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We study algebras of differentiable functions on a reflexive Banach
space, defined by polynomial approximation on bounded sets. We find
the spectra of such algebras and we investigate the structure of their
closed ideals. In relation to this, we treat also an approximation problem
of functions f such that £, f1,...,f(" vanish on a weakly compact set by
a method involving radical algebras and the Ahlfors-Heins theorem.

Introduction. We denote by E a complex reflexive Banach space
with closed unit ball £, by E’ its topological dual, and by m a fixed
non-negative integer. If S is a subset of £ and Y a Banach space, a
function g: S — Y is said to be weakly continuous if it is continuous with
respect to the weak topology on S and the norm topology on Y. We
denote by C(£2) the algebra of the m times continuously differentiable
complex valued functions whose m derivatives can be extended by con-
tinuity to the boundary of £ and, moreover, these derivatives are weakly
continuous on . Let 7™ be the topology on C(£2) of m-uniform
convergence on £2. Equipped with 7, C, (£2) becomes a Banach algebra.

We are interested in functions obtained by polynomial approxima-
tion. For this, we consider 4A™({), defined as the 7"-completion of P, in
C,»(2). Here P, denotes the algebra of the polynomials of finite type on
E, i.e. the ones generated by the elements of E’ and their conjugates, and
the constant functions; it is clear that P, C C;(£2). We may define also
the spaces A°(), A™(E), A°(E) in a similar manner to A™”(£) (defini-
tions below). In fact, the functions of type of 4™({?) have been introduced
in the literature in relation with approximation questions ([1], [2], [16]).
For instance, when E’ has the bounded approximation property, A”(2) =
Cr () for every m (see [2]). Also, the weak continuity has been treated
recently in great detail (see [3]), for instance). Here we study the spaces
A™(R), A*(Q), A™(E), A®(E) as topological algebras.

In §1 the Gelfand’s theory in the Banach algebra 4™({2) is given: we
show that  is the spectrum of A™({) and the identification between the
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Gelfand topology and weak topology on £ is obtained (we call spectrum
of a topological algebra the set of its non-zero complex continuous
homomorphisms). Also, 4™({2) is a regular algebra. We begin the study of
the structure of the closed ideals in A™(). The minimal primary closed
ideals are characterized and it allows us to prove—in §2—in this context
a generalization of a Borel’s classical result about formal series. The
spectral synthesis problem is raised and some partial results are given.

In §2 we discuss the case of the algebras A°(2), A™(E), A®(E).

We study in §3 a problem of approximation. Let f € 4™({2) such that
f, Df,...,D™f vanish on a weakly compact subset K of . Does there exist
a sequence { f,}>, of elements of A™(Q) vanishing over a weak neighbor-
hood of K (depending on n) such that lim,_, _f, = f for 7™ in A™(Q)?
This question is obviously related with spectral synthesis. We do not solve
completely this problem, but we obtain some consistent partial results.
The method consists in considering the map ¢ — f’ (Ret > m) in case
when f > 0. We obtain an analytic map from the half-plane {r € C|Re¢
> m} into A™(2) which clearly defines a semigroup and has exponential
growth on vertical lines. Using the Ahlfors-Heins theorem as in [7] we see
that f* € Ker ¢ for Re¢ > m if ¢ is any continuous homomorphism from
{g € A™(Q)|g(K) = 0} into a radical algebra. For m = 1, this shows in
particular that the answer to the approximation problem is positive in the
case where f > 0 or f ~1(0) = K ( f real-valued).

Sections 1 and 2 of this paper are parts of the author’s doctoral thesis
(Zaragoza, Spain, 1980). The content of §3 was obtained in collaboration
with Jean Esterle during the stay of the author in the Université de
Bordeaux I (France), the academic year 1981-82, supported by a Beca del
Plan de Formacion de Personal Investigador del M.E.C., Spain.

1. Gelfand theory in A”(2). The space C;({2) is a Banach algebra
with the norm defined by |£]l,, = sup,cq 7o [Df(x)]| (f € CI(D)),
and A™(2) is a Banach subalgebra. We observe that ¢ o f € 4™(Q) if
f€ A™(R) and ¢ is any m times continuously differentiable function :
U — C, with U some open subset of C, such that f()C U. It is a
consequence of the polynomial approximation and routine calculations on
the formulae for high derivatives ([8], p. 161). So, if f € A™(2) and
f(x) # 0 for all x € @, the function (1/f)(x) =1/f(x), (x € Q) is in
A™(Q) (it suffices to consider 1/f = a o f, with a(z) = z7},if z € C\ {0}).

