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BOREL DENSITY, THE MARGINAL PROBLEM
AND ISOMORPHISM TYPES OF ANALYTIC SETS

R. M. SHORTT

The present work arises out of an ongoing study of the existence of
probabilities with prescribed marginals, in particular, an attempt to
determine exactly for which spaces property (V) and the Kolmogoroff
consistency theorem hold. To this end, we have introduced the concept of
Borel-density, in fact an infinite hierarchy of Borel-densities (see Pro-
position 3). Their relationship to the marginal problem is explored in
Propositions 9 and 10: density of order 3 implies property (V) and, in the
presence of order 2 density, is equivalent with it. Propositions 11 and 12
treat Kolmogoroff consistency problems: infinite-order Borel-density is
sufficient for Kolmogoroff’s theorem to hold; as a consequence, there are
highly non-measurable spaces over which the theorem obtains. Finally,
and perhaps most intriguingly, there are applications of these results to
the (open) problem of determining the isomorphism types of analytic
sets. Proposition 13 asserts that if X; and X, are uncountable separable
spaces such that X, X X, is Borel-dense, then X| and X, are standard.

This last result improves a theorem of R. D. Mauldin (1976) to the
effect that if an analytic (non-Borel) subset 4 of the unit interval has
totally imperfect complement, then A is not isomorphic with 4", n = 2. A
consequence of our Proposition 13 (Corollary 7) is that such an A4 is not
isomorphic with any product B X C of uncountable spaces B and C. We
do not use the method of Lusin sieves.

The definition of nth order Borel-density bears some formal re-
semblance to certain work of Cox (1980) on Lusin properties for
Cartesian products, but the exact link seems unclear.

Notation and terminology. We work exclusively with separable spaces,
i.e. measurable spaces (X, %) with a countably generated and separated
o-algebra %. Often, the notation of a o-algebra is suppressed: the space is
called by X alone and, when needed, its measurable structure is indicated
by B = B(X). If A is a subset of X, consider A as another separable
space with B(A4) = {4 N B: B € B}.

A separable space ( X, ®) is standard if there is a separable, topologi-
cally complete metric d on X such that 9 is the Borel o-algebra of the
metric space (X, d). A metric space is standard if its Borel structure is
standard. If X is a separable metric space with Borel g-algebra %, then
(X, %) is a separable space. Furthermore, there is a well-known result due
to Marczewski (1938) stating that if (X, B) is a separable space, then
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there is a separable metric d on X such that % is the Borel o-algebra of the
metric space ( X, d). It follows from this that every separable space is a
subset of some standard space.

We use the terms “probability measure” and “law” interchangeably;
we denote the inner and outer measures formed from a law P by P, and
P*, respectively. If A C X, and Q is a law on (4, B(A)), we define the
law Q induced by Q on X by the rule Q(B) = Q(B N A), for B € B(X).
It is easy to verify that:

(1) P* is a finite measure on (A4, B(A4)),

(2) (Q)* = Q on B(4), and

(3) if P*(A) = 1, then P* = P.

A separable metric space (X, d) is universally measurable (u.m.) if for
every law P on its completion X, there are Borel subsets 4 and B of X
such that 4 C X C B and P(A4) = P(B). The following result is most
useful:

LEMMA 1. Let X be a set and let d, and d, be separable metrics
generating the same Borel structure; then (X, d,) is u.m. if and only if
(X, d,) is u.m. (See Shortt [15].)

We are thus justified in calling a separable space X u.m. if it is
Borel-isomorphic with some u.m. metric space.

A law P on a separable space X is continuous if P{x} = 0 for each
x € X. A separable X is universally null if there are no continuous laws on
(X, B(X)).

A separable space X is analytic if it is the measurable image of a
standard space; X is co-analytic if it is Borel-isomorphic with the comple-
ment of an analytic subset of a standard space. It is well-known that
analytic and co-analytic spaces are u.m.

In much of the following enterprise, we shall be considering a
sequence (possibly infinite) of (usually uncountable standard) spaces
S1, S,,...,S, and various subsets 4 of §; X S, X --- XS, . By a k-slice of
S, X --- XS, we mean a set of the form 4, X --- XA4,, where k of these
factor sets are singletons and the other n — k sets A4, are equal to S (i.e. k
co-ordinates have been specified; 1 =k <n). If {i|,...,i k} is a subset of
{1,...,n} of cardinality &, and s,,... ,sk are elements of Sise S, TESPEC-
tively, then {§€ S, X --- XS§,: 5(i;)) =, j = .k} is the k-slice of
S, X -+ XS, over the point (s,,... ,sk), 1t will occasmnally be identified
with its projection on IT{S;: i # i, j = 1,...,k}.
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IfA4CS, X---XS,, then by a k-section of A we mean the intersec-
tion of A with a k-slice of S} X --- XS§,; if B is a k-slice of §} X --- XS,
over the point (s,,...,5;), then B N A4 is the k-section of A over the point
(sy,---,5;). Again, these sets are sometimes identified with their projec-
tions on the corresponding n — k-dimensional partial product. Most often,
k=1.

