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FLAT HILBERT CUBE MANIFOLD PAIRS

Luis MONTEJANO

The purpose of this paper is to study embeddings of g-manifolds
into g-manifolds. Mainly, we relate flat ζ)-manifold pairs with PL
manifold pairs by using a relative version of the Chapman Splitting
Theorem. The concepts of βPL embedding and βPL homeomorphism
are introduced.

1. Introduction and definitions. For topological spaces (polyhedra)
X and Y an embedding /: X -> Y is said to be a (PL) locally flat
embedding provided that every point of X has a neighborhood U and an
open (PL) embedding h: U X Rm -> Y such that h(x,0) = / ( * ) , for all
x E U. If U can be taken to be all of X, then the embedding is said to be a
(PL) flat embedding. Furthermore, the pair (7, X) is said to be a flat pair
if the inclusion X ** Y is a (PL) flat embedding. Note that if (Λf, N) is a
flat finite-dimensional manifold pair, then N Π dM = dN and (9M, dN)
is a flat manifold pair.

We use Q to denote the Hubert cube and by a g-manifold we mean a
separable metric manifold modeled on Q.

The purpose of this paper is to relate flat g-manifold pairs with flat
PL manifold pairs by using a relative version of the Chapman Splitting
Theorem [6]. The following is our first result in this direction.

THEOREM 1. Let (911, 91) be a flat compact Q-manifold pair. Then
there exists a flat PL manifold pair (M, N) and a homeomorphism h:

N) X β.

Chapman [4] has proved that there exists a codimension 3 locally flat
embedding % ~> 9H between β-manifolds such that 91 has no tubular
neighborhood and, moreover, no stabilization ^ i X f O j ^ ^ i t X R " has a
tubular neighborhood. On the other hand, Milnor [9] and Kister [8]
proved the stable existence of tubular neighborhoods for embeddings of
finite dimensional manifolds. Consequently an analogue of Theorem 1 for
locally flat β-manifold pairs is not possible.

Let M and TV be PL manifolds. An embedding (homeomorphism) /:
N X Q -* M X Q is said to be a Q PL embedding (homeomorphism) if
there exists a PL embedding (homeomorphism) g: N X In ^ M X Im
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such t h a t / = g X I d : (N X Γ) X Qn+X -> (M X Im) X β m + 1 , where
Id(<^+ 1,...) = (9π+i> ) E βm+i If> i n addition, g is a PL flat embed-
ding, then/is called a g PL-flat embedding. The next theorem relates flat
embeddings of β-manifolds with PL flat embeddings of their underlying
spaces.

THEOREM 2. Let N be a compact PL manifold and let M be a PL
manifold. A flat embedding f:NXQ-*MXQis isotopic to a QPL-flat
embedding if and only iff is homotopic to a QPL-flat embedding.

We say that two maps /0, fx: (X, Xo) -+ (Y9Y0) are homotopic by
pairs if there exists a homotopy ht: (X, X — X09 Xo) -> (7, Y — 70, YΌ)
such that h0— f and A, =/, . If, in addition, ht is a homeomorphism for
every t E /, we say/0 is isotopic by pairs to/,.

The next theorem, which was virtually proved by Chapman in [5] for
MQ = No = 0, relates homeomorphisms of flat β-manifold pairs with
homeomorphisms of flat PL manifold pairs.

THEOREM 3. Let ( M w + \ Mo

m) and {NnJrk, No

n) be flat compact PL

manifold pairs. A homeomorphism h: (TV, 7V0) X Q -> (Λf, Mo) X β w iso-

topic by pairs to a QPL homeomorphism if and only if h is homotopic by

pairs to a QPL homeomorphism.

At the end we give an example showing that the condition

hί((N-N0)XQ)c(M-MQ)XQ,

in the homotopy of Theorem 3, is necessary.
We let R" denote Euclidean π-space, / the closed unit interval [0,1]

and for r > 0, B" = [-r, r]n C R". As usual, dBr

n denotes the boundary of
B? and B? denotes its interior. For any space Xand i c l w e use \nixA
and BdxA to denote the topological interior and boundary of A in X. The
subscript will be omitted when the meaning is clear.

We represent Q as Q — /, X I2 X * , where /z is a copy of the closed
unit interval [0,1]. We also let /" = Ix X XIn and Qn = InX In+X

X - - -, so that Q = /* X Qn+ι. We use 0 to represent (0,0,...) e Qn. In
this paper it will be convenient to identify X with XX {0} i n I X Q and,
in general, XX Γ with X X Γ X {0} in X X Γ X Qn+X.

A compact subpolyhedron Y of a polyhedron X is said to be straight
provided that Bd Y is PL collared in both Y and X - Int Y. By a PL
manifold we will mean a piecewise-linear manifold with or without
boundary as in [1].
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In general we use results and notation from [2] concerning g-mani-

folds and from [7] concerning PL-topology.

2. A relative splitting theorem. Let 9H be a compact connected

ρ-manifold and let (M9 N) be a flat PL manifold pair. Let h: 911 X

(B?9 {0}) X R ^ (M, JV) X β be an open embedding.

A splitting of his a, decomposition, 9 H X £ 1

m X R = 91t1 U 9ϊl 2, such

that if 9110 = 911,0 9It2, %x = % Π (9R, X {0} X R), 9 l 2 = 9ϊl 2 Π

(91L X {0} X R), and %0 = %] Π 9l 2 , then

(1) 91L, and 91t2 are non-compact (λ-manifolds which are closed in

91L X B? X R,

(2) 91 j and 9 l 2

 a r e non-compact β-manifolds which are closed in

9IL X {0} X R,

(3) there is a polyhedron A C MX Γ such that if B = ,4 Π (TV X Γ)9

then Λ is PL bicollared in M X Γ, B is PL bicollared in N X /", and

(4) (9IL0, 9L0) is a compact β-manifold pair, and

(5) there is an open PL embedding φ: N X Γ X Rm -^ M X Γ such

that φ = Id on N X Γ X {0} and φ(N X Γ X Rm) Π A = φ(B X Rm).