PROPOSITION (1.1). Let E be a reflexive Banach space. Then Q is the
spectrum of the Banach algebra A™(2) and the Gelfand topology equals the
weak topology on 2.
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Proof. According to the general rule of [9], p. 22, 23, the spectrum of
A™(Q) is Q. Moreover, Q@ is a weakly compact subset of E and the
functions in 4™({2) are weakly continuous on {2. Thus, in accordance with
[9], p. 40, Th. 1’, the Gelfand topology equals the weak topology on . O

PROPOSITION (1.2). If E is a reflexive Banach space, A™(R) is a regular
algebra.

Proof. If x, € © and S is a Gelfand-closed subset of & with x, € S
we may assume that § = {x € Q: |g(x)| > 1} for some g € A™({) such
that g(x,) = 0. Therefore, by the observation above to proposition (1.1),
it suffices to take y verifying ¢(0) =1 and ¢(z) = 0 for |z] > 1, and
consider ¢ ° g. O

The Shilov’s theory of ideals shows that for any Gelfand-closed
S < Q there exists an ideal J(S) in 4”(), minimal among all ideals
satisfying Z(I) = S (Z([I) denotes the zero set of I). The ideal J(S) is
formed by the functions g € A™() vanishing on some Gelfand-neighbor-
hood of Sin Q. If S = {x,}, x, € €, J(x,) is the minimal primary closed
ideal corresponding to x,. We are going characterize J(x,) by means of
the derivatives of its elements. Henceforth in this section E denotes a
separable Hilbert space with a fixed orthonormal basis {e,}y.; and

n=1

P, )>_, designating the sequence of projections associated to this basis.
nfn=1 gn q P

LEMMA (1.3). Let K be a weakly closed subset of 2. Let f € A™(S2) such
that D'f(K) = 0 for every r = 0,1,...,m. Then, for ¢ > 0 given there exists
p > 0 such that || D'f(x)|| < ed(x, K)™~" whenever d(x, K) < p, (x € Q).
(d(x, K) denotes the distance in norm from x to K.)

Proof. The derivative D"'f: @ - L™(E; C), L™(E; C) being the space
of continuous m-linear mappings on E, is weakly continuous and { is
weakly compact, so D™f is uniformly weakly continuous and, moreover,
uniformly continuous (in norm). Therefore we can find p > 0 such that
d(x, K) < p, (x € Q) implies || D"f(x)|| < & Now, if y € K,

D™ Yf(x) = D" Yf(x) — D" Yf(y)
= [ D7y + x = y)(x = y) .
We have
D™= (x)] < Sup ID"f(y + t(x =y lIx = ¥l
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and || D™ 1f(x)|| < ed(x, K) is easily obtained. By repeating this process,
we have | D'f(x)|| < ed(x, K)" " (r =0,1,...,m). O

We note that, if f € 4™({), then lim,, fo P, = fin A™(Q). (See
[16]. The proof is similar for m > 1 and functions defined on {2.)

THEOREM (1.4). If xo € @ and I(x) = { f € A™(R): D'f(x,) =0
(r=0,1,...,m)}, then I(x,) = J(x,).

Proof. We choose an infinitely differentiable function 2 on E such
that h(x) = 1, for ||x|| < § and A(x) = O for ||x|| > ¢; &, ¢ being positive
real numbers. For every n € N, we put h,=heP,, f, = fo P, where
feA™(Q), and if x€ E, n,»y €N, h, (x)=h,(v(x — x,)). We have
h,,(x)=11if and only if ||P,x — P x,|| < §/v, h, (x) =0 iff ||P,x —
P, x|l = c/v. In this last case, D'k, (x) = 0(r =0,1,...,m).

