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HARMONIC ANALYSIS OF SPHERICAL FUNCTIONS
ON REDUCTIVE GROUPS OVER p-ADIC FIELDS

M. TADIO

We introduce spaces βγ(G, K), 0 < γ < 2, of rapidly decreasing
#-bi-invariant functions on a reductive p-adic group G where K is a
maximal compact subgroup of G, and we study spherical transformations
on these spaces. The image of Gy(G, K) under spherical transformation
is completely described when A' is a standard maximal compact subgroup
of G.

Introduction. Let G be the group of rational points of a connected
reductive algebraic group defined over a locally compact totally discon-
nected nondiscrete field ky with anisotropic center.

The group G is a totally disconnected locally compact group. A
maximal compact subgroup K of G is fixed. The set of all (zonal) spherical
functions on G with respect to K is parametrized naturally by orbits of the
Weyl group Win a commutative complex Lie group fc.

For 0 < γ < 2 a family of Schwartz spaces βγ(G, K) of rapidly
decreasing ΛT-bi-invariant functions on G is defined. It is shown that they
are Frechet algebras under convolution. For / E βγ(G, K) its spherical
transform is defined by

)dg

for SELT, where f is the greatest compact subgroup of fc and Ts is the
spherical function corresponding to s. Γis a compact real Lie group.

Let C^(f) denote the algebra of all ^-invariant infinitely differen-
tiable functions on t under pointwise multiplication. Then the spherical
transformation /»->/ is a continuous epimorphism of S2(G, K) onto
C^(f). With certain additional conditions on K, we show that the
spherical transformation is an isomorphism of topological algebras. The
situation when these additional conditions are fulfilled is called the
standard case and the contrary case is called the exceptional [5]. A
standard maximal compact subgroup of G may always be found. If G is a
split group, these additional conditions are always fulfilled.

If γ < 2, every spherical transform/of/ E βγ(G, K) may be uniquely
extended to a holomoφhic function defined on a W-invariant domain Dy
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containing t. If the algebra of all H^-invariant analytic functions o n ΰ γ

with bounded derivatives is denoted by %W{DΊ), then the spherical
transformation is a morphism of topological algebras βγ(G, K) and
%W(DΎ). If K is standard, then it is an isomorphism.

In §6 the spherical transformation of elements of β2(G, K) with K
exceptional is discussed.

We conclude the introduction with a few basic notations.
If X is a locally compact space, then the vector space of all complex-

valued continuous functions on X is denoted by C( X) and the subspace
of all compactly supported functions is denoted by C0(X). For G a totally
disconnected locally compact unimodular group and K its open compact
subgroup, the vector space of all i^-bi-invariant functions on G is denoted
by C(G, K). Let C0(G, K) = C0(G) Π C(G, K). The space of all γ-inte-
grable functions in C(G, K) is denoted by Lγ(G, K), 0 < γ < 2. We
regard Lγ(G, K) as a topological vector space in a standard way.

Z will denote the ring of rational integers, R and C will denote the
fields of real and complex numbers, respectively. The set of all non-nega-
tive rational integers is denoted by Z + . v^T is denoted by i.

The present paper is an account of the results of the author's thesis. It
is a pleasure to acknowledge the help given to me by my advisor,
Professor D. Milicic. The results presented in this paper are analogous to
the results of P. C. Trombi and V. S. Varadarajan for real semisimple Lie
groups.

1. Spherical functions. Let A: be a locally compact totally discon-
nected non-discrete field. For an algebraic group X defined over /c, X will
denote the group of its /^-rational points.

In this paper a connected reductive algebraic group, whose center is
anisotropic, is denoted by G. Following [3], in this section we introduce
necessary notations and we present Macdonald's explicit formula for
spherical functions on G.

Let G d e r be the derived group of G, G the simply connected covering
of Gd e r, and ψ: G -» G d e r the canonical homomorphism. If X is a subgroup
of G, ψ-!(X) is denoted by X.

Fix a minimal parabolic subgroup P of G. Let A be a maximal split
torus contained in P, M its centralizer, U the unipotent radical of P, U~
the unipotent radical of the parabolic opposite to P.

Let φ be the Bruhat-Tits building of G [5]. The group G acts on ©.
Let & be the unique apartment in % stabilized by A. If N is the normalizer
of A in (J, then N stabilizes &. Let v\ N -> Aut(β) be the corresponding
homomorphism.
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There exists a canonical affine root system Σ a f f on an affine space <$,.

Let WΆiί be the Weyl group of Σ a f f . We have Im v — W^. With a special

point x0 G & fixed, we will consider only the vector space structure with

the origin x0 on 6B. Set

Σ = {a G Σ a f f ; *(0) - 0}, W= {w G ^ a f f ; w (0) = 0};

Σ is a reduced root system and W is its Weyl group. With a W^-invariant

scalar product ( , ) on & fixed, a canonical isomorphism Λ: &-* &* is

fixed, so we also have the scalar product on 6E*, the space of linear forms

on &.