The purpose of this section is to prove the following relative version

of the Chapman Splitting Theorem [6].

THEOREM 2.1. There exists α splitting of h, 9 H X £ 1

m X R = 9H1 U

9ϊt 2, such that the inclusions 9H0 -> 9H X B*? X R, 9 l 0 => 91L X {0} X R,

αwί/ 91t0 - 9L0 ^ 91L X (£,m - {0}) X R are homotopy equivalences.

LEMMA 2.1. Splittings ofh exist.

Proof. Since Λ(9H X J5}

W X {0}) is compact and Λ(9H X B™ X R) is

open in M X Q, it follows that there is a compact polyhedron K C M X Γl

and an open set U C Λf X In such that

Λ(9R, x B? x {0}) c ί x ρ n + 1 c ί / x ρ Λ + 1

( c B ^ X R ) CMXQ.

Let K = K Π (N X In). Since ( M X In, N X Γ) is a codimension m flat

PL manifold pair, we may assume without loss of generality that N X Γ

X Rm C M X Γ and, for some r > 0, K Π (N X Γ X Br

m) = K X Br

m.

Therefore, there exists a polyhedron R in U such that

(a) K C Int R C /? C t/,

(b) Bd i? is PL bicollared in M X I",
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(c) if Λ, = R Π (N X Γ\ then Bd Rx is PL bicollared in N X Γ,

and

(d) for some rλ > 0 Bd i? Π (TV X /" X Br") = Bd Λ, X 5,7.

Since Int /? X β π + 1 is a neighborhood of Λ(91t X £{* X {0}) in

Λ(9H X J5[" X R), we can decompose Bd R as Bd R = R' U Λ", where

R' X β Λ + 1 C Λ(9H X 5 Γ X (-oo,0))

and

i?" x ρ w + 1 c λ(9H x ^ί" x (o, 00)).

Similarly Bd R{ = R\ U R\\ where

and

Λ ί ' X β π + i CΛ(91tX {0} X(0,oo)).

Let

9IL! = ( 9 H X # Γ X (-oo,0)) - A-'ίlntΛ X β π + 1 )

and

91L2 = (91L X 5Γ X (0, 00)) U h'ι(R X β π + 1 ) .

Then we have Λ(9H0) = Λr X β π + 1 ,

^ = (9ILX {0} X (-oo,0)) - Λ-^Int Λ, X β Λ + 1 ) ,

9L2 == (9IL X {0} X (0, 00)) U (Λ t X β Λ + 1 ) ,

and h(%0) — R\ X β Λ + 1 , thus giving the desired splitting of Λ.

LEMMA 2.2. L e ί 9 H X 5 , w X R = 9IL, U 9IL2 6e α splitting of h. Then

we may assume there is a compact polyhedron K C N X In containing B

such that the inclusion K «=» h(%x) is a homotopy equivalence.

Proof. We will first prove there is a compact polyhedron Kx contain-

ing B and an embedding /: Kx -* λ(9l,) such that f\B — Id and / is a

homotopy equivalence.

Since 911 is compact, then , has the homotopy type of a compact

polyhedron K2. Let g: K2 -> h(%{) be a homotopy equivalence and let g:

/z(9lj) -> ^ 2 be a homotopy inverse of g. Let φ: B -» A 2̂ be a PL map

homotopic to g|2? and let AΓj be the mapping cylinder of φ. Let p:

Kx -> # 2 be the mapping cylinder retraction onto the base. Note that Kλ is

a compact polyhedron containing B and that the map gp: Kx -»/z(91,) is
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a homotopy equivalence with the property that gp\B: B-+h(?fLx) is

homotopic to the inclusion. Since B C h(%x) is a Z-set, it follows that

there is a Z-embedding/: Kx -> h(%x) such t h a t / | B — Id,/is homotopic

to gp and consequently,/is a homotopy equivalence.

The compact set f(Kx) U (B X β r t + 1 ) is contained in

A(91tX {0} X R)

which is open in N X Q. Therefore, there is an / >: 0 and an open subset

U of N X I1 such that f(Kx) U (B X β Λ + 1 ) C t/ X β / + 1 C

Λ(9H X {0} X R). Choose U = Ux U U2, where t/j X ρ / + 1 C h(%x) and

ί/2

 x β/+i c A(9l2). We may a s s u m e / ^ (/,, / 2 ) : # , -> £/, X β / + 1 is an

embedding. Let f[\ Kλ -^ Ux be a PL map homotopic to fλ such that

f{\B = Id. Let/2: A1 -> 7 m X X7Λ be a PL map such that/ 2 (£) = {0}

and/21Kλ - B: Kλ- B -> / / + 1 X X/A - {0} is one to one. It is easy

to see that / ; = (/,', //) : Kλ ^ ί/,X 7 / + 1 X X/A is a PL embedding

which is homotopic t o / i n h(%{). Furthermore, since B X /„ M X X/A

is bicollared, we can push /'(Jf, - B) off ί X / B f l X X/A. This

means we may assume f\Kx) Π (B X J π + 1 X XIk) = B. Consider the

compact subpolyhedron K oϊ N X Ik defined by

K = f'{Kι)UB(BXIn+ιX XIk).

Then we have B X In + X X - - - XIk C K C N X Ik. Furthermore, the in-

clusion K ^ Λ(9Lj) is a homotopy equivalence. This completes the proof

of Lemma 2.2.

LEMMA 2.3. There exists a splitting ofh such that the inclusion 9 l 0 ^ ^

X {0} X R w α homotopy equivalence.

Proof. Assertion. Let 9H X #Γ X R = σJ\ix U 91L2 be a splitting of h.