LEMMA 2. Let E and F be analytic spaces and let A be an analytic subset
of EXF.If A(y) = {x € E: (x, y) € A} denotes the 1-section of A over
the point y, then {y € F: A(y) is uncountable} is an analytic subset of F.

Proof. This theorem is orginally due to Mazurkiewicz and Sierpinski
(1924) and has been generalised by Kuratowski [7, p. 261], Saks [14, p.
218), and Hoffmann-Jergensen [6, I11.6.1].

LEMMA 3. Let A be a standard subset of the product E X F of analytic
spaces E and F. If the 1-sections A(x) = {y € F: (x, y) € A} are counta-
ble for all x in E, then there exist standard sets B, C E (n = 1,2,...), and
measurable mappings f,: B, — F such that:

(D) f,(x) # £,(x) for all x in B, N\ B,, and n + m, and

(2) A = U_, G(f,), where G( f,) is the graph of f,.

Proof. This theorem is essentially due to Lusin [8, p. 243]; a proof is
to be found in Hahn [5] or Hoffmann-Jergensen [6, I111.6.7].

Let £ and F be separable spaces and let S be an uncountable
standard subset of E X F. Given x,, in E and y, in F, define the 1-sections

Si(x0) = {y EF: (xy,y) €S} and
S:(%) = {x € E: (x, y,) € §}.

LEMMA 4. Suppose that for each x € E and y € F, one has S\(x) and
S,(y) countable; then there is an uncountable standard subset S, of E and a
one-one measurable function f: S, — F whose graph G( f) is contained in S.

Proof. Using Lemma 3, we find (for n = 1,2,...) standard subsets
B, C E and measurable mappings f,: B, = F so that S = U%_ G(f,);
select n so that G( f,) is uncountable. Notice that since g,: B, — S defined
by g,(x) = (x, f,(x)) is one-one and measurable, its range G( f,) belongs
in B(.S) and so is standard.
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Apply Lemma 3 once more, this time to the set G( f,), using the fact
that its “horizontal” sections are countable. There are, for m = 1,2,...,
standard subsets C,, C F and measurable mappings g,: C,, — E so that
G(f,) = U>_ G(g,,); select m so that G(g,,) is uncountable.

Since each “ vertical” section of G( f,), hence of G(g,,) is a singleton,
g.: C, — B, is one-one and so bimeasurable. We may put S, = g,(C,,)
and f= g, on S,. O

The same argument shows that S is the countable union of such
graphs.

Before commencing the main section of this paper, we remark that
although transfinite induction is in frequent employ throughout what
follows, every attempt has been made to avoid the use of the Continuum
Hypothesis (CH). Wherever CH of its weakening Martin’s Axiom is used,
we have so noted it.

Borel-density. Let E be a separable space; a subset X of E is
Borel-dense in E if whenever B € B(E) and B C E\ X, then B is of
cardinality less than c. For general E, this seems not to be a tame concept:
for example, if X is Borel-dense in Y, and Y is Borel-dense in Z, can one
conclude, without assumption of the Continuum Hypothesis, that X is
Borel-dense in Z? For our purposes, however, only the case where X is
Borel-dense in a standard space is of relevance.

Say that a separable space X is Borel-dense if there is some standard
space S such that S\ X contains no uncountable members of B(S),
equivalently, upon any metrisation, S\ X contains no homeomorph of the
Cantor discontinuum (the term “totally imperfect” is used to indicate
such a set S\ X). The term “density” is, I believe, quite appropriate: if X
is Borel-dense in the standard space S, and f and g are real measurable
functions on S agreeing on X, then {x: f(x) # g(x)} is only countable.

PROPOSITION 1. If X is Borel-dense, then X is of cardinality c.

Demonstration. Every uncountable standard space S is the disjoint
union of continuum many uncountable standard sets. (For example, if S is
uncountable standard, then S =S X § = U{{s} X S: s € §}.) If now X
is Borel-dense in S, X must meet each of these sets. OJ

Let S, S,, S;,... be uncountable standard metric spaces and let
X, CS§,, X, CS,,... be subsets of these. For each n = 1,2,..., consider
the following twelve propositions:
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(K,) If K is a compact subset of (S, X -+ XS )\(X, X -+ XX),),
then K is contained in the union of fewer than c¢ 1-slices of §; X - - - X,
over points in SN\X,j = 1,2,...,n.

(KK,) If K is a compact subset of (.S, X - -+ XS I\(X; X -+ XX)),
then K is contained in the union of fewer than ¢ 1-slices of §; X - -+ X§,.

