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LATTICES OF COMPLETELY REGULAR SEMIGROUP
VARIETIES

F. J. PASTUN AND P. G. TROTTER

Let p be a fully invariant congruence on the free completely regular
semigroup F<R of countably infinite rank. Let p_;, and p™" be the least
congruences on FR with respectively the same trace and-the same kernel
as p. Let p,, and p™* be the greatest congruences on Fy® with
respectively the same trace and the same kernel as p. These congruences
are shown to be fully invariant. We construct a network of varieties
corresponding to the congruences - - -, p™™, p o o™ p . (p. )",
(P™")in> - - - and their intersections. Intervals between successive joins
of the network, in the lattice of subvarieties of completely regular
semigroups, are characterised as direct products of particular subinter-
vals. By comparing the network with the chain of varieties that are each
generated by a free completely regular semigroup of finite rank we get
information on the network and the chain.

1. Introduction. Completely regular semigroups are semigroups that
are unions of their subgroups. They may be regarded as universal algebras
with an associative binary operation (multiplication) and a unary opera-
tion (inversion). As universal algebras, completely regular semigroups
form a variety determined by the identities

(1) x=xx xx'=x% (x1)"=x.

Let CR denote this variety and Lp denote the lattice of subvarieties of
CR.

Descriptions of sublattices of Lg have proliferated in recent years.
The sublattices for which detailed results have been obtained are all
bounded above by BG vV O where BG denotes the variety of all bands of
groups and O denotes the variety of all orthodox completely regular
semigroups. We will see that these sublattices lie at the bottom of L.
Varieties under BG V O include the variety G of all groups, the variety B
of all bands and the variety CS of all completely simple semigroups. The
lattice of subvarieties of B has been fully described in [1], [6] and [7]. The
lattice of subvarieties of CS has been studied in [17], [18], [21], [28] and
[31] while other sublattices of L g have been investigated in [15], [19], [24],
[25], [27], [30] and [22].
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We will see in the final section of the paper that if p is the universal
congruence on FR then the varieties induced by p,,.., p™, (p™") ., and
(Pmin) ™" respectively are G, B, BG and O. The variety BG V O is induced
by (0™) min N (Ppmin) ™™ and is therefore near the bottom of our network.

The paper begins with preliminary notions and with two results on
fully invariant congruences. Basic properties of p,;., p™", p,., and p™>,
where p is a congruence on a regular semigroup S, are derived in §3. The
min-network p, p_., £™7, (P™®) ins (Pmin) ™. .., With intersections, is
shown to be a sublattice of the lattice €(S) of all congruences on S; this
generalises a construction of M. Petrich and N. R. Reilly [29] based on the
universal congruence of an inverse semigroup.

In §4 we see that if a congruence p on FR is fully invariant then so is
Penins P™2 Prmax and p™>. We see in §5 that the max-network for a fully
invariant congruence is a sublattice of ¥( F£®). The major result concern-
ing the congruence network for a fully invariant congruence p on F<R is
that, as intervals of the lattice of fully invariant congruences on F{R,

[Pmmin N 0™, 0] = [Pins ] X [0™™, ]
= [Pmin N 0™, Prin] X [Pruin N ™, p™7].

The corresponding result holds for [p, p,.. V p™]. We restate these
results in varietal terminology and compare them with some results from
the literature. If p is not the equality relation then our network of varieties
is infinite with supremum CR.

We also prove that for distinct integers m and n the free completely
regular semigroups of ranks m and n generate distinct varieties. The free
completely regular semigroups of finite rank are not fundamental while

FER is fundamental.
For undefined notation or terminology see [11] or [16].

2. Definitions and preliminary results. Let S be a regular semi-
group. Denote by E(S) the set of idempotents of S and by V(x) the set of
inverses of x € S. We make use in the text of Nambooripad’s sandwich set
S(e, f) for e, f € E(S) (see [22] or [23]). Specifically

S(e,f)={p€E(S);pe=p=fp,epf =ef }.

We note that S(e, f) € E(S) N V(ef).

The description in [10] and [38] of the free completely regular semi-
group FC® on a set X is via a description of the free unary semigroup Fy
on X; that is, the free object on X in the variety of all semigroups with a
unary operation. Let X = X U {(,)"!} where (,)™! & X. By [9], FY is



LATTICES OF COMPLETELY REGULAR SEMIGROUP VARIETIES 193

the smallest subsemigroup of the free semigroup Fy on X such that
X ¢ FY and (w)™! € FY for all w € Fy. Define the content of w € Fg to
be the set
c(w) = {letters of X appearingin w}.

If u=>b(a or u=a)'b where a € (F¢')' and b € F{ we say that the
occurrence of ( or )™ respectively is unmatched. If v € Fy let b € Fy
denote the word obtained from v by successively deleting unmatched
occurrences of ( and )7},

Define the left indicator L(w) of w € F{ by L(w) = a where a is the
shortest initial segment of w such that c(a) = ¢(w). Similarly the right
indicator of w is R(w) = b where b is the shortest final segment of w such
that c(w) = c(b). It follows that L(w) = ux for some u € (FY)! and
x € X\ ¢(u) and R(w) = yv for some v € (FP) andy € X\ ¢(v).

As a notational convenience write w™! in place of (w)~!in F. Let A
be the congruence on F{ generated by the pairs (w, ww™w), (ww ™, w™lw)
and ((w™)~!, w) for all w € F. The following summarizes Theorems 3.1,
4.2 and 5.4 of [2]

THEOREM 2.1 [2]. Let u, v € F¢. Then
(i) FSR = FP/\.
(1) uA Do if and only if c(u) = c(v), and
(iii) uA Rv\ if and only if L(u) = ax and L(v) = bx for some x € X
and a, b € (FP)! such that (a,b) € Aora=b = 1.

