
PACIFIC JOURNAL OF MATHEMATICS
Vol 115, No 1, 1984

WELL-BEHAVED DERIVATIONS ON C[0,1]

RALPH DELAUBENFELS

We give the following necessary and sufficient conditions for a
• -derivation, A, on C[0,1], to generate a continuous group of •-auto-
morphisms: A must be equivalent to the closure of pD, where (pD)f(x)
— P{χ)f'(x\ with (1/p) not locally integrable at the zeroes of p. We
give similar necessary and sufficient conditions for a well-behaved * -de-
rivation to generate a positive contraction semigroup. We show that any
* -derivation on C[0,1] has an extension (possibly on a larger space) that
generates a continuous group of * -automorphisms.

Introduction. Continuous groups of *-automorphisms of C*-alge-
bras are of interest in quantum-dynamical systems. Their generators are
closed, well-behaved *-derivations. (See Definitions 2, 4 and 5.) Batty [1]
has characterized all closed quasi well-behaved derivations on C[0,1]:
they are equivalent, via a homeomorphism of [0,1], to the closure of the
operator/?/), where (pD)f(x) = p(x)f'(x). In this paper, we characterize
generators of continuous groups of *-automorphisms on C[0,1] by pre-
senting necessary and sufficient conditions on/?, that make the closure of
pD such a generator.

An unsolved problem is the following. Given an accretive operator
(see Definition 3) on a Banach space, does it have an extension (possibly
on a larger space) that is m-accretive (generates a contraction semigroup)?
Trotter [3] constructs, for any real-valued continuous /?, an extension of
pD that is m-accretive. Combining this with Batty's result, we conclude
that every well-behaved *-derivation on C[0,1] has an m-accretive exten-
sion, giving a partial solution to the problem above. With a slight
modification of Trotter's construction, we show that every well-behaved
*-derivation on C[0,1] has an extension that generates a continuous
group of * -automorphisms. The extension we construct acts on BC(R3).

For easy future reference, we present all definitions and preliminaries
here. These need not be read until they are referred to in the course of the
paper.

Definitions and preliminaries.
1. 3i{A) is the domain of the operator A.
2. A is the closure of the operator A.
A is closed if A = A.
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3. A linear operator, A, on the Banach space, X, is accretive if, for all
x in 2{A\ there exists φx in X* such that yψj = 1, φx(x) = ||x|| and
Re[φx(Λx)] > 0.

The operator, A, is m-accretiυe if it generates a 1-parameter conrac-
tion semigroup, {Tt}t^,Q9 that is, lim^o-^l/iXTJx — x) = (—^4x), for all
Λ: in «®(̂ 4). Λ is m-accretive if and only if A is closed, accretive and
densely defined and (1 + A) is surjective. (See [2].)

4. A is well-behaved if A and (—Λ) are accretive. In other terminology,
this is equivalent to (iA) being Hermitian.

5. If A is a linear operator on a C*-algebra, J / , then A is a
* -derivation if ^4(xy) = x ( ^ ) + (Ax)y and v4(;c*) = (Ax)* for all x, 7

Whenever A is a derivation, we will assume that 2 {A) is a dense
* -sub-algebra.

The operator A generates a continuous group of * -automorphisms,
{Tt}t(ΞR(-Ax = limt_+0(l/t)(Ttx - x)) if and only if A is a well-behaved
closed *-derivation, with (1 + A) and (1 — A) surjective.

6. C[a, b] is the set of all continuous, complex-valued functions on
[a, b] with the supremum norm.

The set of all continuously differentiable functions we write as
Cλ[a9 b].

C0[a,b] = {/in C[a,b]\f(a) = 0 =f(b)},

For any topological space Ω, BC(Ω) is the set of all bounded,
uniformly continuous, complex-valued functions on Ω.

7. If A is a derivation on C[0,1], then x in C[0,1] is well-behaved for A
if Re(4/)O) = 0 whenever f(x) = ±||f H .̂ Note that A is well-behaved if
and only if all points in [0,1] are well-behaved.

A is quasi well-behaved if the interior of the set of well-behaved points
for A is dense in [0,1].

The differentiation operator, D (Df(x)=f'(x)), is quasi well-be-
haved, but not well-behaved. Its set of well-behaved points is (0,1).

8. If A, B are derivations on C[0,1], then A is equivalent to B if there
exists 0, a homeomorphism of [0,1], such that 2(A) = {f°θ\fe 2(B)}
andΛ(/°0) = (£/) for all/in ^ ( £ ) .

Being quasi well-behaved, well-behaved, or the generator of a continu-
ous group of * -automorphisms are all properties that are invariant under
equivalence.
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9. The derivation/?/), on C[0,1], is defined by (pD)f(x) = p(x)f'(x),
with @(pD) = Cl[0,l].

Batty [1] showed that A is closed and quasi well-behaved if and only
if A is equivalent to pD, for some real-valued p in C[0,1].