(K’,) If K is a compact subset of (S, X -+ XS )\(X; X --- XX,),
then K is contained in a countable union of 1-slices of S| X --- X§, over
pointsin S\ X;,j = 1,...,n.

(KK’,)) If K is a compact subset of (5, X --- XS )H\(X; X --- X X)),
then K is contained in a countable union of 1-slices of §; X - -+ X§,,.

(B,)If B € B(S, X --- XS,) is a subset of

S (SIX...XSn)\(Xl X..'XXn),

then B is contained in the union of fewer than ¢ 1-slices of S| X --- XS,
over points in S\ X;,j = 1,...,n.
(BB,) If B € B(S; X --- XS,) is a subset of

(8 X - XSN(X X - X X,),

then B is contained in the union of fewer than ¢ 1-slices of §; X - - - X §, .
(B)If B € B(S, X --- XS,) is a subset of
(Sl Xoees ><S’n)\()(l Xoeee XXn)’
then B is contained in a countable union of 1-slices of S| X --- XS, over
points in SN\NX;,j=1,...,n.
(BB)) If B € (S, X -+ XS,) is a subset of

(8 X - XSN(Xy X -+ X X,),

then B is contained in a countable union of 1-slices of S, X --- X§,.

(A,) If 4 is an analytic subset of (S, X - -+ XS )\(X; X --- X X)),
then A is contained in the union of fewer than ¢ 1-slices of S, X - -+ X §,
over points in S\ X, j=1,...,n.

" (AA,) If 4 is an analytic subset of (S; X - -+ XS )\(X; X - -+ XX)),

then A is contained in the union of fewer than ¢ 1-slices of S; X - -- XS, .

(A’) If A is an analytic subset of (S, X - -+ X§,)\(X; X --- X X)),
then A4 is contained in a countable union of 1-slices of S, X --- XS, over
pointsin S\ X;,j = 1,...,n.

(AA’)) If A is an analytic subset of (S, X --- XS I\(X; X -+ XX)),
then A is contained in a countable union of 1-slices of §; X --- X §,,.

n
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The case of n = oo is also allowed, but is treated separately. We know
immediately that for each » (including » = o0), the following three-dimen-
sional lattice of implications obtains:

(Ap) ®B,) - (Kp,)

) )/n | ——

= (BB, >~ __(KK,)

(AA}) > (BB}, > (KKY)

Additionally, for each n = 2, the following implications hold:
r (Kco) = (Kn) = (Kn—l)9
(KKoo) = (KKn) = (KKn—l)’

(Ko) = (K,)= (K,,),
(KK7,) = (KK}) = (KK’,_,),

(B,)= (B,)= (B,.,),
(%) (BB,) = (BB,) = (BB,_,),
) | B)= (B)= (B,
(BB.,) = (BB;) = (BB;_,),

(Ag)= (A,)= (A,_),
(AA,) =(AA,) =(AA,_),
(AL) = (A,)= (A,_),
[(AAL) = (AA),) = (AA],_).

For example, if K is a compact subset of

(Sl X XSn-l)\(Xl Koeee XXn~1)
not contained in fewer than c [resp. countably many] l-slices of S,
X XS then, letting K’ be an uncountable compact subset of S,

n—1»
we see that K X K’ is a compact subset of

(8 X -+ XSN(X; X -+ X X,)
not contained in the union of fewer than c [resp. countably many] 1-slices
OfSl X "'XSn.
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PROPOSITION 2. For each finite n, (KK ,) = (A’)), so that the twelve
conditions introduced are in fact equivalent.

REMARK. Because of this equivalence, we are justified in making this
definition: if any one of these conditions holds, say that X,,...,X, are
jointly Borel-dense (of order n) in S,,...,S,.

Demonstration. The proof proceeds by induction on n. For n = 1, all
of these conditions collapse to our earlier notion of Borel-density. Sup-
pose that the proposition obtains for all indices less than n, n = 2, and
that (KK, ) holds for X|,..., X, in S,,...,S,. For each positive k < n and
subset {iy,...,i} of {1,...,n} of cardinality k, the spaces X, ,...,X, are
jointly Borel-dense (of order k) in S,,...,S,: this follows from the
implications in (*) and the induction hypothesis. Suppose that 4 is an
analytic subset of (S; X --- XS )\ (X, X --- XX,). We construct a se-
quence of analytic sets 4 D 4, D A, D --- D A, as follows (again, the
process is inductive):

(1) Select any subset {i,...,i,_;} of {1,...,n} of cardinality n — 1,
and let j be the element in {1,...,n}\{i,,...,i,_,}. Consider the (n — 1)-
sections of 4 over points of S; X --- XS, ; in particular, over points in
X; X -+ XX, ,these are analytic subsets of S;\ X; and so are countable
(A)).

