1,... ,η + r2), wλere / j , . . . ,/Γi

= 0 or 1. 77tew //ze statements (i) tffld (ii) are equivalent to each other:
(i) There exists a character of Q , of type (/λ, φ λ ) .

(ii) Define the character X of the unit group E of k as follows, then X is
of finite order:

= Π Λ
λ=i

2. In order to show that the isomorphism D% = Z'2 X R X Qr as
topological groups, consider a homomorphism OC of C* to the additive
group Z7"2 X Rrχ+ri. For any χ E C*, if χ is of type (/λ, φ λ ) , we put
3C(X) = (/» Φλ): t h e element of Z"2 X iΓ 1 + / 2 , where i = η + 1,... ,r, + r2

and λ = 1,... ,Γj + r2; as / 1 ? . . . ,/ . = 0 or 1, they are neglected. It is clear
that % is a homomorphism (algebraically) whose kernel is Tk from Lemma
1. We denote by M the image of % in Z' 2 X Rr^r\

3. Let ε l 5 . . . ,εΓ be a system of fundamental units of k. Let fL^ Z
(ί — rλ + l,...,rj + r2) and φλ G R (λ = 1,.. ,9rx + r2). Assume that
(/, φ λ ) belongs to M. From Lemma 2, the character X of E,

X(ε)= Π 7Tπ Π |ε"
ι = Γ l + i \ l ε I / λ = i

is of finite order; for, if λ is a real infinite prime, ε°λ/\ ε°λ | is always ± 1,
so/ λ (λ = 1,... ,rx) can be neglected. Then there exists an integer n such
that

which means

r\+r2 I Fσt \ft

= D i i i D
i = r, + l \ r i I / λ=l



THE IDELE CLASS GROUP 131

is a r o o t of u n i t y (/ = 1 , . . . , r ) . P u t ef/\ ε?< \ = e^θ» (ι = rx + l9... , r 2 ;
/ = l , . . . , r ) , t h e n

rx+r2

χ(ε.) = U
ι = r, + l λ = l

so we have

r\ + r2 rx+r2

Σ ^/
λ = l

Further we put βh = ^u/ττ and α l λ = (log | εz

σλ |)/ττ (1 = 1,... ,r; 1 = η +
1,... ,r, + r2; λ = 1,... 9rx + r2), then we obtain

(#) Σ 2 / U + Σ 2 « A φ λ e β (/=i , . . . , r ) .
ί = r, + l λ = l

The converse is immediate. Hence, for any (/, φ λ ) E Z1*2 X i? η + Γ 2 , (/, φ λ )
belongs to the group M if and only if (/, φ λ ) satisfies the condition ( # ) .

As {ε1?... ,εr} is a system of fundamental units, we should notice that
the following hold:

(i) an + +airι + 2αI>i + 1 + - + 2 α I > i + ^ = 0 (1 = l , . . . , r ) ,

Now we shall show that M is isomorphic to the additive group
Z7*2 X RX Qr as abstract groups. There uniquely exists (xλ9... ,xr) E i? r

satisfying j8, + 1 + α,-^! + +airxr — 0 (1 = 1,... ,r) from (ii). Put

and

ί/ \
X Rr'+r\

satisfying ( # ) k

then Nx and Mx are subgroups of M and Nx is isomorphic to Z. We have
immediately a direct decomposition M = Nx X M, = Z X Mx, for any
element of M (/Γl + 1 > . . . ,/Γ i + n i; φ , , . . . ,φ r , + r 2 ) is written as (/Γi + 1,
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0,. ,0; /ri+,x,,...,/Γxr,0) + (0,/Γ i + 2,.. .,/Γ l + / 4; φ, -frι+ιxlt...,φr-
frxr, φ r + r ) ε J V | X A/,. Let (yu... ,yr) be the element of Rr satisfying
βirι+2 + «πJ. + +"tryr = 0 (/ = 1,... ,r). Put