In the remainder of the paper we assume X is a countably infinite set.
Every element of F{® can be written in the form w with w € FY. We
hereby assume that w = v in FE® if and only if the identity w = v is a
consequence of the identities xx'x = x, xx™} = x"'x and (x™H)! = x.
Accordinly if V is a subvariety of the variety CR of all completely regular
semigroups then we shall write the identities that hold in V in the form
w = v where w, v € Fy.

A binary relation 8 on a semigroup S is said to be fully invariant if for
every endomorphism ¢ of S and every pair (x, y) € 6 then (x¢, yp) € 6.

LEMMA 2.2. Let S be a semigroup and 0 be a fully invariant reflexive,
symmetric binary relation on S. Then the congruence p on S that is generated
by 8 is fully invariant.

Proof. By [35] (a, b) € p if and only if there exist p,, g, € §! and
(a;, b)) € 8 for 1 < i < n, some n, such that

a = pa,q,, pib1g; = p,a,9,,..., p,bgq,=b.
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Let ¢ be an endomorphism of S and put 1¢ = 1. Suppose (a, b) € p.
Then (p,;b,q9,)¢ = (P;418,,19;+1)9 and, since @ is fully invariant,
(a9, b;p) € 0 for all i. So (ad, bo) € p.

LEMMA 2.3. Let %be a category of semigroups with a free object Fy on a
countably infinite set X. Let 0 be a fully invariant equivalence relation on Fy.
Then the largest congruence p contained in 0 is fully invariant.

Proof. By [3; Lemma 10.3] we have
p= {(a, b) € 8; (paq, pbq) € G for allp, q € (ny)l}

Suppose (a, b) € p. There exists x,,...,x, € X such that ¢ and b are
products of elements from {x,,...,x,}. Select z,,z, € (XU {1})\
{xy,.-.,x,}. Let ¢ be an endomorphism of Fy and p, ¢ € (Fy)". Define
an endomorphism  of Fy such that

x, ¥ =x,9 forallh,1 <h <n, zy=p and z,y =gq.

We assume p = 1 if and only if z; =1 and ¢ = 1 if and only if z, = 1.
Since (z,az,, z,bz,) € 0 and 8 is fully invariant then ((z,az,){,(z,bz,){)
€0, so (p(ap)q, p(bd)q) € 6. This follows for all p,q € (Fy)' so
(ao, bo) € p.

With the obvious modification to the description of p in the proof it
can be seen that Lemma 2.3 holds for any variety of algebras of finite type
T.

We note that since completely regular semigroups are unions of
groups then surjective semigroup homomorphisms preserve the unary
operation. Conversely, unary semigroup homomorphisms are semigroup
homomorphisms. Hence we need not distinguish between semigroup
congruences and unary semigroup congruences on a completely regular
semigroup.

In the text we consider the following lattices and their sublattices; the
lattice €(.S) of all congruences on a semigroup S, the lattice C(F{R) of
all fully invariant congruences on F<R, and the lattice Loy of all subvarie-
ties of CR.

If p is a fully invariant congruence on F{® then denote by V, the
subvariety of CR determined by the identities w = v for all (w, v) € p. If
V is a subvariety of CR denote by Fy the free object in V on X, and by p,
the congruence which is induced on FS® by the natural homomorphism
FSR — FY. Then py is a fully invariant congruence. Moreover,

LCR%C(FXCR); V—>pvandC(F§R)-—>LCR; p—V,
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are mutually inverse anti-isomorphisms between the lattices Lz and
C(FER). For more detail see [11, §§ 24, 25, 26].

3. Congruences on regular semigroups. We make extensive use of
the kernel-trace description of congruences on regular semigroups. The
description was introduced for inverse semigroups by H. E. Scheiblich [34]
and extended to regular semigroups by R. Feigenbaum in [4] and [5]. We
use the notation of [26].

Let S be a regular semigroup. Recall that €(S) denotes the lattice of
congruences on S. The kernel of a congruence p on S is the union of all
p-classes that contain idempotents, that is,

(2) kerp = {x € S; xpe for some e € E(S)}.

The trace of p is the restriction of p to E(S), thus trp = p|E(S). For any
congruence p define

3 K,= {0 € €(S); kerp = ker 6},
(3) T.= (0 %(S); trp = tr0).

By [4] and [5; Theorem 4.1] a congruence p on S is completely determined
by its trace and kernel; in other words

(4) {(r}=K,NT,

It readily follows that K, and 7, are convex subsets of €(S).

For p € 4(S) define p_;, = NT,. Then trp_;, = trp and p_;, is the
least element of 7. Hence p,,, is the congruence on S which is generated
by the relation tr p. Therefore, if p, § € €(S), then

trp C trd implies p_.. C 0.

Recall the definition of sandwich sets. For p € €(S) let p™" be the
congruence on S which is generated by the relation

(5) {(x,e); x € kerp, e € S(x'x, xx') for some x’ € V(x)}.

It follows from this definition that, for 6, p € €(S),

(6) kerp C ker@ implies p™" C 9™,

If 8 € K, and x € ker§ = kerp then by [36; Lemma 1.2] we have
(x, e) € 8 for every x’ € V(x) and e € S(x'x, xx"). Thus p™" C 6 and in
particular p™" C p. Hence, by (2), (5) and (6), ker p™" = ker p. We have
shown that p™" is the least element of K.

A congruence on S is idempotent separating if its trace is the equality
relation on E(S). We see, using [14; Theorem 5], that the greatest
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idempotent separating congruence u g on S is characterized by

(7) ps = {(x, y) € #; for some (any) x’ € V(x) and
y’ € V(y) where (x’, y’) € 5 then x’ex = y’ey
for each idempotent e < xx’}.

