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ON THE HOLOMORPHY OF MAPS
FROM A COMPLEX TO A REAL MANIFOLD

SUBHASHIS N A G

Let/: X -» Ybe a C1-submersion from a complex manifold Xto a
real C1-manifold Y. One main object of this paper is to prove two sets of
necessary and sufficient conditions which will guarantee that Y can be
equipped with a complex structure making / holomorphic. We provide a
generic counterexample to show the essential nature of the conditions we
establish.

The second set of conditions (Theorem 3) apply even when X is a
complex Banach manifold. This theorem is then used to prove the
existence of the natural complex structure on the Teichmuller spaces of
Riemann surfaces of finite type.

We shall start by giving some necessary conditions in Lemmas 1, 2, 3.

LEMMA 1. ///: Xm -> Yd is a surjectiυe holomorphic submersion between

complex manifolds of dimensions m and d respectively then the fibers of f

{i.e. the sets f~λ(y\ y E 7), are (closed) complex submanifolds in X of

dimension (m — d).

Proof. This is immediate from the implicit function theorem in the

holomorphic category.

Let Xm be an m-dimensional complex manifold. We let Gτ{m_d)(TX)

denote the Grassmann bundle of (m — d)-dimensional complex sub-

spaces in the tangent bundle TX of X. The total space Gτ(m_d)(TX)

inherits a natural complex structure from X.

DEFINITION 1. An (m — J)-dimensional distribution on X is a section

of the GT(m_dJTX) bundle over X. We say the distribution is analytic if

the section is an analytic function.

REMARK. Note that the distribution is analytic if and only if it can be

spanned locally by (m — d) linearly independent analytic vector fields.

Let /: X -» 7 be a C1-submersion from a complex manifold X onto a

real Cι-manifold Y. Then if y E 7 and x E / ~ ι ( j ) , the differential of/at

x dxf: TXX -> TY is a surjective linear map. If ker dxf is a complex
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subspace of TXX then (and only then) does TyY inherit a complex

vector-space structure such that dxf is C-linear. (Indeed, dxf:

TxX/keτ dxf -» TyY is then a C-linear isomorphism.) This leads to the

following definition:

DEFINITION 2. If for all y E Y TY inherits via dxf a unique complex

structure independent of the choice of x Gf~\y), then we say that /

induces a well-defined almost complex structure on Y. In this definition we

allow X and Y to be complex Banach manifolds.

DEFINITION 3. Let Y be a C1-manifold. A complex structure σ on Y

will be said to be compatible with the C1-structure if the C1 -structure

underlying σ coincides with the original C1-structure on Y.

LEMMA 2. ///: Xm -> F^ w α surjective holomorphic submersion between

complex manifolds of dimensions m and d, then the distribution Δ on X, Δ:

X -> Gr ( m _^(7x) given by

= tangent space at x to the fiber fι(f(x))

is an analytic distribution.

Proof. By Lemma 1, Δ defines a distribution. We will show Δ is

analytic by a computation.

In terms of local coordinates ( £ \ . . . ,£m) and ( η l 5 . . . ,77̂ ) (around JC0

a n d / ( * 0 ) respectively) let/be represented by d holomorphic functions

Then for x near x 0 we have,

= Jα1"— : df\a!—\ =

(summation convention in use).
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The d homogeneous linear equations

Σ « f ^ = 0, j=h...,d9
1=1 °£

in the m unknowns aέ have their coefficient matrix (dfj/dξι) holomorphi-

cally dependent on x and of maximal rank d (as / is submersive). Hence

the solution space is spanned by (m — d) linearly independent solutions

which depend holomorphically on x in a neighbourhood of x0. The result

follows.

LEMMA 3. Let f: X -> Y be a surjectiυe Cλ-submersion from a complex

Banach manifold X to a C1 -manifold Y. If Y has a complex structure σ

compatible with its C1-structure making f holomorphic, then σ is the unique

such complex structure and f induces a well-defined almost complex structure

on Y (this almost complex structure being of course the one underlying σ).

The proof of this follows directly from Definition 3.

When / has connected fibers the necessary conditions of Lemmas 1

and 2 become sufficient to guarantee a complex structure on Y making / a

holomorphic submersion.

THEOREM 1. Let /: X-* Y be a surjectiυe C]-submersion from an

m-dimensional complex manifold X to a 2d-dimensional C 1 -manifold Y.