The set of all points in §; X --- XS,  for which these sections are
uncountable is (v, Lemma 2) an analytic subset of

(8, X - X8, N(X, X3 X, )

In—1

and so is contained (A),_,) in a countable union of 1-slices of S
X -+ XS, over points p in S\ X, i = i}, i,...,i,_;. Remove from A4
the 1-slices of S; X --- X §, over these points p.

Repeat this procedure for each subset {i,...,i, ,} of {1,...,n} of
cardinality n — 1. What remains of A is an analytic set 4, each of whose
(n — 1)-sections is countable.

(2) Suppose that 1 < k < n and that A, | has been defined so that

(a) A, is formed from A by the removal of countably many 1-slices
of §; X --- XS, over points in S\X,j=1,...,n, and

(b) each (n — k + 1)-section of 4, _, is countable.

Select any subset {i,...,i, ,} of {1,...,n} of cardinality n — k, and
let j,,....,j, be the elements of {I1,...,n}\{i},...,i,_,}. Consider the
(n — k)-sections of A, , over points of §; X --- XS, ; in particular,
over points in X; X---XJX, , these are analytic subsets of
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(S;, X =+ XS \(X, X -+ XX, ) with each I-section countable (they are
(n — k) + 1-sections of 4, _,). But now, from (AY), these (n — k)-sections
must be countable.

The set of all points in §; X --- XS, for which these (n — k)-
sections are uncountable is an analytic subset of

(8, X - XS, NX, X -+ XX,_)

In—k In—k

and so is contained (4)_,) in a countable union of l-slices of S
X -+ XS,  over points p in S\ X, i = iy,...,i,,. Remove from 4,_,
the 1-slices of S, X - - - X §, over these points p.

Repeat this procedure for each of the (,”,) subsets {i,,...,i,_,} of
{1,...,n} of cardinality n — k. What remains of 4, _, is an analytic set 4,
such that:

(a) 4, is formed from A4 by the removal of countably many 1-slices of
S, X -+ XS, over points in SN\X,j = 1,...,n,and

(b) each (n — k)-section of 4, is countable.

(3) Finally, we obtain the set 4,,_,. If this set were uncountable, there
is an uncountable compact K with K C 4,_,. From (KK,), this K is
contained in the union of fewer than ¢ 1-slices of S, X --- X§,; thisis a
contradiction. Therefore 4, _, is countable, and (A’,) holds true. O

I do not know whether Proposition 2 is true at n = oo.

Let S,,...,S, be uncountable standard spaces and suppose that
X, CS,,...,X, CS, are such that for each subset {i,,...,i;} of {1,...,n}
of cardinality k, the Xip- oo X, are jointly Borel-dense in SioeeesSis then
we say that X,,...,X, are jointly Borel-dense of order k in S,,...,S,.

COROLLARY 1. Suppose that X,,...,X, (n=2) are jointly Borel-
dense of order n—1 in S,,...,S,. If A is an analytic subset of
(S X -+ XSI\(X, X ---XX)), then after removing countably many
1-sections of A over points in S\ X;, j = 1,...,n, the remaining set has all
of its 1-sections countable.

Proof. Exactly the method used for the preceding proposition.

COROLLARY 2. Suppose that X,,...,X, (n = 2) are jointly Borel-dense
of order n — 1, but not of order n, in S,,...,S,. Then there is an uncountable
B E B(S, X+ XS,), BC(S; X -+ XS)\(X; X:--XX,)) each of
whose non-empty 1-sections is a singleton set (this cannot occur, of course, in
the presence of nth order density). Thus, for each subset {i,...,i,} of
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{1,...,n} of cardinality k, 0 <k <n, B is the graph of a measurable
isomorphism of some Borel subset of S; X --- XS, onto a Borel subset of
S, X -+ XS, . wherejy,....j,_ are the elements of {1,...,n}\{i\,...,i,}.

Proof. Let B € B(S, X - -+ XS§,) be a subset of
(Sl Xoee XSn)\(Xl X XXn)

not contained in a countable union of 1-slices of S; X - -- X §,. Applying
Corollary 1, we see that B may be chosen so that each of its 1-sections is
countable.

Lemma 4 implies that there is an uncountable B, C B, B, €
B(S, X -+ XS,) such that B, is the graph of a one-one measurable
function from some member of B(S,) onto some member of
B(S, X -+ XS,). Repeating this argument, we obtain uncountable
sets BOD B, DB,D ---D B, in B(S, X ---XS,) such that B; is the
graph of a one-one measurable function from some uncountable mem-
ber of B(S;) onto some member of

B(S, X -+ X8} X S, X---XS8,).

Every non-empty 1-section of the set B, is a singleton set. O

The hierarchy of Borel-density conditions which we have constructed
does not collapse into a triviality; the following results ensure this.

PROPOSITION 3. Let S be an uncountable standard space; for each
n=12,..., there is a subset X of S such that X X X (n-times) is jointly
Borel-dense of order n in S,...,S (n-times), but X,...,X (n + 1-times) is
not jointly Borel-dense of order n + 1in S,...,S (again n + 1-times).