For a G Σ a f f let U(a) be the group of all u G J7 U U~ such that

w c = x for all JC G $ with α(jt) > 0. Let Σ + be the set of all a G Σ such

that U(a) C U. Σ + is a system of positive roots in Σ. Let Δ be the set of

simple roots in Σ + . The rank of Σ is denoted by /. Set r0 = card Σ + .

Set

Co = {x G &\ a(x) > 0 for al ia G Σ + },

C£= {X Ed; (y,x) > 0 forall^y G Co}.

The closure of Co is denoted by Co. Let C be the affine chamber of &

contained in Co having 0 as vertex. Let B be the Iwahori subgroup fixing

the chamber C. For w G Waff, #(H>) denotes [5w^: B],

If JC G (ϊ, x φ 0, we write x = 2Λ~ ]Λ:/(X, X). For x G 6£, τ(x) denotes

the translation of έ£ by vector x.lf a E Σ a f f , the orthogonal reflection of &

with respect to the hyperplane {x G 6E; α( c) = 0} is denoted by wa. For

α G Σ set αα = wawa_λ. Then αα = τ(-α).

Set qa — [U(a — 1): U(a)] for α G Σ a f f . Then qaJr2 is always the same

as qa. For a G Σ we set qa/2 = qa+λq~\ Let

Then Σ1 is a root system.

The group G acts on G and 5. If the normalizer of A in G is denoted

by TV, then & is stabilized by N. Let v\ N -* Aut(6E) be the corresponding

homomorphism. The inverse image of the set of translations is M. Set

T — v(M). The kernel of v is denoted by Mo. We identify M/Mo and Γ.

The groups N/M, N/M9 and W are isomorphic. The Weyl group W

acts on M and M by inner automorphisms and W acts on Γ as well.

Let

5 = (gG G;gx = x for all x G C), ί = { g G G;g0 = 0}.

The groups JS and # are open compact subgroups and K is a special good

maximal compact subgroup of G [1].
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The case when qa/2 > 1 for all a E Σ will be called standard. The

situation when qa/2 < 1 for some a E Σ is called the exceptional case [5].

We will also say K is a standard maximal compact subgroup of G or K is

exceptional. There is always a special point x0 E & such that K is

standard.

Set

M= {m E M\ -v(m)(0) E Co},

M_= (m E M; -ϊ>(m)(0) e C ^ } ,

Owing to the Iwasawa decomposition G — UMK, the mapping m H>

UmK induces a bijection from M/Mo = Γonto ί/\G/J^([l], Proposition

(4.4.3)). The composition G -> U\G/K -> Γis denoted by Λ.

There is the Cartan decomposition G ~ KMK. The mapping m h->

AΓmAΓ induces a bijection from Γ " = M'/Mo onto K\G/K ([1], Proposi-

tion (4.4.3)). Let σ be the composition G -> K\G/K -> T~.

From the Cartan decomposition we deduce that mapping /1-> / ° σ is

a bijection from the space of all complex-valued functions on Γ~ onto

C(G, K). Sometimes we shall identify these two spaces.

If m\λ E M-,m2 E M and KmλK Π Um2KΦ 0 , then m 2 m ^ E Af_,

or, equivalently,

(1.1) v{mλ){0) - v{m2){0) ΪΞ C^

([1], Proposition (4.4.4), (i)).

If m,, m2, m3 E M~ and KmxKm2K Π Km3K Φ 0 , then mxm2m~3

E M_, or, equivalently,

(1.2) * K ) ( 0 ) + Kw2)(0) - v(m3){0) E (-Co

±)

([1], Proposition (4.4.4), (Hi)).

For m~ι E M~ we have

(1.3) ί m ί ί l UmK= mK

([1], Proposition (4.4.4), (ii)).

Let δ be the modular character of P. It is easy to see that/? H> δ(ψ(p))

is the modular character of A

For α E Δ choose n E TV such that v(n) = aa. Then δ(^)" 1 =

([5], Corollary (3.2.7)). Since qa/2q
2

a — qa+\qa, it follows that

(1.4) δ^)"^ 1.
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Let μ be the Haar measure on G such that μ(K) — 1. For g G G w e

define vg — μ(KgK). If / E T and m E M such that v{m) = /, then we

write t), = μ(KmK).

The next lemma is proved in [8].

1.1. LEMMA. IfK0 is an open compact subgroup of G, then there exist cx>

c2 > 0 such that

Cιδ(mYl < μ(KomKo) < c2δ(mY\

for all m E M~.

A complex character of M is called unramified if it is trivial on Mo.

The mapping s h-> s ° v is an isomorphism from the group of all characters

of T onto the group of all unramified characters of M, so we identify these

two groups and denote them by fc. The character δ | M is unramified and

this character is denoted by 8 as well.