Suppose

(1) The fiber f^\y), for each j G 7 , is a (m — d)-dimensίonal con-

nected complex submanifold of X;

(2) the (m — d)-dimensional distribution on Xgiven by Δ(x) = tangent

space to the fiber f~\f(x)) at x is an analytic distribution.

Then Y has a unique complex structure with respect to which f is holomor-

phic. This structure is compatible with the Cλ-structure and f becomes a

holomorphic submersion.

Proof. The (m — d)-dimensional fibers are precisely the integrating

manifolds for the distribution Δ. So Δ is an involutive analytic distribu-

tion. Invoking the Frobenius theorem (in the holomorphic category) we

know that for any x0 E X there is a 'cubic coordinate system' in a

neighbourhood U of x 0 ? with coordinate function z = (zl9.. . , z j such

that the slices
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(for values of (cl9... 9cd) in the open subset of Cd spanned by the first d
coordinates in U)9 are integral manifolds of Δ. (Note: The C°° version of
the above theorem is Theorem 1.60 of Warner [5]; the analytic version has
the same proof in the analytic category. Also recall that a cubic coordinate
system (U9 z) centered at x0 is a coordinate system such that z{U) is an
open cube around the origin in Cm and z(x0) — origin.)

Now, the integrating manifolds for Δ in U are the fibers/"1^) Π U
ίoτy G /(£/). So to eachy G /(£/) we can associate uniquely the (cl9... 9cd)
such that

z{rι(y) rι u) = F^^y

ψ

The map φ, (cλ9...9cd)\-> (corresponding^) from the open set in
Cd -* f(U) is easily seen to be continuous and injective. By invariance of
domain then, (see Dold [1]), φ is an open map onto an open set in Y. So
f(U) is open in Y. Thus, via φ we have given a complex coordinate system
on the open set/(ί7) in Y.

Claim. This method of assignment of complex coordinates on Y gives
it a structure of a complex manifold compatible with its C1-structure.

Indeed suppose (£/, z) and (F, w) are two cubic coordinate systems in
X obtained from the Frobenius theorem as above.

On U Π V (assumed non-empty) the first d coordinates of z,
(z 1 ? . . . ,zd) are biholomorphically related to the first d coordinates of w9

(wj,. . . , H ^ ) . This is because (zj,...,zw) and (wl9.. .,wm) are biholomor-
phically related and the slices from each are the fibers of / by construc-
tion. This easily implies that the first d coordinates in each are related to
the first d in the other.

Now suppose a neighbourhood of y0 G Y has coordinates assigned
from two Frobenius cubic coordinate systems U and Fin X. Say f(x0) =
f(χΌ) — ^0' xo G ^ xo E v- E γ e n if t/Π K = 0 we can choose a finite
sequence of Frobenius cubic coordinate systems U — Uθ9 Ul9...9Un= V
such that

This follows from the connectedness of f~\yQ)\ indeed we can choose a
compact path joining x0 to x'o onf~\y0), and each point on this path has
Frobenius cubic coordinate system around it. By a standard compactness
argument we are done. Hence, since the first d coordinate of Uj are
holomoφhically related to the first d coordinate of Uj+l9 for ally (by our
previous argument), we see that the coordinates around y0 obtained from
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U and V are holomorphically related. This shows that the complex

structure on Y is well-defined. The compatibility with the (^-structure is

trivial.

Now, in terms of the Frobenius cubic coordinates (zλ,...,zm) in

U C X and the induced chart on f(U) C Y,f simply becomes projection

to the first d coordinates. Hence / is a holomorphic submersion with

respect to this complex structure on Y.

Uniqueness. Call the complex structure obtained above σ, and suppose

there is another complex structure σ' making / holomorphic. If we prove

that the identity map 1 : Yσ -» Yσ, is holomorphic we will have shown

σ = σ' because 1 is a homeomoφhism, and any holomorphic homeomor-

phism is biholomoφhic, (see Herve [3, pg. 109, Corollary 2]).

To prove 1: Yσ -> Yσ, is holomorphic, consider (£/, z) a Frobenius

cubic coordinate system in X. If we fix the last (m — d) coordinates in z

at some values, zd+x = kd+λ9 zd+2 = kd+2,... ,zm = km, then we obtain a

^/-dimensional slice, say S, of U which is a ^-dimensional complex

submanifold in U projecting holomoφhically and homeomoφhically un-

der / to the open set f(U) in Yσ. Hence f\s has a holomoφhic inverse g

from f(U) C Yσ to S again by the theorem from Herve [3] used above. But

S is a complex submanifold in X; so, since /: X-* Ya, is assumed

holomoφhic we see f\s: S -> 7σ, is also holomoφhic. Thus f\s° g =
1 \fiuy f(U)σ ->/(ί/)σ/ is holomoφhic. This completes the proof.