We choose n(») such that ||P,, x, — X,|| < ¢/», for each » € N. If
f € I(x,), there exists p > 0 such that ||x — x,|| < p implies

IDFC < ellx = xo|™ " (r=0,1,...,m).
We take » such that 2¢/v < p. Then, if
” (v)x n(v)x()" = C/V thn(v),v(x) =0 (k = O’ 1" .. ’m)

and lf” (V)x Pn(u)x0” < C/V,
2¢c
1P, yx = Xoll <[1Poinyx = PagryXoll + [Pagsyxo0 = Xoll < >

and so

”Dr_kfnm(x)” = ||D""f(Pn(y)x)||

mn—r+k
<£(%) (r=051)'-'9m;k=0’1""’r)'

It follows that, for every x € Q,

”D’ n(v),» n(v) ('x ” = Py (]';)”thn(u),v(x)“ ||Dr_kfn(v)(x)“

r 2¢ m—r+k ,
N A T L s T
k=0

where ¢’ is a constant number.
We have proved that lim h fruwy = 01in A™(Q2). But

v— 00 " n(v),»
(1 - hn(v),v)fn(v) € J(x0)7
because the sets {x € Q: ||P,x — P, x|l < 1},5¢, ,en are Gelfand-neigh-
borhoods. So, f € J(x,). O

IA
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The problem of spectral synthesis for A™(2) consists in knowing if
each closed ideal I € 4™(Q) is the intersection of primary closed ideals
which contain it. An equivalent formulation is to pose if the equality

(*) I= () I+1I(x)
xeZ(I)

is true. When E is finite-dimensional the equality is satisfied (Whitney
theorem; see [19], p. 89, for instance). Indeed, the Whitney theorem in
finite dimensions states that I = . zn I + I(x), for every ideal I of
A™(R). The following counterexample of [11], p. 173, shows that this last
equality is not verified in Hilbert space case: we consider I as the ideal
generated in 4'(Q) by the functions { g,: n = 1,2,...} defined as g,(x) =
(xle,) (x € E), where ( | ) is the inner product in E. We have I + 1(0)
= {f € AY(RQ): f(0) = 0} whereas I + J(0) # { f € AY(Q): f(0) =0}. In
general, we observe that (x) is true when / = /(x,), for some x, € {. Let
K be a weakly closed subset of 2. We define

L(K)={f€4m(Q): D'f(K) =0(r=0,1,....p)).

If J(K) = I,(K), then J(K) = N, x I(x) and (+) is also true for J(K).
On the other hand, if J(K) # I, (K) the spectral synthesis is not possible
in A”(R2). Thus, to know if any m-null function on a weakly compact
subset of © can be approximated in A™(R) by functions vanishing on
some weak neighborhood of the weakly compact is an approximation
problem, previous to synthesis problem. The proof of J(K) =1,(K)
(and also the one of synthesis), in the case finite-dimensional depends
substantially on the dimension and we have not been able to find a proof
of a different nature, valid for any weakly compact subset of . Neverthe-
less, certain partial results can be stated. For example, when K is such that
P (K) C K for n sufficiently large, I, (K) = m is obtained, by reduc-
ing the question to finite dimensional case. Another type of result can be
proved by using the ideas of Theorem (1.4).

PROPOSITION (1.5). Let K be a convex norm-compact in Q. Then
I,(K) = J(K) in AX(Q).

Proof. Let h be a function in C*(R") such that 2(a) = 1 for ||a|| < &,
h(a)=0 for |lal=c, a€ R, §c>0 fixed We define &, (x)=
h(vd(P,x, P,(K))), for every x € @, where d(P,x, P(K)) =
inf,c p x|l P,x — p||. This last function is differentiable in P,(E)\ P,(K)
and, P,(K) being closed convex, there is a continuous mapping , such
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that d(x,, P(K)) = ||x, — m,(x,)|, for all x, € P,(E). Also,
Dd(-, P,(K)), = DI |lx,—nx, Il | denoting the euclidean norm in P,(E)
(see [21], p. 140).