T is a free abelian group of rank /. Fix bl9 b2,... ,bι a basis of T. The

mapping Θ: s κ-> ($(&,),... ,s(67)) is an isomorphism of fc onto (C*)'. As

(C*)7 is a complex Lie group, there is the unique complex Lie group

structure such that Θ is a complex Lie group isomorphism. This structure

on fc does not depend on the choice of basis 6,,... ,67.

The image of the invariant analytic vector field is kd/dsk on (C*)z

?

k = 1,2,...,/, under the mapping induced on vector fields by Θ"1, is

denoted by Sk. The set S = {Sk; k = 1,...,/} is a basis of the Lie algebra

t of fc. The universal enveloping algebra of t is denoted by % ( t ) . Let S

be the basis of %(t) which is obtained from S by the Poincare-Birkhoff-

Witt Theorem. There is the canonical filtration (9lΛ(t); n e Z + ) of % ( t ) .

The sets SΛ = § Π % Λ (t) are finite.

Let t be the set of all unitary characters in fc. Then f is a real Lie

subgroup of fc and the greatest compact subgroup of fc. Clearly,

Θ(Γ) — {z ^ C*; |z|— I}7. Denoting by (rk9 φk) the polar coordinates of

zk, we obtain an invariant vector field d/dφk on Θ(Γ) and the corre-

sponding vector field Sk on Γ. The set {Sk; k = 1,...,/} is a basis of the

Lie algebra ϊ 0 of f. Let ί be the complexification of f 0 . The elements of ϊ

act on complex-valued smooth functions on f.

We extend the mapping SΛ H> Sk9 k — 1,...,/, to a Lie algebra iso-

morphism of ϊ onto t and to an isomorphism ω of %(ΐ) onto % ( t ) . If an

analytic function φ is defined on an open set containing J7, then

(1.5) (ωX)(x)φ = X(x){φ\f)

for X E %(ϊ) and x G Γ . W e write §„ = co"1(SΛ) and S = ω ' ^ S j .
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A character s E fc is called regular if s(τ(b)) φ 1 for all b E Σ,.
Let Ind(ly|i>, G) be the admissible representation of G induced by

s E Tc. It is the right regular representation of G on the space of all
locally constant functions/: G -* C such that/(/?g) = Oδ1/2)(/?)/(g) for
all /? E P, g E G. The contragredient of Ind(>|P, G) is isomorphic to
Ind^'11P9 G), and the canonical form on Ind(s \P9G)X Ind(s~] \ P, G) is
given by

Define Φ/. G -> C by setting Φ/g) = (sδι/2)(h(g)). Then Φ5 is a non-triv-
ial K-invariant vector in Ind( s | P, G). Let

(1.6) Γs=(φs(kg)Φs-i(k)dk=fφs(kg)dk

= f (sdι/2)(h(kg)) dk

for g Ez G. Then Γ5 is the matrix coefficient and zonal spherical function,
or, simply, the spherical function corresponding to s. Since the con-
tragredient of Ind^"11P9 G) is Ind(s | P9 G), it is easily seen that

(1.7) Γ,(g) = ΓJ-,(g-1) fora l l5EΓ c andg E G .

W acts on Γ; thus W also acts on Tc and Γ. For w E W and 5 E Γc

we have

(1-8) Γ, = ΓW

([3], Proposition 4.1). The converse will be proved in the next lemma.

1.2. LEMMA. If sλ9 s2 E fc and TSχ — Γ^, then there exists w E W such
that sx — ws2.

Proof. Let us denote by V the subrepresentation of Ind(51 |P, G)
generated by Φ v Clearly, there exists a maximal subrepresentation Vx of
V such that Φ5j £ F,. By ([2], Corollary 6.3.7), there exists wx E W such
that K/Fj is isomorphic to a subrepresentation F2 of Ind(w1Λ

i

1 |P , G) and
F2 is generated by Φ^ s. The mapping / H > / from F2 into C°°(G) is defined
by

f(g)=ff(kg)dk.
Jκ
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Obviously, Φw s = Tw s. The mapping / H> / is a monomorphism of G-rep-

resentations where G acts on C°°(G) by right translations. Since Γ = Γ ,

we have seen that there is a composition factor V2 of Ind(sj \P, G) such

that V2 is isomorphic to the subrepresentation of C°°(G) generated by Γ v

Thus, Ind(s, | P , G) and Ind(s2\P, G) have a common composition factor.

By ([2], Theorem 6.3.3) there exists w E W such that sx = ws2.

Relation (1.6) implies 5h->Γs(g) is an analytic function on Tc for

every fixed g E G. Each of these functions is JF-invariant.