REMARK. It will follow as a consequence of Corollary 5 infra that
none of the spaces X is universally measurable.

Demonstration. We may take S to be the unit interval [0, 1] under the
usual Borel structure. Let f,, f,, f;,... be the Borel automorphisms of S
defined by the rule

fills) = s,
Then
(%) fi(s) = f,(s) for some sin S implies k = /.
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Well-order the class of sets in B(S™) not contained in the union of fewer
than ¢ 1-slices of S” as B,, B,, B,,...,B,,..., a <c. Select any n-tuple
(x¢(1),...,x4(n)) in B, and in general for a < ¢, take (x(1),...,x,(n)) in
B\A,, where A, is the union of all I-slices of S" over all points
fk“f,(xﬁ(j)) forallj=1,....n,k=12,....n+ 1,1=1,2,...,n+ 1, all
B < a (the I-slices of S” over these points in each co-ordinate are
removed; there are fewer than c of these 1-slices).

Put X = {x(j):j=1,....,n,a <c}. Then X,..., X (n-times) is jointly
Borel-dense of order n in S,...,S ( X" meets each of the sets B,); however,
we show now that X"*! does not intersect the set G € B(S"*"), where

G = {(s(1),...,s(n), s(n + 1)):
AH(s(D) =£(5(2)) = -+ - = £s(n)) = f1(s(n + 1))}

(Every 1-section of G is a singleton, so that G cannot be contained in the
union of fewer than c 1-slices of S"*1)

For the sake of argument, suppose that there is some element
(s(1),...,s(n), s(n + 1)) in X""' N G. Condition (x) for the f, implies
that no two of these s(j) are the same. Since at each stage of the
construction of X, at most n elements are chosen, there are (das Fachprin-
zip) ordinals § < a < ¢ such that for some i, j, k, and /, s(j) = x (i),
s(k) = xg(1): this contradicts the choice of (x,(1),...,x,(n)), forcing it to
lie in one of the forbidden 1-slices comprising 4 ,. a

PROPOSITION 4. Let S be an uncountable standard space; there is a
subset X of S such that for each n, X,...,X (n-times) is jointly Borel-dense
of order n in S,...,S, but X, X,... and S, S,... do not satisfy condition
(BB,)).

Demonstration. Again, we take S to be the interval ]0, 1[; the functions
fi» f5,- .. are as before.

Well-order the class of sets in B(S) U B(S?) U B(S3) U --- not
contained in the union of fewer than ¢ 1-slices (of S, S2, S°,..., respec-
tively) as By, By, B,,...,B,,..., a <c; for each ordinal a < ¢, let n = n(a)
be such that B, is from B(S"). Select any n(0)-tuple (x(1),...,x,(n(0)))
in By and in general for a < ¢, take (x(1),...,x,(n(a))) in B\ 4,, where
A, is the union of all 1-slices of S"(*) over all points f,”'f,(x4(/)) for all
j=L...,n(B), k=12,..., [=1,2,..., all B <a (the 1-slices of $™®
over these points in each co-ordinate are removed; there are fewer than ¢
of these 1-slices).
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Put X={x(j): j=1,...,n(a), a <c}. Then for each finite n,
X,...,X (n-times) is jointly Borel-dense of order » in S,...,S (X" meets
each of the sets B, such that n = n(«)); however, we show now that X
does not intersect the set G € B(S*), where G = {(s(1), 5(2),...): f,(s(1))
= f,(s(2)) = ---}. (As before, G is not contained in the union of fewer
than ¢ 1-slices of $%.)

For the sake of argument, suppose that there is some element
(s(1), 5(2),...) in X* N G. Condition (*) implies that no two of these s( j)
are the same. Since at each stage of the construction of X, only finitely
many elements are chosen, these are ordinals 8 < a < ¢ such that for
some i, j, k, and [, s(j) = x,(i), s(k) = xp(I): this contradicts the choice
of (x,(1),...,x,(n(a))), much as in Proposition 3. (]

PROPOSITION 5. Let S be an uncountable standard space; there is a
subset X of S such that

(1) X is not u.m., and yet

(2) the sequence X, X,... satisfies condition (BB, ) in S, S,....

Demonstration. Well-order as B,, B,,...,B,,...,a <c, all elements of
B (S*) not contained in the union of fewer than ¢ 1-slices of S*; also
well-order as G, C,,...,C,,...,a < ¢, all uncountable members of B (S).

Select (xy(1), x4(2),...) in By and w, from C\{x,(j):j = 1,2,...}.In
general, for any a < ¢, choose (x (1), x,(2),...) from B\ 4,, where 4, is
the union of all 1-slices of S* (in every co-ordinate) over the points {wj:
B < a}; choose w, from C\{xg(j): B=a,j = 1,2,...}. Put X = {x,(J):
a<cj=12,...}.