Let p € ¥(S). Using Lallement’s Lemma ([20] and [16; II Lemma 4.6])
we see that a congruence 6 belongs to T, if and only if p,;, € 6 and 8/p,,,
is idempotent separating on S/p,... Hence the congruence p,,,, on S given
by

(8) XPmax ¥ if and only if  xp*ug , yo*

is the greatest element of T, (we let p* S - S/p denote the natural
homomorphism).

LEMMA 3.1. Let S be a regular semigroup and p, 0 € €(S). Then
trp C tr@ implies p,, C 6

- max *

Proof. For any congruence o on S and a, b € S define an equivalence
relation 57, by
a#,, b ifandonlyif a(o, ) #b(0,,)* inS/o,,.

tro

Let p be the greatest congruence on S that is contained in /%, . Since
B 2 o, then p/o,, is the greatest congruence on S /o, that is contained
in 5; hence p/6,;, = pg,, . So by (8) and since tro,;, = tro then
B = (Omin) max = Omax- We€ have trp C trf so p,;, < 0,,, and hence %, C
H, ¢ It follows thatp_, C 6

— “max-*

For p € €(S) let p™* be the congruence on S given by
p™* = {(x, y) € S x S; foreveryp,q € S,

pxq € kerp = pyq € kerp}.

By [35] p™* is the greatest congruence such that kerp is a union of its
classes. It readily follows that p™ is the greatest element of K, A
congruence on S is idempotent pure if its kernel coincides with E(S). By
Lallement’s Lemma a congruence 6 belongs to K, if and only if p™" C ¢
and 6 /p™" is idempotent pure on S/p™",

If p,0 € €(S) and kerp C ker @ (or even p C ) it does not follow
that p™ C ™. To see this consider the inverse semigroup S that is a
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direct product of a non-trivial group G and the two element semilattice
I={0,1}. Let p be the equality relation on S and 6 be the Rees
congruence on S which has G X {0} as its non-trivial class. Then p C 6
but p™* ¢ 6™,

The following result summarises part of our findings.

THEOREM 3.2. Let p be a congruence on a regular semigroup S. Let K,
and T, be given by (3). Then there exist congruences p,,, p™n o, pTa
such that as intervals of €(S)

T, = [Pmins Puax)  and K, = [p™, p™].
Ifp, 0 € €(S) then
trp C tr@ implies p, C Opin and Py S 0,0k
kerp C ker @ implies p™® C §™",

It should be noted that the characterization of 7, first appeared in
[33; Theorem 3.4]. For inverse semigroups K, is characterized in [12;
Theorem 3.3].

We next generalise a result of Green on inverse semigroups [12;
Theorem 3.8].

THEOREM 3.3. If p is a congruence on a regular semigroup S then
P = Prmin V O™ = Py N p™.
Proof. Since py, S Pin V ™" C p then p,, V p™" € T, and since
pmm C Prin V ™" C p then p, V p™" € K. Hence p,, V pm“‘ €T, N
= {p}. A dual proof gives the other equahty

THEOREM 3.4. If p is a congruence on a regular semigroup S then

Pmin N pmin = (pmin)min v(pmjn)mm € T;)mi“ N Kpmim'

Proof. Since Pmin c p and (pmm)mm = pmm then by Theorem 3.2
(Panin) ™ V (P™) min € p™". Similarly since p™" C p then (py,)™" V
(P™™) min S Ponine HENCE (Piyin) ™ V (P™) i € P N p™™. Since

(pmin) c (pmin)mm v(pmin)mm & Pmin N pmin c Prmin
it follows that (0;) ™ V (0™) gin a0d pp, N p™" are in K, . From

(0™) in € (Pui) ™" V (0™) i S P N ™7 C p™0
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P
Pmin pmin
Pmin N pmin=(Pmin) min V (Pmin) min
(Pmin)min ('omin)min

FIGURE 1

it follows that (p.,)™" V (p™) in, aNd Py, N p™™ are in Tma. We have
proved that (p; )™ V (p™) nin @and p,;, N p™™ have the same trace and
the same kernel; they are equal by (4).

We remark that some of the congruences depicted in Figure 1 may
coincide. It will be shown in Theorem 5.12 that when S = FE®R and p is
different from the equality relation then p_;, # (p™") ...

COROLLARY 3.5. Let p be a congruence on a regular semigroup S.
Inductively define the congruences v,, 8, and p, for i > 0 as follows:

Yo = Pmins 05 = P™", 0y = P,

Yier = (8)mins 8= (¥)™5 o, =7v, V8,
Then {v,, 6, p;; i = 0} forms a sublattice of €(S) where
Pi2P1, Yi2Yir1s 0,28,
and

YN8 =%Y41 V8.1 =p.1

If we assume in Corollary 3.5 that the congruences p;, for all i > 0,
form a infinite chain where y, and 8, are not comparable then the
sublattice of the Corollary can be depicted as in Figure 2. We thus obtain
a network of congruences on S that generalises the network of con-
gruences on an inverse semigroup obtained in [29; §5].

We conclude this section with an observation on fully invariant
congruences.

THEOREM 3.6. Let 7 be a fully invariant congruence on a regular
semigroup S. Then p_.. and p™" are fully invariant.
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FIGURE 2

Proof. Let ¢ be an endomorphism of S. Then ¢ maps E(S) into E(S).
It follows, since p is fully invariant, that tr p is a fully invariant relation on
S. Since a € ker p if and only if there exists e € E(S) such that (a,e) € p
and since p is fully invariant it also follows that ¢ maps ker p into ker p.
Hence, from (S(x'x, xx))¢ € S((x'x),(xx")¢) for any x € S, we see
that relation (5) is fully invariant. The congruences p,;, and p™" are
respectively generated by tr p and relation (5). Hence by Lemma 2.2, p_.
and p™" are fully invariant.