If s is a regular unramified character and a E Σ, we introduce

(1.9) c(a,s) = ± ^ n ^ s a« M ^ n s a« )
1 ~s{aa)

If a/2 £ Σ, then

Set

Φ) = Π

1.3. THEOREM. (Macdonald, [2], Theorem 4.2):

Ifs£ΞTc is regular, then for all m E M~ we have

(1.10) Γί(/W) =

From (1.10) we obtain

(1.11)
wG W

for g E G. Relation (1.7) implies

(1.12) Γί(g-') = β-1 Σ cί
W<EW

The set of all regular characters is an open dense subset of Tc. Since

the functions s μ> Γ5(g) are analytic on fc, we can get Ts(g) as the limit of

TSι(g) with ^! regular. In this way we can obtain the formula for Ts for any

s. In such a way I. G. Macdonald derived the formula for any spherical

function ([5], Proposition (4.6.2)).
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Set Ξ = Γp There exists a polynomial function/? on & such that

(1.13) S(m) = 8^(m)p(p(m)(0))

for all m E M~ and the degree of p is less than or equal to r0 ([5],
Proposition (4.6.1)).

For s E Γ, Γ5 is a positive definite spherical function. Note that every
positive definite spherical function/on G satisfies

(1.14)

(1.15)

for all g E G.

2. The algebras βγ(G, JSΓ0). Our first aim is to describe a connec-
tion between the asymptotic behaviour of Ξ and δ. Let || || be the norm on
& corresponding to the fixed scalar product on (£.

2.1. PROPOSITION. There exist cl9 c2 > 0 such that

(2.1) cλ8
x/2(σ(g)) < Ξ(g) < c2(l +||σ(g)(0)||) r°δ1/2(σ(g))

for all g E G.

Proof. The right inequality of (2.1) is an immediate consequence of
(1.13).

For g E G choose m E M~ such that σ(x) = v(m). Then

Ξ (g ) = Ξ(m) = Ξ(m->) = J8^2(h(km-1)) dk

n w"

Now Lemma 1.1 implies the left inequality of (2.1).

Fix γ, 0 < γ < 2, and fix an open compact subgroup Ko of G. Set

(2.2) vj(f) = sup{|/(g)|Ξ-2^(g)(l +||σ(g)(0)||) r; g E GJ

for r E R and/ E C(G, # 0 ) . Let

βγ(G, Ko) = {/ E C(G, A:O); t;/(/) < oc for all r E R}.

The vector space βγ(G, ϋΓ0) is topologized by means of the set of
semi-norms vj, r E R. Then βγ(G, ϋΓ0) is a metrizable locally convex
space.
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Obviously, v?(f)<υ?(f) for Y l < γ2, r E R , and / E C(G, # 0 ) .

Therefore, βΎl(G, J^o) C βγ2(G, Ao). The last inclusion is continuous and

dense.

Set

(2.3) uj(f) = sup{|/(g)|δ- I^(σ(g))(l + ||σ(g)(0)||)'; g E GJ

for r E R,/ E C(G, AΓ0). According to Proposition 2.1. we have

6Ύ(G, Ko) = {/G C(G, # 0 ) ; uΎλf) < oo for all r E R}.

The family of semίnorms uy

r, r E R, induces the same topology as the

preceding family vj, r E R.

2.2. PROPOSITION. ΓΛe $/>0ce β γ (G, AΓ0) w a Frechet space, C0(G, Ko)

is a dense subspace of&Ύ(G, Ko), and the inclusion β γ (G, Ko) -+ LΎ(G, Ko)

is continuous.

Proof. Choose c > 0 such that vg < cδ(σ(g))~ι (Lemma 1.1), and

r E R, such that ry > I. Then

Σ (i+lk(o)HΓΎ

ί€ΞT-
for all / E βγ(G, Ko). Since Σ / e Γ -( l + ||ί(0)||Γrγ is finite, we have / E

LΎ(G, Ko) and the inclusion is continuous.

The proof of the rest is standard so we omit it.

The next technical lemma plays a crucial role in proving the fact that

βγ(G, Ko) is a topological algebra. This result is analogous to the corre-

sponding assertion for real semisimple Lie groups ([7], Ch. 1 Theorem 1).

2.3. LEMMA. Choose rx E R such that rx > 2r0 + /. Then the function

(2-4) gH>Ξ 2 (g)( l+| |σ(g)(0) | |Γ

is integrable. For 0 < γ < 2 there exists c > 0 such that, forp9 q E R,

/or all y & G as soon as

q-p<-rx- 2r0 (2/γ - 1) and q > r0 (2/γ - 1).
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Proof. Let c,, c2 be the real positive numbers from Proposition 2.1.

Choose c0 > 0 such that υ < coδ(σ(g))~1 (Lemma 1.1). Then

As 2r0 — r, < -/, the series on the right side converges. The integral of the

function (2.4) is denoted by c3.

From the definition of σ and from (1.2) we get

σ(x)(0) + σ(x"V)(0) - a(y)(0) G -Qf .