The X, X,... and S, S,... satisfy (BB,), and yet both X and its
complement are Borel-dense in S, so that X is not u.m. O

Relations with measure theory and the marginal problem.

PROPOSITION 6. Let S be an uncountable standard space; then X C S is
Borel-dense in S if and only if P*(X) = 1 for every continuous law P on S.

Proof. If P*(X) <1, there is a (necessarily uncountable) set B €
B(S), X N B= @& with P(B) > 0. |

COROLLARY 3. 4 set X is u.m. and Borel-dense in S if and only if S\ X
is universally null.
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COROLLARY 4. A co-analytic set X is Borel-dense in S if and only if X is
standard and S\ X is countable. (Uncountable analytic sets are not univer-
sally null.)

ProposITION 7. Let S,...,S, be uncountable standard spaces and
X, CS,,....X,CS, be such that X,,...,X, are jointly Borel-dense (of
ordern)in S,,...,S,; given laws P,,...,P,on X|,... , X,,, respectively, and a

law Q on S, X -+ XS, with univariate marginals P,,...,P, (the laws
induced by the P, on S, j = 1,...,n), then one has Q*(X; X - -- XX, =1

Demonstration. If
Be®R(S, X ---XS§,) and B C (S X -+ XS)O\(X; X -+ XX,),

then B is contained in a countable union of 1-slices of §; X --- XS, over
points in S\ X, j = 1,...,n, and so Q(B) = 0. O

PrOPOSITION 8. If X|,...,X, (n =2) are jointly Borel-dense of order
n—1in S,,...,S,, then X,,...,X, is jointly Borel-dense of order n in
S1,...,S, if and only if whenever P,,...,P, are laws on X,,...,X,, respec-
tively, and Q is a law on S, X - - - XS, with univariate marginals P,,...,P,,

then also Q*( X, X --- XX,) = 1.

Demonstration. One direction follows from the preceding proposition.
For the converse, let B C (S, X --- XS )\(X, X --- XX,) be an uncoun-
table member of B (S, X ---S,) not contained in a countable union of
I-slices of §) X --- XS, over points in S\ X, j = L,...,n. By Corollary
1, there is an uncountable subset B, of B, B, € B(S, X --- XS,), all of
whose 1-sections are countable. Let Q be a continuous law on S, X - - - XS,
with Q(B,) = 1. The univariate marginals of Q on S,,...,S, are therefore
continuous and, by Proposition 6, give full outer measure to X,,...,X,;
thus these marginals are of the form P,,...,P, for certain laws P,,...,P,
on X,,...,X,. But 0*(X, X --- XX,) = 0. O

COROLLARY 5. Let S,,...,S, (n =2) be uncountable standard spaces
and let X, C S,..., X, C S, be u.m. subsets of these. If X, is Borel-dense in
S, for each j = 1,...,n, then X,,...,X, is jointly Borel-dense of order n in
Spee S,

Proof. By induction on n, applying Proposition §: if P,,...,P, are
laws on X,,...,X,, and Q is a law on S, X --- XS, with marginals

s Ay

P,... ,fn, the u.m. property allows one to choose sets B, € GJ?)(SJ), B, C X,
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j =1,...,n,such that P(B;) = 1; then
O*(X, X -+ XX,)=Q(B, X---XB,) = 1. O

Say that a triple (X, Y, Z) of separable spaces has property (V) if
whenever there are given laws P, on X X Y and P, on Y X Z with a
common marginal on Y, there is also a law P on X X Y X Z with
marginals P, and P,. A study of property (V) was undertaken in Shortt
[15].

PROPOSITION 9. If S|, S,, S, are uncountable standard spaces, and
X, CS,, X, CS,, X5 CS, are such that X,, X,, X; are jointly Borel-dense
(of order 3) in S|, S,, S;, then (X,, X,, X3) has property (V).

Demonstration. Suppose that P, and P,; are laws on X, X X, and
X, X X; with a common marginal on X,; then P12 and P,; are laws on
S, X S, and S, X §; with the common marginal P, on S,. Using Lemma 7
of Shortt [15], we see that there is a law Q on §; X S, X S; with marginals
P, on S, X S, and P,; on S, X S,. If the marginals of P,, and Py; on X,
X,, X5 are P,, P,, P;, then the univariate marginals of Q are Pl, P2, P3
Proposition 7 implies that Q*( X, X X, X X;) = 1; then P = Q* is a law
on X; X X, X X; with marginals P, and P,;. O

ProposiTION 10. If X|, X,, X; are jointly Borel-dense of order 2 in S,
S,, S, then (X, X,, X;) has property (V) if and only if X, X,, X; are
jointly Borel-dense of order 3 in S|, S,, S;.

