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AN A PRIORI ESTIMATE IN THE CALCULUS OF
VARIATIONS

STEVEN C. PINAULT

This work is concerned with establishing an a priori estimate for the
tilt excess of a A-dimensional varifold in R" which is stationary with
respect to the integral of a positive elliptic parametric integrand. For
such a varifold, the tilt excess with respect to any λ-plane T is estimated
a priori by the integral square deviation of the varifold from T. This
estimate is applied in the author's Ph. D. thesis, in the case of a C 2 two
dimensional graph in R" to derive an a priori pointwise bound on the
slope.

1. Introduction. In the case of the area integrand, Allard [2] proved
regularity for stationary varifolds with small integral deviation from a
/c-plane T. Regularity results for currents of small excess which minimize
integrals of other elliptic integrands have been proven by Almgren [4]
(and see Federer [5]) and Schoen and Simon [7]. Regularity results for a
C 2 graph of codimension one stationary with respect to an elliptic
integrand were proven by Simon [8].

In §3 of this work the estimate 8.13 of Allard [2] for the tilt excess of
an area stationary varifold is extended to the case of integrands other than
the area integrand. In the case that the codimension of the stationary
varifold is greater than one the extension is only to those integrands which
are C1 close to the area integrand. In the case of codimension one, the
estimate applies to any positive elliptic integrand.

In [6], we study C 2 two dimensional graphical submanifolds of R"
which are stationary with respect to an elliptic integrand Φ which is C2

close to the area integrand. (In fact the graphical hypothesis can be
replaced by the property that if £ is a 2-vector field orienting the manifold,
then £ omits a neighborhood of some simple vector in the unit sphere of
Λ2R". For a graph the neighborhood is a hemisphere). The excess of such
a manifold is estimated by its tilt excess, thus enabling us to approximate
the manifold by a Lipschitz graph except for a set whose mass is estimated
by the tilt excess. Using the fact that a Φ-stationary two dimensional C2

manifold has nonpositive Gauss curvature, (for Φ C2 close to the area
integrand) so that its mass ratios are bounded from below [1], [6], the
estimate of §3 then enables us to adapt the techniques of Theorems 8.16
and 8.19 of Allard [2] to obtain the regularity results for the manifold.

427



428 STEVEN C. PINAULT

2. Notation and definitions. Throughout this work we will use the
notation of Allard [2] and Federer [5] unless otherwise indicated.

Whenever 0 < r < oc and βGR"we define

U(a9r) = {x ERn:\χ- a\< r).

Let Φ be a positive elliptic parametric integrand of degree n — 1 of
R", Φ: Rn -> R. (See Chapter 5 of Federer [5].) We restrict our attention to
those integrands which are even and have constant coefficients.

Let G be an open subset of R". We denote by Vn_}(G) the set of
n — 1 dimensional varifolds on G, that is, the set of Radon measures on
G X Sn~ι which satisfy the condition dV(x, w) = dV(x, —w) for (x, w)
G G X S"-{ and K E Vn_x(G). We define \\V\\(A) = V(A X Sn~ι)
whenever A is contained in G.

By Allard [3] we have the following formula for the first variation of
V with respect to the integral of Φ:

δ(V; Φ)(g) = f Dg(x) {Φ(w)ljr - DΦ(w)w) dV(x, w)
JGXS"~]

whenever g: G -> G has compact support. We say V is stationary with
respect to Φ in G if δ(V; Φ)(g) = 0 for all such g.

Throughout this work c(Φ) will be used to denote any constant
depending only upon the quantities

sup{Φ(w), \\DΦ(w)l \\D2Φ(w)\\: w G S"~]}, inf{Φ(w): w G 5""1},

n, and the parametric Legendre condition bound for Φ. (See Federer [5].)
We denote by Ψ the area integrand, Ψ(w) =\ w\.

3. The a priori estimate. Let Φ be as in §2 and suppose U and G
are open subsets of R". Let 0 < δ < oc and suppose U(x, δ) is contained
in G whenever x G U. Let v G S""1. Then we have the following a priori
estimate:

ί (1 - (w - vf) dV{x, w) < c(Φ)δ ' 2 /" (x υf d\\ V\\x.

Proof. Let φ: G -> R be smooth with compact support. Then define
g(x) — φ(x)2x - v vΦ(v). Since Vis stationary, we compute

fφ(x)2(Φ(w)Φ(v) - v

= -ljφ(x)x - v(Φ(w)vΦ{v) - VΦ(D) wvΦ(w)) Vφ( x)
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Using Schwartz's inequality together with the inequality

)2)(*) Φ(v)Φ(w) — w - vΦ(v)v vΦ(w) > c(Φ)(l — (v w)2

(which follows from the convexity and evenness of Φ) we obtain

f{\ ~ (v • wf) < c(Φ) su

Choosing φ to be an appropriate cuttoff we obtain the stated result.

4. Extension to higher codimension. In the case of higher codimen-
sion the same result can be proven with the added hypothesis that Φ be
close to the area integrand Ψ in the sense that

be small (where we have used Sk(R") to denote the unit simple vectors in

Λ,R")
To indicate where the extra hypothesis is needed, we define, for

w G R", Zφ(w), Lφ(w): R" -> Rn by

Lφ(w) = Φ(w)lR« ~ DΦ(w)w, Zφ(w) = Φ(w)V - Lφ(w).

With this notation we have

; Φ)(g)=fDg(x) Lφ(w) dV(x,w)9

and the function g of §3 is given by g(x) — φ(x)2Zφ(υ)\x). The inequal-
ity (*) of §3 now takes the form

Lφ(w) Zφ(vY > c(Φ)(l - (v >v)2) = c(Φ)Lψ(w) Zψ(vY.

This inequality can be extended to the higher codimension case when Φ is
close to Ψ as above. For details see [6].
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