Since σ(x)(0), σ(χ-]y)(O), σ(y)(0) E -Co, we have

Thus

(2.6) (1 +|K

Relation (1.4) implies δ(t) < 1 for all ί e 71. We obtain

(2.7) 8 ( α ( x ) ) ί ( )

From the well-known equality

f
follows the identity

(2.8) JΞ(x)~.(χ-ιy){\ +\\a(x)(0)\\y-p dx

= Ξ(y)jΞ2(x)(l +\\σ(x)(0)\\γ-p dx.
JG

Set c4 = c\ -2/τc2(2/γ- i) R e i a t i o n s (2.1) and (2.7) imply

Now, from the last inequality, (2.6) and (2.8), we obtain (2.5).

2.4. THEOREM. For 0 < γ < 2, β γ (G, ^ 0 ) w α Frechet algebra under the

convolution.
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Proof. For r > 0 choose g, /? E R satisfying q > r + ro(2/γ — 1) and

q - p < -rx - 2ro(2/y - 1). The definition of υ/ and (2.5) imply

for all/,,/2 E β γ (G, AΌ) andy G G. Now, it is obvious that υj{fλ * f2) <

The proof of the preceding theorem is simpler for γ = 2 ([8], Theorem

4.4.2).

Let Ko c JK", be open compact subgroups of G. Then 6 γ (( j , K}) C

β γ (G, Ao), the inclusion being continuous and even an isomorphism onto

the image. The family β γ (G, Ko)9 with Ko an open compact subgroup of

G, is an inductive system of locally convex spaces. The inductive limit

GΎ(G) of this family is the union of all QΎ(G, Ko) over all Ko. The space

β γ (G) is a complete locally convex space.

3. Asymptotic behaviour of spherical functions. For s G fc the

mapping t(0)\-+\n\s(t)\ 9 t E Γ, is a homomorphism from the lattice

{/(0); / E Γ} in & into the additive group of real numbers. This mapping

is uniquely extended to the linear form sι on ($,. Set η(s) = Λ " 1 ^ ) . If

Cj,... ,Xf is a basis of A contained in {/(0); / E T) and jc,,...,x ι the basis

of & biorthogonal to x l 9 . . . ^xι with respect to the fixed scalar product on

<£, then

(3.1) η(5) = ί ln\s{τ(Xj))\xr

7 = 1

The function η is a continuous, open and closed surjection from fc onto

&. If X is a compact subset of &, η~ι(X) is a compact subset of fc. Note

that η commutes with the action of W.

For s G Γ c , the character /1->|^(/) | , T -> R* is denoted by | ̂  | .

3.1. LEMMA, (i) For s E fc and g E G one has

(3.2) |

(ii) Let s E fc. Ifη(s) E Co,

(3.3) \Ts(m-χ)\<Z(m)\s\~\m)\~\
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Proof, (i) is obvious. By the definition of h and (1.1) one has

^(rn^XO) - h(km-l)(0) E C^

for k E K. Thus | s{m~x) \>\s(h(knΓx))\. From this inequality we obtain

ΓJ(m-1)|<Γw(/w-1)= f \s\{h(km-ι))δ^2(h(km-1)) dk

<|,s| (m)Έ(m).

3.2. COROLLARY. There exists c > 0 such that

(3.4) |ΓJ(m-1)|<φΓ1(rn)«1/2(m)(l+|μ(m)(0)||)'b

/or a// m E Λf ~ Λ/IJ ί G Γ c w/ίλ η(s) E Co.

The next technical lemma is necessary for a description of the

asymptotics of the derivative of spherical functions. This is an analogue of

Lemmas 3.3.2.2. and 3.3.2.3. of [12].

3.3. LEMMA. Let w0 E Wand w0C0 = -C o . Then one has

(3.5) v(m)(0) - h(km)(0) E C^

(3.6) h(km)(0) - wo(v(m)(O)) E <#

/or all k G K and m~x E M".

Proof. The first relation is clear. Fix k E AT, m"1 E Λf" and w E AT

such that p(w) = w0. Choose uλ E ί/, mλ ^ M and k{ £ K such that

/cm = uλmλkλ. By definition one has K m i ) — h(km). Since ^ ( ^ " ' w " 1 ) ^ )

— -WoίK^KO))^ o n e n o w has (wrn^W 1)" 1 E Af". (3.5) implies

-wo(v(m)(0)) - h{kλnχ-χ)(ϋ) £ C^ . We can find elements u2 E U9

m2 E M and k2 G K such that / c ^ " 1 = u2m2k2. Obviously, /: =

uλ(mxu2m\x)mxm2k2. Since M normalizes ί/, we have v(mλ) — v(m2)~x.

Now (3.6) immediately follows.

I f l G t ( t ) a n d g G G , then the result of the action of X on the

function s ι-> Γ5(g) will be denoted by Ts(g)x. Analogously, for / E Γ,

5(0^ w i l l denote the result of the action of Xon the function sh+s(t).