10. Λ: X -» Y is an embedding of X in Γ if Λ is injective and
bicontinuous. If B is a linear operator on Y and v4 is a linear operator on
X, then 5 is an extension of ,4 if Λ(<®(̂ 4)) is contained in S)(B) and
B(Ax) = A(Ax\ for all x in ̂ (^4).

11. If/is a complex-valued (including oo) function on [0,1], then/is
locally integrable at b+ if there exists c > b such that / is finite on (b, c)
and J£\f\ is finite./is locally integrable at b~ if there exists a < b such that
/is finite on (a, b) and /^|/ | is finite.

THEOREM 1. Suppose A = pD on C0[α, b], where p e C0[α, 6], p(x) is
greater than zero for all x in (a, b), and3)(A) = C^(a, b). Then

(a) (1 — A) is surjective if and only if (l/p) is not locally integrable

at a+.
(b) (1 + A) is surjective if and only if (l/p) is not locally integrable

atb~.

Proof. Let q: (α, b) -» R be such that q\x) = l/p(x) for all x in

(a) Suppose (1 - A)f = g. Solving this differential equation gives

(1)

f(y)= -eq{v) I (e'q(t)Yg(t) dt9 for ally in (a, b).

If (l/p) is locally integrable at α+, then q(a) is finite, so that
fa(e~q(ί)Ys(t) dt must equal zero whenever g is in the range of (1 - A).
This means (1 —A) is not surjective. Conversely, if (l/p) is not locally
integrable at a+, then 1imy_+a q(y) = -oo, so that equation (1) defines,
for any g in C0[a, fe], a function/in CQ[Λ, b] such that (1 - A)f = g; that
is, (1 - A) is surjective.

(b) Suppose (1 + A)f = g. Then

(2)

f{x) = e-*x) f (eq{t))'g(t) dt, for all x in (a, b)

As in (α), (1 + v4) is surjective if and only if limx_^ q(x) = oo, which is
equivalent to (l/p) being not locally integrable at b~.
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THEOREM 2. pD generates a continuous group of * -automorphisms on
C[0,1] if and only if p is real-valued and in C0[0,1] and (l/p) is not locally
integrable at a+ or a~, wheneverp(a) = 0.

Proof. Suppose pD generates a continuous group of * -automorphisms
on C[0,1]. Then pD is well-behaved, so p must be real-valued and in
C0[0,1] (see Definitions 4 and 5).

Suppose p(a) = 0.
If there exists a sequence {an}™=0, converging to a, such that, for all

n, an > a, andp(an) = 0, then (l/p) is not locally integrable at α+. (See
Definition 11.)

So suppose there exists b > α such that p(b) = 0, p(x) Φ 0 for any x
in (α, b). Let Tt be the * -automorphism generated by pD. Since (pD)f(α)
= 0 = (pD)f(b), (TJ)(α)=f(α\ (Ttf)(b)=f(b\ for all/. Thus Tt

takes C0[α, b] into itself. This implies that (1 + pD)\CQ[α h] and
(1 - pD)\Co[αh] are surjective. (See Definition 5.) By Theorem 1, this
implies that (l/p) is not locally integrable at α+. The same argument
shows that (l/p) is not locally integrable at α~. Conversely, suppose/? has
the desired form. One could show directly that (1 + pD) and (1 - pD) are
surjective, by using Theorem 1. However, it is much more elegant to use
the following construction, due to Trotter ([3]), that presents the exact
group generated by pD.

For any real number t, define ht: [0,1] -> [0,1] in the following way.

ht(x) = x, Ίίp(x) = 0.

If x is in (α, b), wherep(α) = 0 = p(b),p(y) Φ 0 for anyj> in (α, ft), we
let q be such that q'(y) = l/p(y), for all y in (α, b). By hypothesis, q
takes (α,b) onto the entire real line.

h,(x)*q-ι(q(x)-t).

We then define Tn on C[0,1], by

(3) W)(*)-/(*,*)•
Since {Λ,},eR is a group of homeomorphisms of [0,1], {7]} reR is a
continuous group of * -automorphisms on C[0,1].

We have

- γtf(h,x)

-f'(h,x)
- 1

q'{q-\q{x) - t))

= -(pD)(TJ)(x), for all/in C1 [0,1].

Thus pD generates {Tt }/eR.

= -p{htx)f\h,x)



WELL-BEHAVED DERIVATIONS ON C [O, l ] 77

THEOREM 3. Suppose A is a * -derivation on C[0,1]. Then A generates a
continuous group of * -automorphisms if and only if A is equivalent to pD,
for some real-valuedp in C0[0,1], where (l/p) is not locally integrable at a +

or a~, wheneverp(a) = 0.

Proof. Suppose A is a generator. Then A is well-behaved and closed,
so Batty's result (see [1], and Definition 9) implies that there exists p such
that A is equivalent to pD. By Theorem 2, p must have the desired
properties. The converse also follows from Theorem 2.

The following theorem weakens the hypotheses of Theorem 3, and has
the weaker conclusion that A generates a continuous semigroup on C[0,1].