Then there is a splitting of A, 9H X £[" X R = 91L; U 9H2> such that

911 C Int 91! and the inclusions %'Q ^ %'2 - Int 9 l 2 and 9l(

r

} =» 91r, are

homotopy equivalences.

of Assertion. Let A be as in the Lemma 2.2. Without loss of

generality we may assume there is an open set U of M X ln containing A

such that [/ = C/, U C/2, t/, Π C/2 = ^ , C/, X β / 7 4 , C M^Il,), C/2 X β / H M

C A(91t2), and for some A > 0, φ( K X 5 r

w) C ί/,. Let ΰ be a regular

neighborhood of (φ(K X Br

m) X {1}) U (A X 7 n + 1) in ί/, X 7 n + 1 satisfy-

ing the following properties:

(a) Dx = D Π (N X 7^+1) is a regular neighborhood of (K X {1}) U

( 5 X / B + I ) i n ( l / I n ( J V X / " ) ) X / Λ + I ,
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(b) Bd D n (N X / w + 1 ) = Bd Dl9 and
( c ) B d ΰ n φ X M / | | + i (# X /" + 1 X 5™) = φ X Id/||+i(Bd Z^ X 5™)

for some r1 > 0.
Note that the inclusion K ^ D{ is a homotopy equivalence. Since

(K X {I}) U (B X In+Y) C Di is a Z-set, it follows that the inclusion
Bd Dλ «=* Dj is a homotopy equivalence.

Let

9ϊi; = % - A-!(Int Z) X Qn+2) and 911̂  = 91t2 U Λ^Z) X Qn+2).

Then we have

Dx X β π + 2 ) ,

U Λ " 1 ^ X β π + 2 ) , and A(9l£) = B d ^ X β π + 2 .

Since Bd Dj ^ Z^ is a homotopy equivalence, the inclusion 91Q •=» 9l 2 —
Int 9l 2 is a homotopy equivalence, hence there is a strong deformation
retraction of 9t2 - Int 9l2 onto %'o (see [11, p. 31] for further details),
and consequently, the inclusion %\ ^ 9 1 , is a homotopy equivalence. On
the other hand, since the inclusions K «=* Dx X β n + 2 and K ^ ^(91,) are
homotopy equivalences, the inclusion BdZ^ X β « + 2

& > ^ ( 9 l i ) i s a homo-
topy equivalence but, hence, %'o ^ %ι is a homotopy equivalence and,
consequently, 9LQ => %[ is a homotopy equivalence. This concludes the
proof of the Assertion.

Let us now return to the proof of the lemma. By Lemma 2.1 and the
Assertion, there is a splitting of A, 9H X B? X R = 911! U 9H2, such that
the inclusion %Q «* 9l 2 is a homotopy equivalence. Again, by the Asser-
tion, there is a splitting of A, 9IIX # f X R = 9lt; U 9H2, such that
9i; C Int 91! and the inclusions 9Lό ^ 9L2 - Int 9l 2 and %'Q -> %\ arc
homotopy equivalences. Since there is a strong deformation retraction of
9l 2 onto 9L0, the inclusion 9l 2 ~ Int 9L2 ^ 9L2 is a homotopy equiva-
lence, but hence, 91Q ̂  9l 2 is a homotopy equivalence and, consequently,
the inclusion 9 1 Q ^ 9 I L X { 0 } X R i s a homotopy equivalence. This com-
pletes the proof of Lemma 2.3.

LEMMA 2.4. Let 9H X B? X R = 911, U 9ϊt2 Z?e α splitting of h such
that the inclusion 9L0

 β » 9 H X { 0 } X R ω i α homotopy equivalence and for
some r > 0, 9tt 0 ΓΊ (911 X £ r

w X R) = 9 l 0 X £ r

m . ΓAe« /Aere e c/jto a split-

ting ofh, 91L X B? X R = 9H; U 9H^, ̂ wcA /Aα/ ίAe inclusions %'o ^ 9H X

{0} X R, 9 H ^ 9H X 5 Γ X R, and 9R,£ - 9l£«» 9R, X (5, m - {0}) X R

homotopy equivalences.
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Proof. The proof is similar to the proof of Lemma 2.3, but using the
following fact for ANR's. If Z C S, S = Sx U 52, So = 5, Π S2, and the
inclusions Z Π 5,, Z Π 52 ^ 52, and Z Π So ** So are homotopy equiva-
lences, then the inclusion Z «=» 5 is a homotopy equivalence.

/V00/ 0/ Theorem 2.1. By Lemma 2.3, there is a splitting of Λ,
911 X 5ί" X R = 911 j U 9!t2, such that 9l 0 <-> 9!l X {0} X R is a homo-
topy equivalence. We will first show there exists a homeomorphism hx\
9H X B? X R -> 911 X #Γ X R such that ^ = Id on 911 X {0} X R and
* ! ( % ) ) Π (911 X 5™ X R) = %0 X fl™ for some r, > 0.

Let φ: TV X /" X Rm -> M X /" be an open PL embedding such that
φ = Id on NX Γ X {0} and φ(ΛΓ X f X Γ ) Π ^ φ(B X Rm).
Therefore, φ X I d ρ + ( : N X β X Rm -> M X β is an open embedding
such that φ X Id ρ Λ + 7 = Id on N X β X {0} and

φ X ldQn+ι(N X Q X Rm) Π λ(9L0) = φ X Idρn + 1(5 X Rm).

Hence, using a small continuous function λ: 9IL X R -> (0,1) such that if
(m, j c , / ) G 6 l X R w X R and ||JC|| X λ(m, /) then

φX Idβ| |+i(Λ(/w,0,/),x) CΛ(91LX 5,m X R),

we can construct an open embedding g: 9 l X R m X R - ^ 9 l X ^ X R
such that g = Id on 911 X {0} X R and g(9l0 X Rm) = g(9H X Rm X R)
Π 9H0. Using the proof of Lemma 4.3 of [10], it is easy to find a
homeomorphism /: 9H X B? X R -> 9H X if1 X R such that / = Id on
9H X {0} X R and / = g on 9H X Br

m X 5 1 for some small r > 0. Hence,
there exists rλ > 0 such that if *! = f'\ then Λ^^Ho) Π (9H X 5r7 X R)
= 9l 0 X J8r̂ . This completes the construction of hv

By Lemma 2.4 there exists a splitting of AAjΛ 9TL X B? X R = 91t; Π
9H2, such that the inclusions 9HQ -» 9H X B™ X R, 9l 0 «=* 9H X {0} X R
and 9Hό ~ 9lό ^ ^ x (^BΓ ~ {°}) x R are homotopy equivalences.
Therefore, 9H X £{" X R = Ar!(9H;) U AΓι(9H2) is the desired splitting
of h. This completes the proof of Theorem 2.1.