We have now completely proved the following.

THEOREM 2. Let f: X -> Y be a surjective Cι-submersion from an

m-dimensional complex manifold to a Id-dimensional Cx-manifold with

fibers f~\y) connected for all y E Y. Then there is a complex structure on

Y9 compatible with the C] -structure, making f holomorphic, if and only if the

following conditions hold:

(1) The fibers are (m — d)-dimensional complex submanifolds in X and

(2) the distribution on X given by Δ(JC) = tangent space to the fiber

through x is analytic.

The complex-structure, when it exists, is unique. Another set of neces-

sary sufficient conditions are below.

THEOREM 3. Let f: X -> Y be a surjective Cι-submersion from a

complex Banach manifold X (modelled on a complex Banach space B) to a
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2d-dimensional C]-manifold Y. Then there is a complex structure on Y,
compatible with its Cλ-structure, making f holomorphic if and only if f
induces a well-defined almost complex structure on Y.

The complex structure, when it exists, is unique.

Proof. In view of Lemma 3 we only need to prove sufficiency of the
condition. At any x E X look at ker dxf which is a complex subspace of
TXX (note the discussion preceding Definition 2). Here TXX can be
identified as B. By linear algebra there exists a ^/-dimensional complex
subspace, say Gx, of B which is complementary to ker dxf.

Via local coordinates around x G l w e can identify a neighbourhood
of x with a neighbourhood in B. Then, under this identification, we can
consider an open subset Γ̂  of Gx as sitting in X and containing x. We may
then consider the restriction of/to Γ̂ .. Since Gx is finite dimensional it is
closed in B, hence f\Tχ is C1 on Tx. By the inverse function theorem there
exists an open neighbourhood Ux of x in Tx so that /1 ̂  is a C^-diffeomor-
phism from Ux to the open set f(Ux) in Y. Thus f\v assigns com-
plex coordinates to this open neighbourhood f(Ux) of f(x) G Y since
UX(C Gx = Cd) can be identified as an open subset of Cd.

We claim that this method of assignment of complex coordinates to Y
makes Y a complex manifold. For suppose two neighbourhoods of y E Y
have complex coordinates coming from Ux and Ux, as explained above
with/(x) — f(x') — y. The coordinate transition {f\Uχ)~λ ° f\Uχ from Ux

to Ux, is £ H > £ ' where /(£) = /(£')• This is a C^map and its derivative
(dξ,f\Ur)~ι © {dξf\υ) is C-linear because we assumed that / induces a
well-defined almost complex structure on Y. So the transition function is
proved holomorphic, (being a C]-map with a C-linear derivative), as
required.

Finally, / looked at in one of these coordinate charts obtained above
simply becomes a restriction of the C-linear projection map π2: B -» Gx (in
the direct sum decomposition B = ker dxf® Gx). Now since Gx is finite
dimensional and the null-space of π2 (= ker dxf) is closed in B it follows
from topological vector space theory that ττ2 is continuous. Since / is
identified as a restriction of the linear map π2 the derivative of / is also
identifiable as 7r2. So df exists and is a continuous C-linear map, proving
that / is a holomorphic submersion in these charts.

Uniqueness of the complex-structure. An argument exactly as in the
uniqueness proof for Theorem 1 works here also.
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REMARK. It turns out that a map which can be made holomorphic as
in the situations of Theorems 1 and 3 has peculiar rigidity properties.
Indeed if / satisfies the hypothesis of Theorem 1 (or the condition of
Theorem 4) then the C1-structure assigned to Y is the unique C1 -structure
making / a C1-submersion. This is because the C1 -structure is the one
underlying the unique complex structure that makes/holomorphic. Essen-
tially this reflects the fact that the map / is in our situation a diffeomor-
phism between a transverse to its fibers and an open set in Y.

An application of Theorem 3 to the existence of the natural complex
structure on Teichmuller spaces. The Teichmuller spaces are moduli
spaces for Riemann surfaces of a fixed type.