We choose n(v) such that sup c«||P,,,y — ¥l < ¢/v for each » € N.
It d(P,,x, P,,)(K)) < ¢/v, then

|DR 07,0 (x)]| = #|DA(vd (o, x, Py (K)))

l

Let € > 0. If f € I,(K) there exists p > 0 such that d(x, K) < p implies
|ID"f(x)|| < ed(x, K)' ™" (r = 0,1), according to Lemma (1.3). Therefore,
choosiing » to have 2¢/v < p, we obtain

[P0 (£ 2 Pucs (x)|I<ZIIDhnw(x)llllD"’f P, (%))

Po(ryX = Ty (P, ()X)" = V"hul

2 1-r+j
< z P 2,

for every x € Q (r = 0,1). So
hm hn(,,),,(f n(,,)) 0 inAY(Q) and feJ(K). m]

2. Gelfand theory in the algebras A*({2), A™(E), A*(E). The space
C3(R) = NP Cr(2) equipped with the topology 7> of uniform conver-
gence on { of the functions and their derivatives is a Fréchet algebra. We
are also interested in functions defined on all of E. Thus, we consider
Cr(E), the space formed by the m times continuously differentiable
functions on E whose m derivatives are weakly continuous on the bounded
subsets of E. With the topology 7, of m-uniform convergence on the
bounded subsets of E, CJi(E) is also a Fréchet algebra. Finally, if
CS(E) = NY_, Coy(E) we define obviously the topology 7.° on C5(E)
and CZ(E) is again a Fréchet algebra. Now, we define A*°(Q2), A™(E),
A®(E) as the Fréchet subalgebras obtained by completing P; in the
respective C5 (), Cli(E), CS(E).

In the following proposmon we denote by 74 (0 < g < o) the Gelfand
topology on E defined by A9(E), and by 7 the topology on E defined by
“S C Eis r-closed iff § N Q, is weakly closedin @, = {x € E: ||x|| < p},
for every p > 0”.

PROPOSITION (2.1) Let E be a reflexive Banach space. Then, (i)
Spec A*(2) = Q and the Gelfand topology equals the weak topology on Q.
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(ii) Spec A™(E) = E, Spec A®(E) = E and if m;, m, € N with m; < m,,
then

o(E,E)<1e<tm<gm<1l=1<p(E,E).

Proof. (i) Each x € Q defines a ¢, € Spec A°(Q) as ¢ (f) = f(x), for
every f € A®(R). Conversely, if ¢ € Spec A*°(2) there exists n € N U {0}
such that ¢ is a 7"-continuous homomorphism on A*(Q) and, A*(R)
being dense in A"({2), there is a ¢ € Spec A"(Q), 7"-continuous extension
of ¢. According to the proposition (1.2) it follows that, for some x, € Q,
o(g) = ¥(g) = g(x,) whenever g € A°({2). Moreover, the Gelfand and
weak topologies on {2 are equal since the functions of A°(2) are weakly
continuous on { and, on the other hand, E’ C 4A*(Q).

(i) The algebra A™( E) is the projective limit of the system formed by
the Banach algebras 4™(2,) (p = 1,2,...) together with the natural
restriction mappings. Therefore, it follows that the mapping I': x € h_x)nﬂ »
= FE - I'(x) € SpecA™(E) such that I'(x)(f)=f(x) (x€E, f€
A™(FE)), is bijective and continuous ([12], p. 160). The case A®(E) is
similar.

Now, the topology 7 defined as above is the one of E considered as
ﬁ_rpﬂp, with the weak topology in each Q,. If C(E,)={g: E—~>C: g
r-continuous} and f € A°(E), then f = f o T € C(E,). Conversely, if f €
C(E,), f is weakly continuous on each @, (p € N). So, f € A%(E) (2], p.
203), and C(E,) = A°(E). Finally, 7 is compatible with the vectorial
structure of E ([18], p. 151), whence E, is a completely regular topological
space; in particular, T equals the topology on E defined by the functions
of C(E,). In short, 70 = 7.

The inequalities between the several topologies of the statement are
evident. O

REMARK. (i) We do not know whether the topologies 7%, 72, 72, n € N,
are identical or distinct on E. Nevertheless, it is immediate that 70 #
B(E, E’) (there are B( E, E’)-continuous functions on E which are not in
A°(E)) and o(E, E’) # 12: if E is infinite dimensional, then there is
always a sequence of norm one linear functionals (¢,) on E such that
¢, = 0 for the *-weak topology ([15]). Thus, the function ¥2_, ¢7/2" is
not weakly continuous on E but isin A*(E), and 6(E, E’) < 7£°.