4. Fully invariant congruences on a free completely regular semi-
group. In the following X will be a countably infinite set and F{R the
free completely regular semigroup on X. Recall that V, is the variety of
completely regular semigroups determined by the fully invariant con-
gruence p on Fi¢®. The free object in V, on Xis Fyfr = F®/p

THEOREM 4.1. Let p be a fully invariant congruence on FSR. The
subvariety V, of CR is determined by all of the identities of the form
ww™! = vo~! which hold in V,. The subvariety V,mn of CR is determined by
all of the identities of the form w* = w which hold in V.

Proof. By Theorem 3.6 p,;, and p™" are fully invariant. The con-
gruence p,., on FSR is generated by trp = {((ww™,wvt)€p; w,ve
F$R); hence the description of V, . Since p™" is the least congruence
with the same kernel as p and since w € ker p if and only if (w, w?) € p
then the description of V m. follows.
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THEOREM 4.2. Let p be a fully invariant congruence on FER. Then p,,.
is a fully invariant congruence on Fx®. The identity w = v holds in V, if
and only if ( pwq)p*#( pvq)p* in Fy" for all p, g € (Fy®)".

Proof. Let ¢ be an endomorphism of F® and T = F{®/p. Since p is
fully invariant we can define an endomorphism ¢ of T by xp*y = x¢p¥*. It
is easy to check that the equivalence relation #on a semigroup is fully
invariant. Since the greatest idempotent separating congruence p, on 7 is
the greatest congruence under the relation on 7 then by Lemma 2.3 u,
is fully invariant. In particular p, is invariant under y, so by (8) p,., 1s
invariant under ¢. Thus p,_,, is fully invariant. Since u; is greatest under 3¢
then by [3; Lemma 10.3]

pr = {(wp¥, vp%); w, v € F® such that (pwq) p*# ( pvg) p*
forallp,q € (FXCR)l}-

Since T = F{R/p = F}% then the description of p,_,, follows by (8).

We remark that the proof of Theorem 4.2 shows that for any category
of regular semigroups in which free objects exist and on which p is a fully
invariant congruence, then p_ . is fully invariant.

As a notational convenience if S is a completely regular semigroup
and w € S, then we write w® = ww™! = wlw.

THEOREM 4.3. Let p be a fully invariant congruence on FR. Then p™*
is a fully invariant congruence on Fg®. The identity w = v holds in Vm if
and only if, for each p, g € (FR), the following are elements of ker p;

(i) pwa( pvg) ",

(ii) pog( pwq) ™,
(iii) ( pwq)°(pvq)° and
(iv) (pvq)°( pwq)°.

Proof. Let 7 be the relation on F£R consisting of the pairs (w, v) such
that for each p, g € (F®)! the products (i), (ii), (iii) and (iv) are in ker p.
Let 77 denote the transitive closure of 7. It can be easily seen that 77 is a
congruence on FR.

We now check that 77 is a fully invariant congruence on FgR.
Suppose (w, v) € Tand select x, y € X\ (¢(w) U c(v)). Then xwy(xvy) 2,
xvy(xwy) ™, (xwy)®(xvy)°® and (xvy)°(xwy)® are in kerp. Let ¢ be an
endomorphism of F{R. There exists an endomorphism ¢ of F<R such that
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for any p, g € F® then zy = z¢ for all z € ¢(w) U ¢(v), x¢ = p and
yy¥ = q. In the proof of Theorem 3.6 we showed that endomorphisms map
kerp into kerp, so we have p(w)q(p(v$)q)~', p(ve)g(p(wd)g)™,

(P(w$)q)°(p(v$)q)° and (p(v$)q)°( p(wd)q)° in ker p. We may choose
p or g to be 1; in such cases let x or y respectively be 1. Hence

(wo, vop) € 7. So 7 and 77 are fully invariant.

Say (w, v) € p. Then wv! 1 w%® and »%w?

, ow™h, are in kerp; this

follows since u € kerp if and only if up* € E(FE®/p). Since p is a

congruence then ( pwq, pvq) € p for all p, g € (FE®)}, s0 p C 7. Similarly

p™® C 7 since p™ has kernel ker p. We next show that ker 77 = ker p.
Suppose (w, v) € 7 and w € ker p. We consider three cases.

Case 1. Let w9v in FER. With p =1 = ¢ in (ii) it follows that
vw™! € kerp. Since w € kerp then wp* is an idempotent, so (vw™!)p¥ =
(vw)p* is an idempotent. Also with p =v and g =w in (ii) we get
vow(oww) ™' € kerp. Since w?¥ = wp* and (vw)%* = (vw)p* then
(v2w)p* = (vow(vww) 1)p* is an idempotent. Notice that by Theorem 2.1
ow, v*w and v° are Z-related in FER. It follows that (ow)p#, (v?w)p* and
v%*% are PR-related idempotents. Hence (vwv®)p* = v%* so vwv =
owvpv% = v and likewise v>wopv. But then vpv*wopov?, so v € ker p.

Case 2. Suppose c(w) 2 c(v). We may assume c(w) = {xj,...,X;}
and ¢(v) = {xy,...,x,} where j < i. Let ¢ be an endomorphism of F{®
such that x,¢ = x, if & < j and x,¢ = x; if h > j. Then v¢ = v and since
¢ maps kerp into ker p then w¢ € kerp. Since 7 is fully invariant then
(wé, v) € 7. Furthermore ¢(w¢) = c(v) so by Theorem 2.1 w¢ZPv. Thus
by Case 1 v € kerp.

Case 3. Suppose c(w) 2 c(v). By (iii) w%?® € kerp. Since w € kerp
then (w,w®) € p so (wv®, w%®) € p and hence wv® € kerp. We have
woOTov® = v since 7 is a right compatible relation. Since c(wv®) D c(v)
and vTwo® € ker p then by Cases 1 and 2 it follows that v € ker p.