Demonstration. One direction is established by Proposition 9. For the
converse, suppose that X, X,, X; are jointly Borel-dense of order 2, but
not of order 3; Corollary 2 then applies to produce an uncountable set B
in B(S, X S, X §;) with B C (S, X S, X S;)\(X; X X, X X;) and such
that each non-empty 1-section of B is a singleton set.

Let Q be a continuous law on B; then the univariate marginals of Q
on S, S, and S; are continuous and so give full outer measure to X;, X,
and X;; thus these marginals are of the form P,, P,, P, for certain laws P,,
P,, P; on X, X,, X;. Proposition 7 with n = 2 implies that the bivariate
marginals of Q on §; X §, and S, X S, give full outer measure to X; X X,
and X, X X;; thus these marginals are of the form P,, and P,, for laws P,
on X; X X, and P,; on X, X Xj.

We claim that there is no law P on X; X X, X X; with marginals P,,
and P,;: suppose, however, that it were so. Let B, and B,; be the



196 R. M. SHORTT

projections of B onto S, X §, and S, X S, respectively; since one-one
measurable images of standard spaces are standard, B,, € B(S, X S,)
and By; € B(S, X S;). Then P (the law induced by P on S X 85, X 83)
has marginals P, on S, X S, and P23 on S, X S;; this forces P(B,, X S;)
= Pi(By;) = 1 and P(S, X By) = Pyy(By) = 1; but

(B, X 83) N (S; X By) =B C (8, X 8, X SN\ (X; X X, X X;),
so that P*( X, X X, X X,) = 0, a contradiction. )

COROLLARY 6. There is an uncountable non-u.m. space X such that
(X, X, X) has property (V).

Proof. Let X be as in Proposition 3 with n = 3 (3rd-order but not
4th-order density); by Corollary 5, X cannot be u.m., but Proposition 9
ensures that (X, X, X) has property (V). O

This result should be compared with Theorem 5 of Shortt [15], where
it is shown that (X, Y, Z) has property (V) for all separable Y and Z if
and only if X is u.m..

PROPOSITION 11. Let X,, X,,... be subsets of uncountable standard
metric spaces S|, S,,...; then either of (a) condition (K',) or (b) condition
(K,) together with Martin’s Axiom implies the following:

(*) if P, P,,... are laws on X,, X,,. .., respectively, and Q is a law on

S} X' 8, X - - - with univariate marginals P, P,,..., then
Q% (X, X Xy X -++) = 1.

If the laws Py, P,,... in (x) are further assumed to be continuous, then
either of (a) condition (KK',) or (b) condition (KK ) together with Martin’s
Axiom implies (x).

Demonstration. We use the fact that all laws on S; X §, X --- are
tight. If K is a compact subset of (S, X S, X ---)\(X, X X, X --4),
then, depending on which conditions are assumed, either

(al) (K,) implies that K is contained in a countable union of 1-slices
of §; X §, X -+ over points in SN\X;,j=12,..., and so Q(K) = 0, or

(b]) (Ky) imph'es that K is contained in the union of sets S, X S,
X XA4; X -+, j=1,2,..., where A is a subset of S '\ X; of cardinal-
ity less than ¢. Martin’s Ax10m (see e. g Rudin [13,p. 498]) implies that
P*(A ) = 0, so that Q(K) = 0, or
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(a2) (KK’,) implies that K is contained in a countable union of
1-slices of S; X S, X - - -; the continuity of the 131 implies that Q(K) = 0,
or

(b2) (KK,) implies that K is contained in a union of sets S; X S,
Xeoo XA; X -+, j=1,2,..., where each A;is ofgardinality_less than c.
Martin’s Axiom, together with the continuity of the P, implies PX(A4;) = 0,
so that Q(K) = 0. O

In analogy with Proposition 8, it may be that in the presence of the
joint Borel-density of X;, X,,... in S, S,,... of every finite order,
condition (*) is necessary and sufficient for some density of order oo, but
I have no proof.

Say that a sequence X, X,,... of separable spaces has the continuous
Kolmogoroff property (it is CKP) if whenever a sequence P, (n = 1,2,...)
of laws on X, X --- XX, with continuous univariate marginals is given,
such that the marginal of P, , on X; X --- XX, is P,, then there is a law
P on X, X X, X --- having the P, as marginals; if the restriction that the
univariate marginals be continuous may be removed, then X, X,,... has
Kolmogoroff’s property (it is KP). It is rather well known that any
sequence of standard or analytic spaces is KP (v. Blackwell [1, Theorem
6)]); in fact, only the u.m. property is needed (Shortt [16, Corollary 4.2]).

PROPOSITION 12. Let S, S,,... be uncountable standard metric spaces
and suppose X, C S|, X, C S,,... are subsets of these,

(1) (K,) implies KP for X,, X,,...,

(2) (K ) and Martin’s Axiom together imply KP,

(3) (KK?,) implies CKP, and

(4) (KK ) and Martin’s Axiom together imply CKP.