3. Q PL-flat embeddings. The purpose of this section is to prove
Theorem 2, which can be restated as follows.

THEOREM 2. Let Nn be a compact PL manifold and let (ΛP + m , Nn) be
a flat PL manifold pair. If h: NXQ->MXQisa codimension m flat
embedding homotopic to the inclusion, then there exists an / > 0 and a
codimension m PL flat embedding g: N X I1 ~> M X I1 such that h is
isotopic to the QPL embedding g X Id β .
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COROLLARY 3.1. Let Mn+m be a PL manifold and letf: Q -> M X Q be
a codimension m locally flat embedding. Then there exists an l> n and a
codimension m PL flat embedding g: I1 -» M X lι~n such that g X Id:
I1 X Qι+λ -> (M X Iι~n) X β/_π+1 w /^top/c tof: Q-* MX Q.

COROLLARY 3.2. ̂ 4«y /wo codimension m (m φ 2) locally flat embed-
dings fθ9 /,: β -* β <zre ambient isotopic.

The following lemma is the main ingredient in the proof of Theorem
2. Its proof is virtually identical to the proof of Theorem 2 of [5].

LEMMA 3.1. Let Mn+kJrλ and Nn be PL manifolds and let K C N be a
compact set. Let a: N X Bx -> dM be a PL embedding and let h: I X N X

X <2 -> MX Q be an open embedding such that h = a X ldQ on {0}Q p g Q {} X
N X BY X Q. Then there exists an I > 0, a compact PL submanifold JV, of
N with K C Int Nl9 a PL embedding g: I X Nx X B$ X I1 -> M X I1 such
that g(I X Int Nx X B\ X V) is open in M X /', and an open embedding/:
IXNXB^XQ^MXQ such that

( l ) / = α X IdQ on {0} X N X B\ X Q,
(2)f=gXIdQi+]onIXNlXB/[XQ,
(3) / = h outside a neighborhood U of I X Nx X B\ X Q, and
(4) / is isotopic to h relative to

({0} X TV X Bk

λ X Q) U ((/ X N X Bk

λ X g) - £/).

Proof of Theorem 2. Let a: N X Rm -> M be a PL embedding such
that a = Id on Λ̂  X {0}. Let Λ: TV X Rm X Q -+ M X Q be an open
embedding such that h = h on N X {0} X Q. Since

a X I d ρ : (TV X £2

m) X {0} X β 2 -> M X ^ X β 2

and

h\N X B? X {0} X Q2: N X B? X {0} X Q2 -> M X /, X β 2

are homotopic Z-embeddings, we may assume without loss of generality
that h: Ix X (N X B?) X Q2 -* (/, X M) X Q2 is an open embedding
such that h = aX Id^2 on {0} X (N X B?) X Q2, where a: N X B™ ->
3(/j X M) is a PL embedding. By Lemma 3.1 there exists a PL embed-
ding g: NXB™XIι -> MX I1 such that g(N X Bf X I1) is open in
M X / ' a n d g X I d f i / + i : Λ̂  X B? X Q -^ M X Q is isotopic to h\N X B™

X Q. Therefore, g = g\N X {0} X I1 is a codimension m PL flat embed-

ding and g X I d ρ / + i is isotopic to h. This concludes the proof of Theorem

2.
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4. Triangulating flat β-manifold pairs. Throughout this section, by
a flat Q manifold pair (911, 91), we mean a flat β-manifold pair for which
91 is compact and 9H can be triangulated with a PL manifold. We say that
the pair (9H, 91) can be triangulated if there exists a flat PL manifold
pair (M9 N) and a homeomorphism h: (911, 91) -> (Af, N) X Q.

THEOREM 1. Every flat Q-manifold pair can be triangulated.

Proof. Let (9lt, 91) be a flat β-manifold pair. Let φ: Bd Γ -> 91 be a
continuous map and let φ: Bd /" X Q -> 91 be the composition Bd /" X Q
proj φ

-» Bd /" -*9l. Let ψ: Bd /" X β -» 9lbe a Z-embedding homotopic to <p.
Since ψ(Bd /" X β) C 91 is a Z-set, there is an open embedding /:
Bd /" X β X [0,1) -» 91 such that / = ψ on Bd I" X Q X {0}. Further-
more, since the inclusion 91 =•> 9H is a flat embedding, there exists an open
embedding /: (Bd / " X β X ( 0 , l ) X i j " , B d Γ X β X [0,1) X {0}) ->
('DTI, 9l)suchthat/ = / o n B d / " X QX [0,1) X {0}. Let ψ =/ |Bd /" X
2 X {0} X 5f. Put

9lt, = 9ILUψ(/''X β X ^ Γ ) and 91, = 91 U ψ (/ n X <2 X {0}).

Note that (911,, 91,) is a flat β-manifold pair and 91, has the homotopy
type of 91 Uφ7". Here is the main step in the proof. After having
established this, it will be easy to deduce Theorem 1.

Assertion. If (911,, 91,) can be triangulated, then so can (911, 91).

Proof of Assertion. Let (Mλ+m, Nλ) be a flat PL manifold pair and let
h: ( R ' x ρ x 5[",R" X Q X {0}) ^ (M X Q, N X Q) be an open em-
bedding. Assume, without loss of generality, that (9H,, 91,) = (M X
Q , N X Q ) a n d

( 9 1 1 , 9 1 ) = (M X Q - h ( B 1 X Q X 5 , m ) , N X Q - h { 6 " x X Q X { 0 } ) ) .