We have seen that if (w,v) € 7 and w € kerp then v € kerp. It
follows that if (w,v) € 77 and w € kerp then v € kerp. Hence if v €
ker r7 then (v° v) € 77 and since v° € kerp then v € kerp. Thus ker 77
C kerp. Butsince p C 7 C 77 then kerp C ker 77. So kerp = ker 77.

We have shown that p™* C 7 C r7. But since kerp = ker v7 then
7 C p™*. So p™* = 7 and the Theorem is proved.

COROLLARY 4.4. Let p and 6 be fully invariant congruences on F5R. If
ker p C ker 0 then p™> C ™,
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Proof. Define 7 as in the last proof. Define 7, as for 7 but with ker 8 in
place of kerp. It follows easily that 7 C 7. We saw that p™ = 7, so
0™ = r,; hence the result.

Theorem 3.2 and the results of this section together give the following.
THEOREM 4.5. If p is a fully invariant congruence on F{R then p;.,

p™in, o and p™> are fully invariant congruences on FR. Moreover, if p
and 0 are fully invariant congruences on F® then

m:

trp C tr@ implies p,,, C60,,andp,, C 0

= = Ymax>’

kerp C ker@ implies p™® C 0™ gnd p™> C §™,

5. Sublattices of the lattice of all completely regular semigroup
varieties. The lattice of fully invariant congruences on F{® is denoted by
C(FER). Let p be a fully invariant congruence on FR. Then

i K,= {6 C(F®);kerp =ker0} = K, N C(F£®)
T,= {0 C(F®);rp=tr8} =T, N C(FE®)

are intervals of C(F<R). Indeed, according to Theorem 3.2,

Ep = [p™", p™*] and T, = [Pumins Pmax]  iD C(FER).

In the following result we look again at the situation described in
Theorem 3.4.

THEOREM 5.1. Let p be a fully invariant congruence on FER. Then as
intervals of C(F<®)

[Pmin 0 0™, 0] = [Ppmins ] X 0™, p]
by the mutually inverse isomorphisms given by

0= (0V pyn, 0V p™), ($m) =N

Proof. Let 0 € [p,,;, N p™2, p]. Since 6 C p then clearly
0V ppin € [Pmins p] and 8V p™" & [p™", p].
By Theorem 3.4 we have
kerp,;, = ker (p,;, N p™) C ker 8,

Prmin
so by Theorem 4.5 p ;. C (Pyn) ™ € 0™*. Thus 6 C 6V p,,, C 0™
and so ker 8 = ker(6 V p,;.). In a similar way we get tr 6 = tr(6 V p™™).
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Hence since

0C(0V ppa) N(BV p™) C OV p,,
then

ker 8 = ker((8 V p,;,) N(8 Vv p™in)).
Similarly

tr = tr((8 V pn) N(O V p™)).
Consequently, by (4),
0=1(0V py,) N(6V ™).

Let us now suppose that { € [p.., o], 1 € [P™", p] and 6 = { N 7.
Then 8 € [p_,, N p™", p]. Since n C p then by Theorem 4.5 7, C -
{.Hencen S {Nnn=0cCn.

Thus by the first part of the proof we have trn = tr 8 = tr(6 Vv p™").

Furthermore, since p™" C 1 C p and p™" C § V p™" C p then

Prmin

ker 7 = kerp = ker(8 v p™n).

Hence by (4), n = 6 Vv p™™. Similarly { = 6 V p_,.. Thus the mappings
described in the Theorem are mutually inverse bijections.

It is easy to see that the mapping given by § — (8 V p_., 0 V p™") is
a complete V-homomorphism and that since the domain and range of the
mapping are complete lattices then the mapping is a lattice isomorphism
with the required inverse.

We remark that in a similar fashion we can show that, as intervals of

C(Fg™),
[Pmin 1 0™, 0] = [Pmin N 2™, Pin] X[Prin 0 2™, 0™
by the mutually inverse isomorphisms
8= (60 puin, 00 p™), (§,m) > ¢ V.

Using Theorem 4.5 we can prove the following result. The proof is
similar to the proof for Theorem 3.4 along with that of Theorem 5.1.

THEOREM 5.2. Let 7 be a fully invariant congruence on FR. Then

Prmax ¥ 0™ = (0™ )max N (Pnax)” € Ty N K,

and as intervals of C(F<R),

[0 Bmax V 0™ = [0™, Prax V 0] X [Prnaxs Pmax V 0™
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(Pmax) frex (P max) max
Pmax V P = (Pmax) ™ N (P™) max
pmax Prnax
f
FIGURE 3

by the mutually inverse isomorphisms given by
6 (6VP™, 0V puy), (§,1)—>¢N.
We remark that in a similar fashion it can be shown that as intervals
of C(FE®)
[0, Prmax V 0™] = [0, 0™*] X[, Prya]
by the mutually inverse isomorphisms given by

60— (60Np™,0Np,) (£,m)—>¢ V.

Again, some of the congruences of Figure 3 may coincide.

THEOREM 5.3. Let p be a fully invariant congruence on F®. Define the
congruences v;, 8, and p;, i > 0, as in Corollary 3.5, and inductively define
the congruences y_;, 8_; and p_; as follows:

Yoo = (8™, 8, 1= (Y- Dmao P =Y VO,
Then {,,8,, p;; j is an integer} forms a sublattice of C(Fx®), where
02041 V2% 8,28, and v;N8=v,,V 8, =p,,

for any integer j. As intervals of C(F<®), o+ 01 = 7,5 01 X [8,, p;])-

Proof. This follows immediately from Corollary 3.5, Theorem 5.1 and
Theorem 5.2.

Recall that CR is the variety of all completely regular semigroups and
L g is the lattice of subvarieties of CR. Define U,, V;, and W, to be, in the
notation of Theorem 5.3, the subvarieties of CR which are determined by
the fully invariant congruences v;, p;, and 8, respectively for each integer i.
We obtain a sublattice of L, as depicted in Figure 4. However some of
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U iz

FIGURE 4

depicted varieties may coincide, in which case the lattice {U,, V,, W;; i is an
integer} is a homomorphic image of the lattice of Figure 4.