Demonstration. Let P, on X, X --- XX, be a given consistent se-
quence of laws; then the induced laws P, on S, X - - - X, are consistent.
Therefore, there is a law Q on S| X S, X - - - having the P, as marginals.
Proposition 11 together with the assumptions in any of (1)—(4) ensures
that Q*(X; X X, X ---)=1. The law P = Q* on X, X X, X --- has
marginals P,. g

COROLLARY 7. Assume Martin’s Axiom, there is a non-u.m. space X
(of cardinality c) such that X, X,... has the continuous Kolmogoroff prop-
erty (CKP). (This answers in part a question of D. L. Cohn.)
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Proof. Take X as in Proposition 5 and use Proposition 12 in conjunc-
tion with the implication (BB,) = (KK ).

The exact relationship between Kolmogoroff’s property, infinite-order
Borel-density, and, the finite-dimensional marginal problem seems un-
clear; in particular, I do not know if there are any spaces X such that
X, X,... has Kolmogoroff’s property, but (X, X, X) does not have prop-

erty (V).

The Borel-density of products and analytic sets. The following theo-
rem will enable us to obtain some rather surprising results concerning the
Borel-density of analytic sets.

PROPOSITION 13. If X, and X, are uncountable separable spaces such
that X, X X, is Borel-dense, then X, and X, are standard.

Demonstration. Consider X, and X, as subsets of the standard spaces
S, and §,, respectively. If X, X X, is Borel-dense, there is a standard
space S and a Borel isomorphism if: X; X X, - S onto f( X; X X,), which
is Borel-dense in S. Then there is an extension of f to a Borel-isomorphism
f of B onto f(B), where X, X X, C B € B(S, X S,), and f(X, X X,) C

f(B) € B(S). Thus X, X X, is Borel-dense in B.

Claim 1. X, and X, are Borel-dense: select any x, € X,; then X, is
Borel-dense in 7} = {s € §,: (s, x,) € B}. Select any x, € X,; then X, is
Borel-dense in T, = {s € S,: (x,, s) € B}.

Claim 2. X, and X, are analytic (using Lemma 2): X, = {s € S,: the
section of B over the point s is uncountable}, and X, = {5 € S,: the
section of B over the point s is uncountable}.

Thus X, and X, are u.m. and Borel-dense in T, and T,, respectively;
by Corollary 5, X), X, are jointly Borel-dense of order 2 in T}, T,. Also,
X, X X, is Borel-dense (of order 1) in B, = B N (T, X T5).

Thus (7T, X T,)\ B, is contained in a countable union of 1-slices of
T} X T, over points in T}\ X; and 7;\ X,. Removing these points from T,
and T, leaves uncountable standard spaces 7] and 7.

Claim 3. X, = T} and X, = T;: if not, say s € T|\ X, then {s} X T,
would be an uncountable Borel subset of B, disjoint from X, X X,, a
contradiction. O
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Now Godel’s Axiom of Constructibility (¥ = L) implies the existence
of totally imperfect uncountable co-analytic sets (Godel [3]), equivalently,
of analytic, non-Borel spaces that are Borel dense. Also, it is known that
non-Borel-dense analytic sets exist (in ZFC): see Maitra and Ryll-Nard-
zewski [9]. For example, so called “universal” analytic sets are of this
variety. (For more thoughts along these lines, cf. Grzegorek and Ryll-
Nardzewski [4].)

R. Daniel Mauldin [11] has proved that if A is a Borel-dense non-
standard analytic space, then A4 is not isomorphic with any of its powers
A", n =2 or with A4 X [0, 1]; he uses the method of Lusin sieves. We offer
an improvement of this result:

COROLLARY 7. If A is a Borel-dense analytic non-standard space, then
A is not isomorphic with any product A, X A, of two uncountable (analytic)
spaces A, and A,.

Proof. From Proposition 13, 4, and 4, would have to be standard. ]

COROLLARY 8. If A is an analytic, non-Borel set Borel-dense in the
standard space S, then A X A is not Borel-dense (in any standard space),
but A, A,... is jointly Borel-dense of any finite order n in S, S,....

Proof. A is u.m., and Corollary 5 applies. O
COROLLARY 9. There are non-u.m. spaces not Borel-dense.

Proof. Let H be a non-u.m. subset of a standard space S; then H X S
is not u.m., but also not Borel-dense (from Proposition 13). O

Another example may be constructed as follows: let 4 be an analytic
non-Borel-dense space; construct X C A4 such that X and A\ X meet every
uncountable member of B(A4). The demonstration is omitted.

Acknowledgement. Thanks go to D. L. Cohn for his careful reading
of the manuscript and helpful suggestions.

Added in proof. A. W. Miller has pointed out that in Cohen’s original
model for the consistency of ZFC + (¢ = N,) there are sets X C Y C Z
with X Borel-dense in Y and Y Borel-dense in Z, but X not Borel-dense in
Z.
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