In the first section we have fixed a basis bl9... ,&7 of T. Let bv.. .,b{

be the basis of Λl biorthogonal to the basis bx(0),... ,6/(0). One has

(3.7) s(t)s' = i(bJ9t(0))s(t) for ttΞTJ= 1,...,/.
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For I G § there exist «,,... ,Λ, E Z + such that X = Sp S/1'. (3.7)
implies

(3.8) Φ ) ^ ( 0 Π Ψ(M°))Γ>

where the product runs over ally with wy ̂  0.

3.4. LEMMA. .For « G Z + /Λere exw/.s c > 0 such that

(3.9) ^(m-O

for all X <Ξ ξ>n and m E AT.

/. Let {α; α E Δ} be the basis of & biorthogonal to the basis {a

a E Δ}. The norm || H^ on 6£ is defined by

Halloo = m a x { | ( α , x ) | ; x G Δ } .

Choose w0 E Ŵ  such that w0C0 = -C o . Relations (3.5) and (3.6) imply

IIΛίΛ/w"1)^)!^ < |k(m)(0)|| for m G M ' a n d ^ G λ\ Choose c2 > 1 such

that \{bp x)\< (̂ IMIoo f o r all x E ffi,y = 1,...,/. Pick c3 > 1 such that

W o o ^ C j M f o Γ a U x G β .

For X E Stt choose nl9... ,nι E Z + such that X = Sp - - S?1. Then

w, + + nι < λ?. From Definitions (1.6) and (3.8) we have

/=

{s8λ/2){h{km'λ))dk

4. The spherical transformation on 6 2 (G, A:). Let C ^ f ) be the

vector space of all infinitely differentiable complex-valued functions on f.

We write

(4.1) Pn(φ) = m3x{\(Xφ)(x)\ ;XG%nandxEf}

for φ E C°°(f) and n E Z + . The seminorms /?w, « E Z + , topologize

C°°(f) such that C°°(Γ) is a Frechet space; moreover, it is a topological

algebra under pointwise multiplication. The group t rac t s on C°°(f); let

Cw{f) be the subalgebra of all W-invariant elements of COO(7T). Then

C%(f) is a Frechet algebra.
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The definition of β2(G, K)9 (2.4), and (3.2) imply that the function

gh~»/(g)Γs(g-1) is integrable for s G f and / G β2(G, K). One now

defines/: f-» Cby

(4.2) /ω

We call / a spherical transform of / and the mapping / h-> / is called a

spherical transformation.

4.1. THEOREM. One has f G C%(f) for f G β2(G, ϋΓ). 77ie spherical

transformation : β 2 (G, A") -» C%(f) is a morphism of topological algebras

with unit.

Proof. Let / G 62(G, K). Then (1.8) implies /(j) = f(ws) for s G f

and w E If. Fix n G Z + and r, > 2r0 + /. Choose c > 0 satisfying (3.9).

Let c, be the integral of (2.4). One now has

for g G G and I G § Π . Since the function on the right side is integrable,

we obtain that/ G Cj£(f) and

(4.3) f

p
It is easy to see that (/, * f2)= fj2 for fl9 f2 G 62(G, K).

The cardinal number of W is denoted by | W\. For φ G C^(f) one

defines φ : G -> C by

where ώ is the normalized Haar measure on f. Clearly, φ G C(G, K).

Using Macdonald's formula, we obtain

(4.5) ψ(g) =

Note that the function s H> c(s)~ι belongs to C°°(f).

4.2. LEMMA. The mapping φ \-> φ from C%(f) into C(G, K) is injec-

tive.
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Proof. Set X — C0(G, K). Then X is spanned by the set of functions
s H> Γ5(g), g G G. Using Lemma 1.2. and applying the Stone-Weierstrass
Theorem on C(W\f)9 we conclude that X is a dense subalgebra of
CJ£(Γ) with respect to the supremum norm. One now sees that φ = 0
implies φ = 0.

For φ G C°°(f) and t G T we write

(4.6)

Let bx,...,bι be the basis of έE biorthogonal to ft,(0),...,6/(0). One has
(5,-φ), = i(ft̂ , *(0))φ, for y = 1,...,/. For X G S choose n l 9 . . . ,wz G Z +

such that X = (5,)π (S,)"'. We have

(4.7)

4.3. LEMMA. T0 et ̂ ry n G Z + /Λ̂ r̂  corresponds cn > 0

(4.8) ( l+ |K0) | | ) "k |^c n j p n / ( (p) forallφ<ΞC°°(f)andteT.

Proof. The norm || Ĥ  on β is defined by

Lέt c be an upper bound of the function t H> (1 + ||/(0)||)Λ||/(0)||TO

w on the
setΓ\{τ(O)}.Set

Let JT= n y e y ( S , r . Then (4.7) implies Λ / ( φ ) > ||/(0)||- | Φ ί | . One now
h a s Λ / ( φ ) > c" !(l + ||/(0)||r |<p,| for / Φ τ(0).

4.4. LEMMA. One has φ£ G2(G, K) for φ G C™(f). The mapping ":
f » β2(G, ίΓ) w α monomorphism of topological vector spaces.