THEOREM 5.4. For p € C(F{R) define the fully invariant congruences
Y;» 8; and p, for each integer i as in Theorem 5.3. For each i put U, = V..
W, =V, andV,=V, . Thenin Lcg

(Vi Vir]l = [V, U] X[V, W] = [U, V] X [W,, V]
by the mutually inverse isomorphisms
Vo> (VAU,VAW,), (Y,Z)>YVZ
and
V> (VVU,VVW,), (Y,Z)>YALZ

respectively. The lattice U{[W,;_,,U]; i is an integer)} is modular. If V €
[V:, V., 1] then Fy is a subdirect product of Fy "™ and Fy " Y.
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Proof. That the mappings are mutually inverse isomorphisms readily
follows from Theorem 5.1, Theorem 5.2 and the remarks following these
theorems. The interval [W,_;,U;] of L is anti-isomorphic to the interval
[v;, 8,_1] of C(FER). From the definition of v, and §, for any i, it follows
that try, = tr§,_,. Hence the interval [y;, §,_,] is embedded in 7,, by
Theorem 3.2. By [33; Theorem 3.4] T, is modular. Consequently, the
interval [vy,, 8,_;] of C(FE®) is modular, as is the interval [W,_,,U,] of
L cg- Since, by the first part of the theorem,

[Vi~1’Ui—l] U[Wi—DVi] = [Vi—lan—l] X{Vi—l9wi~1}

it is now a routine exercise to check that U{[W,_,,U,]; / an integer} is a
modular lattice.

LetV € [V, V., ,]; thatis, py € [p;,1, p;]- As in the proof of Theorem
5.1 we have that kerpy = ker(py V v;) and trpy = tr(py V §,). It follows
that (py V v,)/py is an idempotent pure congruence on F{R/py = Fy
and (py V 8,)/py is an idempotent separating congruence on Fy. Conse-
quently (py V v,)/py N (py V 8,)/py is the equality on Fy, hence Fy is
a subdirect product of

F;((Pv 4 Si)/Pv)# = FXCR(PV Vv 8,')# = FXY/\Wi
and
F,\Y((Pv \ 'Yi)/Pv)ﬁ = FJ\YAU'-

The first part of the following corollary has been proved by Hall and
Jones [15; Corollary 5.7] and Rasin [32; proof of proposition 1].

COROLLARY 5.5. Let B, RB and CS be the varieties of bands, rectangu-
lar bands and completely simple semigroups respectively. Then
[RB, B vV CS] = [RB, B] X [RB, CS]. Furthermore, F£" is a subdirect
product of the free band F and the free completely simple semigroup F{>.

Proof. Let p = pgg. Then p_,. = pcs, P™ = pp and the result follows
from the Theorem.

The first part of the next corollary is due to Petrich [24] and [25;
Theorem 3.3]. Let Ly, denote the lattice of subvarieties of a variety V.

COROLLARY 5.6. Let B, G and OBG be the varieties of bands, groups
and orthodox bands of groups respectively. Then Log = Ly X L. Further-
more F2B6 is a subdirect product of the free band F and the free group Fg.
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Proof. Let p be the universal relation on FER. Then p_,, = pg and

p™® = p.. Let BG and O be the varieties of bands of groups and of
orthodox completely regular semigroups respectively. It is fairly easy to
see that (pg) min = Ppc and by [8; Theorem 2.4] that (pg)™® = p,. Hence
by Theorem 5.3
OBG=0ABG=BVG.

We note that the result OBG = B V G is indirectly (and not so easily)
proved in [25; Proposition 3.2]. The Corollary now follows from Theorem
5.4.

We remark that the above corollaries are only samples of what we can
achieve using the techniques developed in this paper. These techniques
may facilitate the proving of various results in the existing literature.

In the following the aim is to show that for any fully invariant
congruence p on F{R that is not the equality relation, the lattice
{v:» 8;, p;; i an integer} of Theorem 5.3 is infinite.

LEMMA 5.7. Let p be a congruence on a completely regular semigroup S.
Let D be a Z-class of S such that xp = {x} for every x € S with D, > D in
S/D. Then x(p™) in = {x} for every x € Swith D_ > D in S/9.

Proof. If x € kerp then (x, xx™') € p, so x € ker(p N 2). Thus,
since p N P is a congruence on S it follows by Theorem 3.2 that p™" C
pN2CD.

The restriction p|D of p to D is a congruence on the completely
simple semigroup D. It is easy to see that (p|D)™" is an idempotent
separating congruence on D. Since xp™" = {x} for every x € S with
D_> D in S/9, since p™" C @ and since (p|D)™" C p™?|D we see that
™S\ D) U (p|D)™ is a congruence on S. Also since p™" C 2 then

ker(p|D)™" = ker p|D = ker p™*|D
$0
ker(p™*|(S\ D) U(p|D)™") = ker p™™.

Consequently p™® = p™2|(§\ D) U (p|D)™" and p™" separates the
idempotents of D. Let ¢, be the equality on D. Then p™(S\ D) U tpis a
congruence on S with trace trp™®. Thus (p™") . C p™*|(S\ D) U ¢.
Hence (p™") .i.|D = ¢, and the result follows.

Let F® denote the free completely regular semigroup on an n
element set and F, be the variety of completely regular semigroups
generated by F,R,
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THEOREM 5.8. Let p € C(FER) be different from the equality relation.
Then, in the notation of Theorem 5.4, U,, _, > F, for every integer n > 1.