THEOREM 4. Suppose A is a well-behaved * -derivation on C[0,1]. Then
A is m-accretive if and only if A is equivalent to pDy where p is real-valued
and in C0[0,1] and has the following property. Suppose that α, b are two
consecutive zeroes of p. Then if p > 0 on (α, b), l/p is not locally integrable
at b~\ if p < 0 on (a, b), l/p is not locally integrable at a+.

Proof. This is identical to the proofs of Theorems 2 and 3, with the
following modifications. To get the desired properties of /?, we used only
part (b) of Theorem 1. Equation (3) is changed by defining ht(x) =
q~\min(q(a),q(x) - t)).

EXAMPLE. If we do not require that pD be well-behaved, then the
condition that (l/p) not be locally integrable at the zeroes of p is no
longer a necessary condition, for pD to be m-accretive. This is shown by
the following example. Let/?(x) = — 2x1/2. (l/p) is locally integrable at
0+, but pD is m-accretive on C[0,1], for the following reasons. pD is
accretive, because/? is real-valued, and/?(0) = 0. If

f(x) Ξ

then (1 + pD)f= g. Thus (1 + pD) is surjective. (See Definition 3.) It
would be interesting to have necessary and sufficient conditions on p that
would make pD m-accretive.

Chernoff has observed (unpublished) that any m-accretive operator
may be thought of as differentiation, in the following way. Embed X in
BC(R+, X) by (Ax)(t) = e'ίAx. Then A(e~sAx)(t) = (Ax)(s + t)9 so
that A generates the translation semigroup. For the following theorem, we
make a similar construction.
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THEOREM 5. Suppose A and (—A) both have m-accretive extensions on
X. Then A has an extension that generates a continuous group of isometries,
on BC(R, X), the space of bounded uniformly continuous functions from the
real line into X.

Proof. Let B be the m-accretive extension of A and C be the
m-accretive extension of (—A). Define Λ: X -> BC(R, X) by

Ax(t) = e~tBx i f ί > 0 ,

etCx if t < 0.

Let D equal differentiation, the generator of the translation group. I
claim that D is an extension of (—A).

A(3>(B)) contains only functions that are differentiable for t > 0,
with a right-derivative at zero. Λ(<®(C)) contains only functions that are
differentiable for t < 0, with a left-derivative at zero. Since 2{A) is
contained in 2>{B) Π 2){C\ A(2(A)) will be contained in 9{D) if

whenever x is in 2(A).
If xisin^(A), then

^ ( Λ J C ) ( 0 ) = lim - ( Λ x ( / ) - x ) = lim -{e~tBx - x)
at ί—o+ * /-»o+ t

= — Bx = —Ax = Cx = — lim — (e~ΐCx - x)
0+ tX }

Thus A(2(A)) is contained in 2{D)\ a similar calculation shows that
A(Ax)= -D(Ax).

In the following theorem, we use Trotter's construction ([3]), and the
previous theorem, to show that every well-behaved * -derivation on C[0,1]
has an extension (possibly on a larger space) that generates a continuous
group of * -automorphisms.
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THEOREM 6. Suppose A is a well-behaved * -derivation on C[0,1]. Then

there exists an extension of A, on BC(R3), that generates a continuous group

of * -automorphisms.

Proof. Since A is well-behaved, A is closable, with well-behaved

closure. (See [1].) Without loss of generality, we may assume A = pD, with

p real-valued and in C0[0,1]. (See Definitions 8 and 9.) Let E = {x\ p(x)

= 0). There exists a countable collection {(ak9 bk)}™=ι of disjoint open

intervals such that Ec\ the complement of £ , equals \Jf=ι(ak9 bk). For

fixed k, we construct hkt and gkt from (ak9 bk) into itself, as follows.

Let qk be such that q'k(x) = l/p(x)9 for all x in (ak9 bk). Let

[ck9 dk] = qk[ak, bk]. (ck or dk may equal ± oo.)

hkΛx) Ξ ^ 1 ( m a x ( c J t , qk(x) - t))9

As in the proof of Theorem 2, we have

(4) Jt

x) f o r x i n («it,

Let Ω = [(Ex{0})Όf=ι[[ak9 bk]x(k)]]9 the disjoint union of E and the

closure of the components of the complement of E.

We embed C[0,1] in BC(Ω), by (Λ/)(x, /c) = / ( * ) , for all x and k.

We define semigroups 7?̂  and St9 on BC(Ω), by

(Stf){x,k)=f(gkJx9k)9 i f / c > 0 ,

,0), forallί.

By (4), the generator of Rt is an extension of A9 and the generator of

5, is an extension of (—A). By Theorem 5, A has an extension that

generates a continuous group of isometries, on BC(R, BC(Ω)), which is

contained in BC(R3). If we were to go through the construction in the

proof of Theorem 5, we would get translation in one of the variables, on

BC(R3), as the group generated by A this is a group of * -automorphisms.
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