Proof. For n G Z + let cn satisfy (4.8). Then (4.5) and (4.8) imply
u2

n(φ) < ^^/(φί j-^c ί ί ) " 1 ) for φ G C^(f). Clearly, there exists c > 0
such that for all φ G C£(Γ) the following inequality holds true:

ulW) ^ cpnl{φ(s'x)c(s)'X).

In the rest of the section we shall assume K is a standard maximal
compact subgroup. The next lemma is a part of the proof of Theorem
(5.1.2) of [5] and here we omit the proof.
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4.5. LEMMA. For mu m2 E M~ the integral

)\c{s)\-2 dsj

is equal to \ W\ Q~ιv^ when v(mλ) = v(m2). Otherwise this integral is zero.

The immediate consequence of the previous lemma is the fact that
QI W\-χ I c(s) Γ2 ds is the Plancherel measure for G/K on f.

4.6. COROLLARY. One has (f) = f for all f E 62(G, K).

From the results of the previous lemmas we easily obtain the next
theorem.

4.7. THEOREM. Let K be a standard maximal compact subgroup of G.
The spherical transformation

\ β\G, K) -> C%(f), f(s) = / G /(g)Γ s ( r ' ) dg

is an isomorphism of topological algebras. The inverse formula is given by

(4.9)

5. The spherical transformation on βγ(G, AT), γ < 2. Fix γ, 0 < γ
< 2, for the whole section. We write

D(x)= Π w(x-C£)
w<ΞW

for x E Co. It is a closed, convex, W-invariant subset of 6£. One has

(5.1) D(x)nc0 = (χ-c£)nc0.

Thus, D(x) is a compact subset of <$,.
By (1.4) one sees that η ( δ 1 / γ " 1 / 2 ) = (1/γ - l/2)τj(δ) E Co. The set

D(η(δ]/Ύ~ι/2)) is denoted by Dy. The interior of Dy contains 0.
The interior of η~\Dγ) is denoted by Z)γ. It is an open, W-invariant

set with compact closure and contains T.
For φ an analytic function onDy and n E Z+ set

(5.2) pv(φ) = sup{\(Xφ)(x)\; X E SΛ and x E
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The vector space of all analytic functions φ on Dy such that py(φ) < oo
for all « G Z + is denoted by %(Dy). The seminorms py, n E Z + ,
generate the structure of the Frechet space on %(Dy), and %(Dy) is a
topological algebra under pointwise multiplication. Denote by %w{Dy)
the subalgebra of all ^-invariant functions in %(Dy). It is a Frechet
algebra.

Let / E βγ(G, K) and s E Dy. We will show that the function g \-+
f(g)Ts(g~ι) is integrable. Choose w E W such that wη(s) E Co. It is easy
to see that {8x/y~x/2\ws\~l){m) < 1 for all m E M~. By Corollary 3.2
there exists cλ > 0 such that

for all m G M~. Choose r E Z + such that r — r0 > 2r0 + /. Then there
exists c2 > 0 such that

(5.3) | / ( m ) Γ ί ( m - 1 ) | < c 2 M v ( / ) Ξ 2 ( w ) ( l + | | ϊ , ( w ) ( 0 ) | | ) ^

for all m G M'.By (2.4), the right side is integrable, so is the left side.
For/ G βΎ(G, K) we define the function/: Dy -> C by

5.1. THEOREM. Owe Λ«ί / e 3C^(i)γ) /or / G βγ(G, .fiΓ). ΓΛe spherical
transformation : Qy(G, K) -» % ^ ( Z ) γ ) w α morphism of topological alge-
bras with unit.

Proof. Let f <Ξ βΎ(G, K), s G Dy and « e Z + . Formulas (3.9) and
(5.3) imply

(5.4) l/ίmjΓ.ίw-^^cc^l+llFίm^lD^^'Ξ^m)^/)

for r — n — r0 > 2r 0 + /. Set rx— r — n — r0, and the integral (2.4) is
denoted by c 3 . Since the function g ι->/(g)Γ s (g" 1 ) ; r is integrable, we have
f % )

(5.4) implies/#(/) < cc2c3uj(f).

In the rest of this section we assume K is a standard maximal compact
subgroup.

For φ E %w(Dy), (φ I Γ)v is again denoted by <p.
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5.2. LEMMA. // φ E %W(DΊ), then φ Έ β γ (G, K). The mapping v;

%w(Dy) -> β γ (G, K) is a monomorphίsm of topological vector spaces.

Proof. The proof proceeds in several parts.

(1) Let Yλ denote the set of zeros of the function c(s). Since K is

standard, one has t){Yλ) Π (-Co) = 0 . η ί ^ ) is a closed subset of &.

There exists an open subset Y2 of & containing Co such that the closure of

Y2 is adjoint with (-iϊ(y,)). Set 7 = i f 1 ^ ) Π 2)γ. Then, for X E

A^c" 1^" 1)) is a bounded function on Y.