Let U be the upper half-plane and Γ a fixed-point free Fuchsian
group of first kind acting on U so that SO = U/T is a Riemann surface of
type (g, k) (i.e. genus g with k punctures). The group Γ is our 'base point'
in Teichmuller space. We provide below the definition of Teichmuller
space for type (g, k) surfaces, 2g — 2 + k > 0 (see also Earle [2]). Let

L°°(Γ) = {μ G U°(U): μ(γz)γ'(z)/γ'(z) - μ(z) a.e. for all γ G Γ)

and set M(T) — open unit ball in the complex Banach space L°°(Γ) (these
are the 'Beltrami differentials' for the group Γ). Let wμ (μ G M(T)) be the
unique quasiconformal (q.c.) homeomorphism of U solving the Beltrami
equation wΞ = μwz and normalized by the requirement of fixing 0, 1, oo.
We say μ is the complex dilatation of w. Now the maps wμ° y ° w~ι = yμ

form again a Fuchsian group Γμ as γ ranges through Γ, and U/Tμ

 ='Sμ is
a Riemann surface of type (g, k) also. We define an equivalence relation
~ in M(Γ) as follows: μ ~ v for μ and v G M(Γ) if γ̂  = yp for all γ G Γ;
now we set the Teichmuller space Γ(Γ) = M(Γ)/~ . Notice that wμ

induces a 'marking map' fμ: So -* Sμ. The idea of the relation ~ is that
μ — ̂  if and only if Sμ is conformally equivalent to Sv by a conformal
mapping homo topic to fv © f^1. This shows why T(T) as defined is a
moduli space for Riemann surfaces.

Consider the quotient map Φ: M(T) -> T(T). It is a classical question
(with an affirmative answer) whether Γ(Γ) carries a complex structure
making Φ a holomoφhic submersion. We will use Theorem 3 to show that
there is indeed such a (unique) complex structure compatible with the
Cι-structure that Γ(Γ) inherits from M(Γ). In the process we find an
interesting representation of the tangent space to the fibers of Φ at any
point inM(Γ).

These Γ(Γ) are known to be finite dimensional (real dimension = 6g
— 6 + 2 k by Teichmuller's theorem) and the subspace ker d0Φ C L°°(Γ)
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was known (as given below) in 'Teichmuller's lemma' without any appeal
to existence of a complex structure on Γ(Γ). Indeed,

kerd0Φ= jμeL°°(Γ): jj μφ = 0, for all φ G β(Γ)l

where

Q(T) — integrable holomoφhic quadratic differentials for Γ

= {holomorphic functions <p on U: φ(yz)y'(z) = φ(z)

for all z G U, andγ G Γ}.

So Ko — kerd0Φ is seen to be a complex subspace of L°°(Γ). Now let
θ G M(T) be any other point on the fiber of Φ above Φ(0). We wish to
compare ker dθΦ with ker d0Φ to understand whether Φ induces a well-de-
fined almost complex structure on Γ(Γ).

Now, if we take the group Tθ = wθ o Γ ° ŵ~* as our base point for
defining Teichmuller space then we get a corresponding quotient map Φθ:
M(TΘ) -> T(TΘ), and of course

Kθ = ker d0Φθ =lv(Ξ L»(T$): ff v* = 0, for all ψ e β(Γ,) j .

But there is a Banach manifold isomorphism ω%: M(TΘ) -> M(Γ) defined
by: ω^(p) = complex dilatation of (wv ° wθ). Indeed a calculation shows
that ω$ is biholomorphic and it induces a C^-diffeomorphism ξ :̂ T(TΘ) ->
Γ(Γ)sothat

Hence,

and so

ker^Φ = doωf (ker d0Φθ) = doω$(Kθ).

Now when 0 is in the fiber of Φ above Φ(0) we immediately notice that
Γ0 = Γ and then Kθ is the same complex subspace as Ko.

So k e r ^ Φ = (doω$)(Ko) (C L°°(Γ)). Since ω% was holomorphic and
Ko is a complex subspace we see that ker dθΦ is also a complex subspace
of L°°(Γ) which varies continuously with θ in the fiber (because doω$
varies continuously with θ). Choose a fixed (3g — 3 + &)-dimensional
subspace Go complementary to Ko in L°°(Γ). Then, since ker dθΦ varies
continuously, for some neighbourhood of values of θ (around 0) in the
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fiber, Go must remain complementary to each of the complex subspaces
ker dθΦ identified above. Hence, over this neighbourhood in the fiber the
map Φ induces a well-defined complex structure to the tangent space to
Γ(Γ) at Φ(0), viz. the complex structure of Go.