= Ko./.O,...^;^,...^,^) |/ezL

= (o»o./r,+3> . W y i » .y,,+^) ε ^

satisfying ( # ) L

then we have immediately that Mx = Λ̂ 2 X M2 = Z X M2 in the same
way, which implies M = Z 2 X M2. By induction we obtain that M = Z r 2

X Mr, where

Put

N'= ^_
I r2 r, r2 J

then, from (i), N' is a subgroup of Mr isomoφhic to R. And put

N" = = l,...,r)L

then JV" is a subgroup of M^ and it is clear that the map (0,...,0;
φ 1 ? . . . ,φr,0) -> (bl9... ,6r), satisfying

Ml

\ar\

a\r

arrj \Ψrl

Φl

Λ,
is an isomorphism of N" onto β r from (ϋ): N" = β r . It immediately
follows that

Mr =N'XN" =RX Qr.
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Thus we obtain the isomorphism as abstract groups

M^Z^XRX Q\

4. Identifying M with Z' 2 X R X Qr through the algebraic isomor-
phism, the map %: C* -> M, defined in 2, is as follows:

Q -> Z' 2 X R X Qr

(*) χ (of type (/ λ, φ λ ) ) -

We shall agree that R has the usual topology and that Z and Q have
discrete topology. If we show the map % is open and continuous, we have
the isomorphism as topological groups C*/Tk = Zri X R X Qr because
the kernel of % is Tk as mentioned in 2. By Lemma 1 C*/Tk = D%9 which
shows D* = Z'2 X R X Qr, and hence we have from the duality theorem

Dk = Tr*XRX Sr.

We shall show that the map % is open and continuous. Let C® be the
set of all idele classes with volume 1, and A the set of all idele classes of
(aυ) which has component aλ at the infinite prime λr +r and all other
components equal to 1. As is well-known it holds that Ck — A X Ck. We
denote by A* and (C°)* the group of all characters of Ck which is trivial
on Ck and A, respectively, and then we have C* = A* X (Ck)*.

Now for any real number φ and any ideal α of k, we define

t h e n ψ is a G r ό s s e n c h a r a k t e r m o d 1. F o r a n y p r i n c i p a l i d e a l ( γ ) , γ G έ x ,
w e c a n see

Ψ((r) )= Π Iγ^ Ϋ

so ψ is of type

^. .̂ 0 -φ/2, -φ/2 , - φ , - φ j .

We denote by χ ψ the character of Ck associated with ψ, i.e., for any idele

( α ) = ψ ( i d ( f l ) ) f l \aλ
λ— 1
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it is of type

Each idele a = (av) determines in an obvious manner an ideal of k, and
so denote it by id(a).

Let Y be the set of all such characters χ ψ : 7 = { χ ^ | φ E i ? } . A s i s
well-known, a character χ ψ defined as mentioned above is trivial on C°,
and the converse is also valid, that is Y = A*. For any character χ^ E Y
of type (0,.. . ,0; φ/2, . . . ,φ/2, φ , . . . ,φ) and any idele a = O J E ̂ 4, we
can see

(if λΓ ] + r 2 is a real prime, i.e., r2 = 0),

βλ r +r

Φ (if ̂ / !+r2 i
s a complex prime, i.e., r2 φ 0).

yί with the relative topology of Ck is isomorphic to i?+ (the multiplicative
group of positive real numbers). Therefore the map χ ψ -> φ is an isomor-
phism of A* — Y with the relative topology of C* to the additive group R
as topological groups: Y = R.

We restrict the map % on y, then we have (cf. (*))

Y -* z'2 x i? x ρ r

It is open and continuous because χ ψ -» φ is a topological isomorphism as
mentioned above. Since (C°)*, Z and Q are discrete, the map

%: C£=YX ( Q 0 ) * -+Zr*XRX Qr

is clearly open and continuous. This completes the proof.
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