(2) The unit circle in C is denoted by Γ. One now has

(5.5) f ^

forψE C(f).

For an analytic function φ on Y and « G Z + we write

(5.6) \\φ\\n = sup{\(Xφ)(s)\;XGSn andsGY}.

For / E Γ we set (φ I f)t — φr

We first claim that

(5.7) |φ ί |δ(0 1 / γ" 1 / 2^IM| 0

for any analytic function φ on Y and / E T.

If γ < γ, < 2, then δ 1 / γ ' ~ 1 / 2 E Y. Let £ l 9 . . . ,bι be the basis of A

biorthogonal to the basis bλ(0),... ,δ/(0). Then

7 - 1

Since the line connecting 0 and η ( δ 1 / γ i ~ 1 / 2 ) is contained in Y29 and Y2 is

open, we can find points yo,...,ymGY2 such that y0 = 0, ym —

τ j ( δ ι / γ i ~ 1 / 2 ) and such that the vector yJ—yJ_ι is collinear with an

element of {bl9...9b/} for every y, 1 <y < m. Choose ry E Γ c such that

τ](r7) = y. and r,? =|/} | , j — 0,... ,m. The positively oriented circle in C

with center 0 and radius rn(bj) is denoted by Tj2.

For t E Γ choose π l 9 . . . 9nι E Z such that t = b"1 - bn

t

ι. Then one

has

Γ," Γ/1 Z] Zι

for « = 0. Applying Cauchy's Theorem, we find that (5.8) is valid for

0 < n < m. Now (5.8) with Λ = m implies | φ , | < | | φ | | 0 δ 1 / 2 " 1 / Y l ( 0 f o Γ a l 1

Yi> Ύ < Ύ\ <2> Thus, we have proved (5.7).
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(3) Fix r E Z + and let φ be an analytic function on Y such that Xφ is

a bounded function on Y for every X E § / r. Let || Ĥ  be the norm on &

defined by UxĤ  = max{\(bn9 x)\; 1 < n < /}. Let Cj > 1 be an upper

bound of the function t\-*(\+ ||/(0)||)r||ί(0)||-Γ on Γ\{τ(0)}.

For/ E TsetX= {n; 1 < Λ < / a n d ( ^ , /(0)) ̂ 0 } . One now has

( ( π «)«>
Using (5.7), we obtain

(5.9) ( i +

(4) For r E Z + it is easy to see there exists c2 > 0 such that

\\φ(S)c(s-r\ =£ c 2 ^ ( φ ) for all φ

By what we have shown we obtain

Thus, φ E βγ(G, ΛΓ), and the mapping φ ι-> φv is continuous.

(5) According to Lemma 4.2, to prove that φ H> φ is injective, it is

sufficient to show that φ | f = 0 implies φ = 0. This is an immediate

consequence of (1.5).

Now, the next theorem is proved.

5.3. THEOREM. Let K be α standard maximal compact subgroup of G.

The spherical transformation

': &(G, K) - %w{Dy), f(s) - //(g)Γ s(g-') dg

is an isomorphism of topological algebras. The inversion formula is given by

_ Q

forallfeβΎ(G,K).

6. The exception case. In this section we shall state without proofs

the results about spherical transformations on G2(G, K) with K an

exceptional maximal compact subgroup. We restrict ourselves to G, the

group of rational points of a simply connected almost simple algebraic

group defined over k. We assume K is exceptional.
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6.1. THEOREM. Set

I = j / e e2((?, K); fj(g)Ts(g-1) dg = 0 for alls E f J,

/ = {/e 62(G, * ) ; / * g - 0 for all g E /}.

Then I and J are closed two-sided ideals in Q2(G, K) and

e2(G,κ) = / Θ ; .

The spherical transformation

(6.1) ": β 2 ( G , tf) -> C

w tf« epimorphism of topological algebras. The kernel of this epimorphism is

I. The restriction of the spherical transformation (6.1) to J is an isomorphism

of topological algebras J and C^(T). For φ E C^(T) one has φ E / where

Ifφ E Cw{f\ then (φY= φ. Γλe Wβα// w gίϋew 6y / = {φv; φ

/ Φ {0} /or ^ exceptional.

6.2. Λfate. Suppose that G is a rank one group, i.e. / = 1. Then it can

be shown that spherical transformation : GΎ(G, K) -» %w(Dy), 0 < γ <

2, is an epimorphism of topological algebras and a statement analogous to

Theorem 6.1 is true.

6.3. Note. We can determine 0 < γ, < 2 depending on qa9 a E Σ l 9

such that the assumption in Lemma 5.2 can be replaced by the assump-

tion that γ, < γ < 2, and the statement and proof of Lemma are valid

with this assumption.

Now, if yx < γ < 2 the spherical transformation is an epimorphism of

the topological algebra β γ (G, K) onto %w(Dy) and the analogue of

Theorem 6.1 is true.
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