By Theorem 2.1, there exists a straight PL submanifold A of M X Iq

such that if B = A Γ) (N X Iq), then
(a) B is a straight PL submanifold of TV X 1\
( b ) ( M X / « - Int A, NX I" - Int 5) is a flat PL manifold pair,

(c)

2 X β X *,w) C IntΛ X β f l + 1 CAX Qq+X

Ch(Bζ X Q X Bf),
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( d )

h{B"x/2 XQX { 0 } ) ClntBXQq+xCBX Qq+]

Ch{BΪXQX { 0 } ) ,

a n d

(e) t h e i n c l u s i o n s B d A X Qq+X ~* h((B% - Bn

x/2) XQX 5 , m ) a n d

h((B2 Q {0}) h i lBd B X Qq=x «=» h((B% - Bx/2) XQX {0}) are h o m o t o p y equivalences.

By (a) thru (e), there is a homotopy equivalence between β-manifolds

T : h ( ( B ζ - B n

x ) X Q X B ? ) - » h(B% X Q X B ? ) - I n t A X Q q + X

such that

τ \ h ( d B % X Q X B f ) : h(dB% X Q X B™)

-> Λ(^2 X β X #Γ) - Int 4̂ X β^+ 1

is homotopic to the inclusion. Hence, there is a homeomoφhism

g:MX Q-h{Bn

λX QXB?) -> (M X /" - Int A) X Qq+λ

such that g = Id on MX Q- h(B% X QX B™). Similarly there is a

homeomorphism

g:NX Q-h{Bn

xX QX {0}) -> (N X Γ - Int B) X Qq+X

s u c h t h a t g = I d o n TV X ρ - A( J52" X β X {0}) .

L e t

r r : M X Q - A ( i f X β X 5 }

m ) -> M X Q - h(έn

x XQX B™)

b e t h e s t r o n g d e f o r m a t i o n r e t r a c t i o n of M X Q — h(B" X Q X Bxm)

o n t o MX Q- h{B% XQX Bn

x) a l o n g t h e r a y s of

h((Bζ- if) X QXB?).

It is not difficult to prove, using rn that the following map is homotopic to

the inclusion:

(NXIq-hAB) X Qq+X

g-*NX Q-h{Bn

xX QX {0})

^ M X Q-h(Bn

x X Q X Bf)^(MX Qq - IntΛ) X Qq+λ.

Therefore, by Theorem 2, the pair

( M X Q — h ( B x X Q X j B , m ) , N X Q ~ h ( B x X Q X { 0 } ) )

can be triangulated. This concludes the proof of the Assertion.
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We now return to the proof of Theorem 1. Since every compact ANR
can be transformed into a compact contractible ANR by attaching a finite
number of cells, it follows that we can construct a sequence of flat
ρ-manifold pairs (911, %) = (91t0, 9 l o ) , ( % , ^iX >($V %)> w h e Γ e

each pair (91t/+1, 9l l + 1 ) is obtained from (911,, 91,) by attaching a copy
of (Γ X QX 5™, Γ X QX {0}) as above, and %p is homeomorphic to
Q. By Corollary 3.1 and, of course, since locally flat embeddings of
Hubert cubes are flat [3], the pair (^)tp9 %p) can be triangulated and,
therefore, by the Assertion, the pair (91L, 91) can be triangulated. This
concludes the proof of Theorem 1.

REMARK. For flat compact g-manifold pairs, there is a completely
different proof of Theorem 1 which avoids the use of the Relative
Splitting Theorem 2.1.

5. βPL homeomorphisms. Let M and N be compact PL manifolds.
Chapman [5] proved that a homeomorphism h: N X Q -> M X Q is
isotopic to a Q PL homeomoφhism if and only if h is homotopic to a Q PL
homeomorphism. The purpose of this section is to obtain the same result
at the level of flat g-manifold pairs. We shall relay heavily on Chapman's
paper [5].

Our first task is to prove the following theorem.

THEOREM 5.1. Let ( Λ P + W + 1 , Mo"+ 1) be a flat compact PL manifold

pair, Nn a compact PL manifold and a: N X (B?9 {0}) -> (9M, dM0) a PL

embedding. Let h: I X N X (5™, {0}) X β -> (M, M o) X Q be a homeo-

morphism such that h = aX lάQ on (0) X N X B? X Q. Then there exists

an I ^ 0 and a PL homeomorphism g: I X N X (B™, {0}) X I1 -> (M, Mo)

X I1 such that g = a X ldrι on {0} X N X B™ X I1 and h is isotopic by

pairs to g X Id ρ / + ] relative to {0} X TV X Bf X Q.

The proof of Theorem 5.1 requires some lemmas.

LEMMA 5.1. Let ( Λ P + / c + m + 1 , M^k+λ) be a flat compact PL manifold

pair, a: R" X {Bk

x

 + m , B\) -> (3M, 3M0) a PL embedding and h: IXRnX

(B{+m, Bk) X Q-*{M, Mo) X Q an open embedding such that h = aX

lάQ on {0} X R " X B\+m X Q. Then there exists an / > 0 and a straight

submanίfoldA C M X I1 such that:

(1) B = A Π (N X I1) is a straight submanifold ofN X / ;,

(2) Bd B = Bd A Π (N X I1) (where Bd B is computed in N X I1),
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(3)

h(lX Bn

x/2 X Bk+m X Q) C IntA X Qι+X CAX Q

Ch(lX B% X Bk+m X β ) ,

(4) the following inclusions are homotopy equivalences:

KάA x ρ / + 1 ->A(/X (i2

Λ - # ί 7

/ 2 ) x 5 f + w x ρ),

X (B%- B[Ί

/2) X Bk

x X

(Bd.4 - Bd£) X ρ / + 1 - > / ? ( / x ( ^ - 5 f / 2 ) X (5f+/M - 5f) X ρ ) ,

(5) /Aere exists an open PL embedding φ: N X I1 X Rm -> M X I1 such

that φ = Id on N X I1 X {0} and

BdAΠ ψ(N X I1 X Rm) = φ(Bd B X R w ) ,

(6)

{A,B) n[a(Rn X (B*+m,B*)) XI1] = a{Bn

x X (Bk+m,Bk)) XI1,

and

(7)

(BdA.BdB) n[a(Rn x(Bk+m, Bk

x)) X I1]

= a(dB[Ί X (Bk+m,Bk)) X I1.