Proof. Let Y be a finite subset of X. By Theorem 2.1 the set D, of all
w € F{® with content ¢(w) = Y is a Z-class. Let C, = U,y,,, Dy for each
integer n > 1, where C, = 0. In the notation of Theorem 5.3 we have
Yonti)-1 = Yan+1 = (Y2,—1™") o- Hence, by a simple induction argu-
ment utilizing Lemma 5.7 we get wy,,_; = {w} for all w € C, and each
integer n > 0. For n > 1, any subsemigroup of FS® generated by n
elements of X is isomorphic to F,® and is contained in C,. It follows that
FR is embedded in F{R/y,, , = F» for each integer n > 1. Since
U,,_, is the variety generated by F,f>»-t we conclude that F, < U,,_;.

COROLLARY 5.9. In the notation of Theorem 5.4, if p € C(F£®) then

ViG=VV,=VW=VF=Cr

n>1 n>1 nx>1 n>1

The following theorem tells us that if p € C(F£R) is different from
the equality relation then p_;, G p or p™ & p.

THEOREM 5.10. Let p € C(FER) and p,y,, = p = p™" then p is the
equality relation.

Proof. If p_.. = p = p™" then in the notation of Theorem 5.3, p =
(™) .. = v;- By induction, p = v,,_, for every integer n > 1. Hence by
Corollary 5.9, p =, Y,,_1 is the equality relation.

LEMMA 5.11. For any infinite set Z the equality relation is the only
idempotent pure and the only idempotent separating congruence on F£X.

Proof. Let v,w € FfR and w+# v in FR Let c(v)Uc(w) =
{x3,...,x,_1} € Z and select distinct elements x,, x, € Z\ (c(v) U
c(w)). Put f=(x; --- x,)° From Theorem 2.1 then wf and uf are not
PR-related in FFR. Hence the congruence on FIR that is generated by
(v, w) is not idempotent separating. Furthermore since x,, x, & c(v) U
c(w) then by [38; Theorem 4.1 and Definitions 3.2, 3.5 and (87)] it
follows that fuf and fwf are distinct; they are S£related by Theorem 2.1.
Thus the congruence generated by (v, w) is not idempotent pure.

We note that with more reliance on technical detail from [38] it can be
shown that a free completely regular semigroup on any set has no
non-equality idempotent pure congruence.



LATTICES OF COMPLETELY REGULAR SEMIGROUP VARIETIES 209

THEOREM 5.12. For any p € C(FR) that is different from the equality
relation, the chain {U,, _; n > 1} of Theorem 5.4 is strictly increasing.

Proof. Suppose the chain is not strictly increasing and »n is the
smallest positive integer for which U,,_, = U,, ;. Thenvy,,_; = v,,,1, 50
Yan-1 = (Y20-1) min = (Y2,-1)™" and by Theorem 5.10 v,,,_, is the equal-
ity relation. Thus v, ; <8,, ,0r ¥;, 1 =8,, ;and 8,, , <7v,, ;. In
the former case §,,_, is a proper idempotent separating congruence on
FSR and in the latter case v,,_; is a proper idempotent pure congruence
on F® By Lemma 5.11 this is impossible.

In the following we shall show that the chain of varieties {F,; n > 1}
is also strictly increasing. We suppose x,,...,x,,, € X, and define ele-
ments u,,, v, € FR inductively for integers n > 1, as follows:

Uy =Xx;, Uy=Xx, and,forn >0,

(9) 0,,0,.0 0

= 0,0 —{(,,0.0)° 0 0)0
Uy T U, X, 380, Uy = (unvn) xn+3(unvn .

Clearly c(u,) = c(v,) = {xy,...,Xx,,,} forn > 1.

LEMMA 5.13. Let p be the universal relation on FR. In the notation of
Theorem 5.4, F,,, <U,, for all integers n > 0. For any n > 0 let the
identity u, = v, be defined by (9). Then u® = v? is satisfied in U, but not in
Fn+2'

Proof. Since p is universal then y, = p_, is the least group congruence
on FR Then FR /v, is a free group. Since any x € X generates the free
cyclic group as a subsemigroup of FR [2; Proposition 3.3] then wy, = { w)
for any w € F R where |c(w)| = 1; that is, for w € C,. We may continue
as in the proof of Theorem 5.8 togetF, ,; < U,, foralln > 1.

The identity u) = v) determines the variety of all groups, namely U,,.
By [2; §6] the identity u3vd = (uJv3)° is not satisfied in F,°R, so uJ = vJ is
not satisfied in F,. Suppose that u? = v? is satisfied in U,, and that
u%? = (u%?)° is not satisfied in F,,,. We proceed by induction. Since
(u2, v%) € v,, then (u%? u°%) €vy,, so u%? € ker$,,,,. Thus

(w2, (u%?)°) € §,,,, and since §,,, , is a congruence then (u,,, 1, U, ;)

n'n?

€ 9,,.,. Hence by [16; Theorem 1.5.6],

un+lY§n+2(82n+l/YZn+2)# = Un+17§n+2(82n+l/y2n+2)$'
It follows, since §8,,,,/Y;,+, is idempotent separating on FER/y, ., =
Fy2r2, that t, Y3, 290,173,402 50 (U741, U4 1) € Yoo Henceup ;=
v%,, in U,,,,. The left indicators of u?,, and v?,, are u%?x,,, and
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(u%?)%x, , , respectively. Since we may regard F,SR and F,S%, as being the

subsemigroups of FER generated respectively by {xi,...,x,,,} and
{X15---»X,,3}, then by the induction assumption u%? # (u%?)° in F<K.
Hence by Theorem 2.1, u?,, # v?,, in ER. So u?,, = v, is not an
identity in F,__ ;.

In order to complete the proof we must check that u?, 00, , #
(2,02, )% in ESR. Let f= (x;x, - x,,;)% Since both sides of the
following are idempotents then by Theorem 2.1

— 0,0 0,0)2 100
u?|+1 = U Xy (f(unvn) xn+3f) funvn’
-1

00s1 = (u%0) x, o f (F(u%2) %, 5f ) f(u%)",

0 -1 N
(u2+10r(t)+1) = ugvr?xn+3f(fugvr?xn+3f) f(ufz)vn) .