Now, if two neighbourhoods as above on the fiber overlap then Φ
induces the same complex-structure on the tangent space to Γ(Γ) at Φ(0)
over the full union of the two neighbourhoods since any point in the
intersection of the two determines this complex structure.

But we claim that the fibers of Φ are path connected. For if Φ(μ) =
Φ(v) then the maps wμ and wv induce homo topic maps^ and/,, from U/T
to U/Tμ. We choose a homotopy between fμ and /„ via quasiconformal
maps and thus obtain a path of Beltrami differentials joining μ and v and
lying in the same fiber of Φ.

An obvious compactness argument following from the path-con-
nectedness of the fibers now shows that Φ induced a well defined almost
complex structure on Γ(Γ). Applying Theorem 3 we therefore obtain the
existence of the natural complex structure on T(T) making Φ a holomor-
phic submersion.

REMARK. This application was the original motivation for the general
problem tackled in this paper. The author thanks B. A. Taylor for some
helpful discussions regarding Theorem 3 and its application.

A counterexample. It may be thought that in the situation we are
studying if /: X -> Y has its fibers as complex manifolds of the correct
dimension in X, then already this guarantees that Y has a complex
structure making / holomorphic. That this is not the case is demonstrated
by the following general counterexample, which serves to establish the
irredundancy of the conditions of Theorems 2 and 3.

Let M be a compact oriented C°°-surface of finite type. Consider the
Teichmuller space T(M) of Riemann Surfaces modelled on M and the

p

universal curve V(M) -+T(M) (for relevant definitions see Earle [2]). The
fiber of the projection/? above a point / E T(M) is the Riemann surface
represented by /. From Teichmuller theory we know that any neighbor-
hood of a point in T(M) has points representing holomorphically distinct
Riemann surfaces. Thus any restriction of the universal curve

V(M)

I p

T(M)
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to an open subset S of T(M),

P I 9

S C T(M)

gives a 'marked family of Riemann surfaces' which is not analytically the

product of S with any fixed Riemann surface. Now we have the following

result (Kuranishi [4], Chapter IV).

PROPOSITION 1. There is a diffeomorphism

y:V(M) -» T(M)XM

P^\ \/ ̂ x

T(M)

such that the diagram commutes. We will call γ a 'marking-map' for V(M).

There exists a neighbourhood S of any point of T(M) and a marking-map g

such that V{M) \s has 'horizontally analytic sections', viz.

V{M)\S Λ SXM

p\ / V\

S

and g~ι \sχ{my S X {m} -> V(M) \s is analytic for all m E M.

THEOREM 5. Let S be an open subset of T(M) which allows a marking-

map g with horizontally analytic sections as above. Let X = V(M) \S9 X is a

complex manifold of dimension m, say. Then the map /: X -» M given by

f — ̂ 2 ° S is a surjective submersion and has fibers which are complex

submanifolds of X of dimension (m — 1); but M has no complex structure on

it making f holomorphic.

Proof.

X=V(M)\S Λ SXM

P I "L^^^J I "i

That/is a suηective submersion is clear.

The fiber of/above m E M is simply the image of g" 1 \Sχ{m), which

is a complex submanifold of X isomorphic to S (because g had horizon-

tally analytic sections).
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Suppose there is a complex structure σ on M such that /: X -> M is
holomorphic. Then ΊTX° g — p and π2 ° g = / are now holomorphic. So g
is holomorphic, exhibiting X as an analytic product of S with a fixed
Riemann surface M. This is a contradiction.

An explicit case of the above type is furnished by an analytic family
of tori over the upper half-plane U. Let X = (U X C ) / Z x z where Z X Z
acts discontinuously on U X C by identifying (T, Z) with (T, z + m + nτ),
for all (m, «) G Z X Z. Let M = C/lattice generated by (1 and /) = a
topological torus. Define/: X -> M by

(r, [a + bτ\) ^[a + bi]9 a, b G R,

([ ] denotes the appropriate equivalence class of the point). The fibers of
this submersive / are all complex submanifolds in X, each isomorphic to
U. But if there were a complex structure σ on M making / holomorphic,
then U X C / Z x z would be analytically the product of U and Mσ9 which it
is not.

The author is grateful to J. Hubbard for suggesting the idea behind
the above 'counterexample'.

Some applications of the above results will appear in a forthcoming
paper of the author entitled " On some Involutions and Retractions arising
in Teichmuller Spaces", in The Journal of the Indian Mathematical
Society.
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