Proof. The proof is similar to the proof of Lemma 2.3 of [5], but using

the Relative Splitting Theorem 2.1 and its proof instead of the Chapman

Splitting Theorem [6].

If X is a compact space, we define Cone X = X X [0, \]/X X {1} and

we shall assume X X {0} C Cone X.

LEMMA 5.2. Let h: I X (B?9 {0}) X Q -> / X (#Γ\ {0}) X Q be a ho-

meomorphism such that h — Id on {0} X δ ^ X ^ Then h is ambient

isotopic by pairs to Id relative to {0} X B"Ί X Q.

Proof. Since there is a homeomorphism δ: /X(5J",{0})X β->

Cone((5!m, {0}) X Q) such that δ = Id on {0} X B"x

ι X Q (for the con-

struction of δ, see proof of Lemma 5.1, IV of [3]), the problem reduces to

proving that if A': Cone((5f2, {0}) X Q) -> Cone((5^, {0}) X Q) is a

homeomorphism such that W — Id on {0} X BX

Ί X Q, then W is ambient

isotopic by pairs to Id relative to {0} X Bx

ι X Q. But this is just a version

of the well-known Alexander trick.
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LEMMA 5.3. Let 91 be a compact Q-manifold with π,(9l) free or free

abelien and let /: / X 91 X Rm -> / X 91 X B™ be an open embedding such

that

(1)/= lάon{0} X 91 X {0},

(2)/(/x9lXRm) Π {0} X91X#Γ=/({O} x9lXR m ) 9 ^J

(3) the inclusion

{0} X91X (B? - {0})=*/x9lXi?Γ-/(/X 91 X {0})

is a homotopy equivalence.

Then there is a homeomorphism h: I X %X B? -> I X %X B? such

that h = Id on {0} X 91 X B? and hf= Id on I X 91 X {0}.

Proof. Using the construction of h2 in the proof of Theorem 2 of [3]

and the construction of u in the proof of Assertion 1, Lemma 4.3 of [10],

we may assume without loss of generality that / = Id on {0} X 91 X B™

for some r > 0. Since the inclusion {0} X 91 X (B? - {0}) -» I X 91 X

B? —f(I XVIX {0}) is a homotopy equivalence, it follows that the

inclusion/(/ X 91 X dBr

m) =* I X 91 X B? - / ( / X 91 X Br

m) is a homo-

topy equivalence and, consequently a simple homotopy equivalence.

Hence, there exists a homeomorphism

λ:/X 9LX (B™ - Br

m) -+IX%XB?-f(lX %X Br

m)

such that λ = / on / X 91 X dB"\ Furthermore, we may choose λ in such

a way that λ = Id on {0} X 91 X (B™ - Br

m). Then λ and/1 / X 91 X Br

m

piece together to give a homeomorphism whose inverse is our desired

homeomorphism h.

LEMMA 5.4. Let /: B% X {0} X Q -> 53" X £2

m X Q be a locally flat
embedding such that

(\)f= Id on B^X {0} X g,

(2)/(£3

n x {0} x Q) n #;? x ΰ2

m x ρ = Bn

λ x {0} x ρ,

(3) //ze inclusion

35J1 x ( # 2

m - {o}) x ^ ^ ( ^ - i ; 7 ) x ^ ! x Q-f(B;1 x {0} x ρ)

w f̂ homotopy equivalence, and

(4) /Λere ex/^^ an open embedding φ: B% X B™ X Q ̂  B% X B? X Q

such that φ=fonB%X {0} X Q and φ = Id ow 5," X i,w X ρ.

Γ/ze« ί/zere exists a homeomorphism h: B% X B? X Q ̂  B" X B™ X Q

such that h = ldon Br{ X B? X ρ α^J hf = Id.
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Proof. By Theorem 1 of [3], / is a flat embedding. Moreover, by

Lemma 4.3 of [10], there exists an open embedding φ: B" X B™ X Q -*

B; X B?X Q such that φ = / o n 53" X {0} X Q, φ = Id on B"x X Br

m X Q

for some r > 0, and φ(5 3" X Br

m X β ) Π B"x X 52

m X ρ = £[' X i™ X Q.

Lemma 5.4 now follows from Lemma 5.3.

LEMMA 5.5. Let

f IXB^X (Bΐ, {0}) X Q -» / X R" X ( 5 J \ {0}) X β

be an embedding such that

(1) / = I d on {0} X Bn

x X B™ X Q,

(2) / ( / X Bλ" X B? X Q) Π ({0} X R ' X 5,w X g )

= {0} X Bn

x X B{

mX Q,

(3) Bdf(lXB? XBx

mX Q) = f{I X ΘBJ1 X 5f X 9 )

w bicollared in IXWX Bx

mX Q andf(I X dBx" X {0} X β) w bicollared

in I X W X {0} X ζ>,

(4) the inclusions

f(lX dBn

λ X B™ X dQ) -*IX(BΪ- Bn

x/2) X B™ X Q,

filXdB^XiB?- {<d})XQ)^Ix{B"2-Bn

λ/2) X {B? - {0}) X Q,

and

/ ( / X 35? X {0} X Q) =» / X (i 2" - S,"/2) X {0} X β

are homotopy equivalences, and

(5) there exists an open embedding

φ:IX ( 4 " - B{"/2) X Rm X Q -* I X (B5

n - 5,"/2) X Bx

m X Q

such that φ = Id on I X (5 5" - ^J 1^) X {0} X Q, and

(i) φ(lX (Bξ - Bΐ/2) X R m X ρ ) Π / ( / X 35^ X 5 f X Q)

= Φ{f(ixdBx"x {0} x ρ j x r ) ,

(ϋ)

φ(lx(Bξ- Bn

x/2) X W X Q) Π ({0} X (5 5" - Bn

x/2) X Bx

m X Q)

= φ({0} X (55" - B"x/2) X Rm X ρ ) .
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Then there is a homeomorphism

h:IXR"X{B?, {0}) XQ->/XR"X(Bj",{0})XQ

such that h = / on I X B" X B™ X Q and h is isotopic by pairs to Id relative
to ({0} X R" X Bx

m X Q) U (/ X (R" - Bζ) X 5,"1 X β).