I

Then

— ;0,0 0,0)2 1,00
u3+lvr(1)+l - unvnxn+3f(f(unvn) xn+3f) funvnxn+3

A (00) %, af ) £ (ul2)".

Since (#20?)°, u%? and (u%?)? each have content ¢(f)\ {x,.;} and are

distinct by the induction assumption then by [38; (#) and Corollary 4.2]
fulv®x,,  of, f(u%%)°x, ., ,f and f(u2?)?x,, ,f are distinct free generators
of an #class of F,R. So u?, 0%, # (u2,,0%,,)%in ESX,

COROLLARY 5.14. For integers n > 0 let u,, and v, be given by (9), and
let [u® = v°] be the variety of completely regular semigroups determined by
the identity ul = v). Then ¥, ., < [ul =v)1NF,,, s F,,.

REMARKS. Suppose p is the universal congruence on FER. In the
notation of Theorem 5.4 then U, = G is the variety of all groups, W, = B
is the variety of all bands, V, is the variety of all orthocryptogroups
(orthodox bands of groups), U, = BG is the variety of all cryptogroups
(bands of groups) and W, = 0 is the variety of all orthogroups (orthodox
completely regular semigroups). The congruences (pp) min and (pgg)™"
respectively induce U, and W,. According to Theorem 4.1, U, is determined
by all identities of the form ww™' = vv™! which hold in 0 and W, is
determined by all identities of the form u? = u which holds in BG. Since
0 v BG = U, A W, we have that 0 V BG is determined by all identities
of the form ww! = pv~! which hold in 0 and u? = u which hold in BG.
Furthermore by Theorem 5.4 the free object F? ¥ BC is a subdirect product
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of the free orthogroup Fy and the free cryptogroup F£€. These observa-
tions partially answer the question of Petrich [27; Problem 2].

Since (8,/v,)% Fg» - F@ = FQ is idempotent separating and since
F9 is orthodox it follows that the core of Fy%, that is, the idempotent
generated part of F2, is a cryptogroup. Using Lallement’s Lemma one
easily shows that every homomorphic image of F;> has the same property.
Hence the core of every S € U, is a cryptogroup. Conversely, if the core
of a completely regular semigroup S is a cryptogroup and if pg is the
greatest idempotent separating congruence on S then using Hall’s char-
acterization of ug [14] we easily see that S/ug € O. Since trug is the
equality relation on E(S) it follows that S satisfies all identities of the
form ww™! = pv~! that hold in O. Thus § € U,. We conclude that S € U,
if and only if the core of S is a cryptogroup. In particular, by Theorem
5.13 the core of F,CRis a cryptogroup.

By the dual of Theorem 2.1(iii) (( pvp)°( pup)®)® and
(( pup)°( pup)°( pup)°®)® are Lrelated idempotents of F,CR for all u, v, p €
F,SR In fact since |c(w)| < 2 for all w € F,® we get that

(Cpwp)((pop)°(pup )0)0)0 and  ((pwp)((pup)’( pop)’( pup )O)O)0

are Zrelated idempotents of F,R. Let

a= ((x4x3x4)0((x4x1x4)0(x4x2x4)O(x4x1x4)0)0)0,

b= ((x4x3x4)0((x4x2x4)0(x4x1x4)0)0)0.

Then ab = a is an identity satisfied in F,. By Green and Rees [13] (see [16;
Lemma 4.6]) Theorem 2.1 holds for free bands with the free unary
semigroup Fy replaced by the free semigroup F, on X and with A
replaced by the congruence generated by {(w, w?); w € Fy}. If ab = a in
F.2 then by this version of Theorem 2.1 R(ab) = R(a) in F,f and again by
Theorem 2.1 L(R(ab)) = L(R(a)). But L(R(ab)) = x3x,(x4%x,%x,4)°x 4%,
while L(R(a)) = x3x4(x,4%;x,4)%,x,. Theorem 2.1 demands that x, = x,
so we conclude that ab = a is an identity not satisfied in B. Since
B < O < U, we then have thatF, g U,.

Since F, is the variety generated by the free cyclic group then F, is the
variety of all abelian groups. U, is the variety of all groups so F; < U,

Let F,R be freely generated by a set Z of n elements Let D, denote
the Z-class of elements of content Z. Then D, is a completely simple
subsemigroup and ideal of F,R. Define a relation 7 on F,°R such that 7 is
the equality relation on F,®\ D, and 7 is the #relation on D,. Since 5 is
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a congruence on D, then we see by Theorem 2.1 that 7 is a congruence on
FR In fact 7 is idempotent separating. We see that F,°® /7 has an ideal
that is an 7 X I rectangular band where, by Theorem 2.1, I is a countable
set. Hence since varieties are closed under the taking of homomorphic
images and the taking of subsemigroups we see that F, contains the variety
of all rectangular bands RB.

Note also that F, contains the variety of all groups since by [2; §6]
FR contains subgroups that are free of countably infinite rank. Thus

n

RB V G < F, 5 U,. We summarise these remarks for U,.

THEOREM 5.15. Let p be a universal congruence on F<R. In the notation
of Theorem 5.4, S € U, if and only if S is a completely regular semigroup
whose core is a cryptogroup. FurthermoreRB V G < F, < U,.

The following theorem is an easy corollary of the results of the paper
and the remarks.

THEOREM 5.16. For any non-empty set Z, Z is infinite if and only if the
only idempotent separating congruence on FR is the equality relation.

Proof. Necessity is by Lemma 5.11. Sufficiency follows from the
construction of the congruence 7 on F,°R in the remarks preceding this
Theorem.
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