TVoo/. We will construct a homeomorphism

A : / X R X (£[", {0}) X Q -» / X R" X (£[", {0}) X β

such that Λ = / on / X 5," X B? X ζ> and h = Id on ({0} X R" X 5J" X
(2) U (7 X (R" - 53") X 5,m X Q). Then the isotopy follows from Lemma
5.2.

As in the proof of Lemma 3.1 of [5], there are homeomorphisms

λ0: / x R" x #Γ x Q -*! x R" x BT x β

and

λ,: / X R" X {0} X Q -» / X R" X {0} X Q

such that λ 0 = / on / X tff X £[" X ρ, λ, = / on / X iϊf X {0} X ρ,
λ 0 = Id on ({0} X R" X 5f X β) U (/ X (R" - 4") X 5,"1 X β), and λ,
= Id on ({0} X R" X {0} X β) U (/ X (R" - i3") X {0} X β). Unfor-
tunately, λΌ'cί/ X 53" X {0} X β) - / ( / X B"x X {0} X β)) may not be
contained in / X (#," - B") X {0} X ζ>. In order to modify λ"0

] to obtain
A"1, by using Lemma 5.4, we need to prove the following facts:

(I) the inclusion

( / X 9 5 3 " X ( 5 Γ - {0}) X β )

U ({0} X (Bζ - B"x) X {B? - {0}) X β )

U/(/X3^ί ! X(5f I -{0})X Q)

-* (/ X 53" X(5f - {0}) X <2) - / ( / X Bj1 X 5Γ X β )

is a homotopy equivalence, and
(II) there is a neighborhood ί/ of

4 = (/ X 9£3" X {0} X β ) U ({0} X (B% - Bn

λ) X {0} X β )

U/(7 X dBn

x X {0} X Q)

in (7 X 53" X {0} X Q) - f(I X 5," X {0} X β) and an open embedding

Φ: 1/ X Rm -* (7 X £3" X Bf X β ) - f(l X i f X Bf X β )
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such that

(i)Φ = I d o n t/X {0},

(ii) Φ(U X Rm) Π (A X B™) = Φ(Λ X Rm), and

(iii) Φ = Id on (/ X dB% X Br

m X Q) U ({0} X (Bζ - i f ) X i r

m X

dQ) and for each (/, χ,q9y) e / X 95J1 X β X £ r

m Φ(/(/, x, o, ?), >>) -

/(/, x, j>, <?), for some r > 0.

Proof of (I). It follows from the fact that the inclusion

/ ( / X dB? X (*{" - {0}) XQ)**Ix(Bζ- Bn

λ/2) X (^Γ - {0}) X Q

is a homotopy equivalence.

Proof of (lϊ). Using the fact that there is a homeomorphism

φ: / X B£ X B? X β -^ / X 55

n X i ^ X β

such that φ"1 = Id on ({0} X B? X B? X β ) U (/ X 355

W X Λf X β ) and

φ"1 = / on IX B? X Bf X Q, it is not difficult to see that we may

assume, without loss of generality, there exists r > 0 such that φ = Id on

{0}X (B% - i 3

π

/ 4 ) X ί x ρ and, for each (t, x,q,y)elX dBn

λ X Q

X B™9 φ(f(t, x, o, q), y) — f(t9 x9 y9 q) (see first part of the proof of

Lemma 5.3).

The desired open embedding Φ can be obtained from φ by observing

that there is a homeomorphism

T: / X Bξ X (B?9 {0}) XQ-±IXB%X (B™, {0}) X β

such that T = Id on / X B% X B™ X β,

τ({0) X (B% - Bζ) X B? X β ) = ({0} X (B? - Bζ) X B? X β )

U (IX dB% X B™ X β ) ,

and

τ({0} x {Bξ-i;) χ f i r x β ) = ({i} x (Bξ-Bξ/2) x B ? x Q).

This completes the proof of Lemma 5.5.

Proof of Theorem 5.1. The proof of Theorem 5.1 is virtually identical

to the proof of Theorem 2 of [5] but using our Lemma 5.1 instead of their

Lemma 2.3, our Lemma 5.5 instead of their Lemmas 3.1 and 5.3.

Our next step is to prove the following theorem.
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THEOREM 5.2. Let (Mn+m+\ M£+λ) and (Nn+n\ 7V0

ΛΪ) be flat compact

PL manifold pairs and let a: (TV, TV0) -> (9M, dM0) be a PL embedding. Let

h: I X (TV, TV0) X Q -» (Λf, Mo) X Q be a homeomorphism such that h — a

X ldQ on {0} X N X Q. Then there exists an I >0 and a PL homeomor-

phism g: / X (TV, NQ) X / ' -> (M, Λf0) X / ' ΛΊ/CA ί/ratf g = α X Id,/ cw {0}

X N X I1 and h is isotopic by pairs to g X Id 0 / + i relative to {0} X TV X I1.

The proof of Theorem 5.2 requires two more lemmas.

LEMMA 5.6. Let Mn+k+x be a PL manifold, a: R" X Bk -* dM a PL

embedding and h: IXRnXB\XQ-*MXQan open embedding such

that h = aXlάQ on {0} X R" X B\ X Q. Then there exists a straight

submanifold A C M X V, a PL embedding g: / X Bn

λ X Bk

λ X V -> A such

that g = a X Id7/ on {0} X Bn

λ X B\ X l\ and an open embedding /:

IXR"X Bk X Q-* MX Q such that

= a X ldQon {0} X R " X B X
(2)f= g X I d 0 | + i on IX Bn

x X B\ X β, and

(3) / is isotopic to h relative to ({0} X R" X 5f X β ) U (/ X (R/? -

B'l) X B\ X Q).

Proof. The proof is contained in the proof of Theorem 2 of [5].

LEMMA 5.7. Let Mn+2 be a PL manifold, Nn a compact PL manifold,

a: R X N -> dM a PL embedding and let h: I X R X TV X Q -> M X Q be

an open embedding such that h — aX\άQ on ( 0 } X R X 7 V X ( λ Then

there exists a bicollared submanifold A C M X I1, a PL homeomorphism g:

I X {0} X TV X / ; -> A such that g = aX Id7/ on {0} X { 0 } X i V X I1,

and an open embedding f: IXRXNXQ-+MXQ such that

( 1 ) / = aXldQon{0} XRX NX Q,

( 2 ) / = g X ldQι+]onIX {0} X TV X Q, and

(3) / is isotopic To h relative to ({0} X R X TV X Q) U (/ X (R - B\)

X N X Q).

Proof. We consider a PL handle decomposition of TV, TV̂  CJV 0C Nx

C C TVλ7 = TV, where N_x is a regular neighborhood of 3TV in TV and

each TVZ is obtained from Nt_x by adding disjoint handles of index /.

Set

xι = ([°5 i ] X R X iV) U (/ X R X JV;) C / X R X Λf
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a n d

Yt = ( [ 0 , i ] X 2 ? ' _ i + 1 X N ) U ( I X B ι

m _ l + ι X N,)

C I X B ]

n _ i + i X N, - 1 < / < / i .

It is clear that there exists a collection {φ, }f' of PL embeddings φy.
I X R X Rm~' X 5 { - » ( / X R X J \ ί ) - Int Xt_x such that

(a) φ,(7 X R X R" ' X B') X 3A;_, = φ,({0} X R X R""' X B[),

(b)φ;.(/x R x R"-' x 5;) n ay,_, = φ,({0} X ^ X R ' - ' X B 1 , ) ,

( c )

X, = X,-λ U U Ψj(I XRX 5 Γ 1 X B\),

(d)

y, = (y,._, n (/ x ̂ _ ; + 1 x iv)) u 0 %-(i x ̂ _,+1 x #r ' x^ί),
I

and
(e) the ψj(I X R X R " " ' X B\)'s are pairwise disjoint.
By inductively working through these "handles" we will prove the

following statement.
Sj(-\ < / < « ) : There exists a straight submanifold A, C M X /'•, a

PL embedding g,: y, X /'• -»^, such that g = α X Id7/, on {0} X ^ _ , + ,
X NX I' , and an open embedding / : / X R X J V X β ^ Λ / x ρ such
that/ = g, X Id β ; on y, X β, and/ is isotopic to/relative to ({0} X R
X N X Q) U (/ X+(R - 3 | + 3 ) XNXQ).

It is easy to establish S_, (see proof of Theorem 2 of [5]). Further-
more, Sj+] can be obtained from 5, by applying Lemma 5.6 to the open
embeddings

fiΨj: I x (i>_/+1 x R--'- ) x ( 5 | + 1 x /'•) x ρ / i + 1

We finish the proof of Lemma 5.7 by letting h be hn and A be

gΛ(/X {0} XNXI'«).

Proof of Theorem 5.2. Let us assume iV0 X Rw is contained in N as an
open subset. By Lemma 5.7 we may assume without loss of generality that
there exists a straight submanifold A of M, containing Mo as a flat
submanifold, and a PL homeomorphism β: I X No X dB™ X Q -> Bd yί
such that β = α on {0} X iV0 X a ^ / i = β X IdQonI X N0X dB™ X Q,
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and h(I XN0X (B?, {0}) X Q) = (A9 Mo) X Q. Theorem 5.2 now fol-

lows by applying Theorem 5Λ to h\I X N0X B? X Q and Theorem 2 of

[5] to h I / X (N - (No X B?)) X Q. This completes the proof of Theorem

5.2.

We will now prove Theorem 3, which can be restated as follows.

THEOREM 3. Let {Mn+m, MS) and {Nn+m, N£) be flat compact PL

manifold pairs. Let a: (N9 No) -> (M, Mo) be a PL homeomorphism and let

ht\ (N, N - N09 N0)X Q-> (M, M - M o , Mo) X Q be a homotopy such

that hQ is a homeomorphism and hλ = a X \άQ. Then h0 is isotopic by pairs

to a QPL homeomorphism.

Proof. By Theorem 3.2 of [10], h0 is isotopic by pairs to a homeomor-

phism h: (N, N0)X Q -» (M, Mo) X Q such that A = α X ldQi on N X

{0} X <22. Hence, by Theorem 5.2, there exists an / > 0 and a PL

homeomorphism g: (N, No) X I1 -* (M, Mo) X I1 such that Λ is isotopic

by pairs to g X I d 0 / + i . This concludes the proof of Theorem 3.

REMARK. The hypothesis ht((N - No) X Q) C (M - Mo) X Q9 in

the homotopy of Theorem 3, is necessary. To see this, let h: dB" X Q -»

3J9" X Q be a homeomoφhism which is not ambient isotopic and hence

not homotopic to a g PL homeomoφhism. Using a coordinate-switching

technique, it is not difficult to construct a homeomoφhism h: B" X Q -»

JSί1 X β such that h = Id on {0} X Q <md h = h on 35f X g (see proof

of Lemma 3.1 of [3]). It is clear that there is a homotopy ht: (B", {0}) X

Q -»(J?f, {0}) X β such that Ao = h and * ! = Id. Nevertheless, h is not

ambient isotopic by pairs to a Q PL homeomoφhism, otherwise, /z would

be homotopic to a Q PL homeomoφhism, contradicting the choice of h.
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