The same reasoning as above in §1 shows that 4°(Q), A™(E), A®(E)
are regular algebras. Henceforth E denotes a separable Hilbert space with
{e,. )31, { P}, as indicated in Lemma (1.3). A result as Theorem (1.4)
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can be obtained for the algebras A*(Q), A”™(E), A®(E). Moreover, if
E = R? a classical result of E. Borel identifies the algebra A*(R?)/I(x),
Xx € R?, as the algebra formed by all formal power series in p variables.
We shall generalize this proposition in our context, by means of Theorem
(1.4) and a known theorem about surjectivity between Fréchet spaces. Let
L(E)=TI%_oP,,("E), P,,("E) being the set of the m-homogeneous
polynomials which are weakly continuous on the balls of E. With the
usual operations and the topology determined by the seminorns family

On(B) = supOskSn “:Bk“’ for every B = (BO?' . ’Bm' . ) € ‘Sﬁ"vb(E)’ tywb(E)
is a Fréchet algebra.

THEOREM (2.3). Let x, € E be. If B = (By,.-->B,,---) € %, (E) there
exists f € A*(E) such that cf,,f(xo) =B,(n=0,1,2,...).

Proof. We consider N, =T1,., P,,(/E) and u: A*(E) > %,,(E)
defined by

u(f) = (f(xo)a cif(xo),...,dA"f(xO),...) = ywb(E)9

if f€A®(E). For k=1,2,... fixed and B = (By, By,---.B,,--.) €
&.»(E), the function f(x) = YEZ01/71B,(x — x4) (x € E) lies A*(E),
d’f(xe)=B,(0<r<k—1),and u(f) — B € N,. Let|| ||, , be the con-
tinuous seminorm on A®( E) defined by
Ifl= sup sup [df(x)|, p.,neN,feA(E).
0<r<n ||x|l<p

If k=n+1 and f € A®(E) is such that u(f) € N,, then D'f(x,) =0
(0 < r < n). On account of Theorem (1.4) the sequence { g,}:°,, where
8, = (1 — h,,y,) fuey (v € N) converges to ffor [ ||, ,- Also u(g,) = 0 for
all ». So, the hypotheses of Th. 37.3,IV, of [20] are satisfied and u is
surjective. O

Results of the same kind of the above theorem are found in [6], in a
different context.

3. Approximation of m-null functions by a complex variable method. In
this section we set up certain approximation results related with the
problem of knowing when 71,,( K) is equal toJ(K).

We recall that a commutative Banach algebra 4, normed by || ||, is
radical when all its elements are quasinilpotent, i.e. lim,_, _|la"||'/" = 0
for every a € A4; or, equivalently, 4 has not non-zero homomorphisms. In
all of §3, E is a separable Hilbert space with {e,}_,, { P,}5-, as above,
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and K denotes a weakly compact subset of 2. We put I, = I (K)
(p=0,1,...,m),J, = J(K),in A™(Q).

Observation. For every p = 0,1,...,m, the quotient algebra 1,/J,, is
radical. Indeed, for each ideal L in A™(Q), if ¢ is a non-zero homomor-
phism on L, there exists a unique extension ¢ on A™(2) of ¢ defined by
@(f) = ¢(8)*o(fg), for f € A™(R) and g € L such that p(g) # 0. Now,
a homomorphism ¢ on 1,/J, is identified to a homomorphism on 1, null
on J,. If ¢ is its extension to A™(L), we have §(f) = f(x) for all
fe A™(Q), for some x € @ fixed. It follows that g(x) = 0 for every
g € J, and, because A™({) is regular, x € K. Really, if x € K and
d = 8(x, K) — 8(-, -) being the metric defining the weak topology on
(117}, p. 61), K, , = {x € Q: 8(x, K) < d/2} is a weakly closed subset of
2, with x & K, ,. The regularity of 4A™({) implies that there exists
g € A™(R) such that g(x) # 0 and g(K,,) =0, so g€ J,, g(x) # 0.
Thus, ¢(f) = f(x) = 0 for every f € I, and 1,/J,, is radical.

Let f € A°(Q) such that f(x) > 0 for every x € Q. If z € C and
Re z > 0, we define

.y _ [exp(zlog f(x)), iff(x)>0
filx) = {0, if f(x) = 0.

It is immediate that > € 4°(Q) whenever Re z > 0, and it is a routine
exercise, based upon the uniform continuity of each D’f (r = 0,1,...,m)
and the mean value theorem, to verify that really f* € A™(§2) whenever
Rez > mand f € A"(Q).

Lemma (3.1). If f € A™(R) and f = 0, then the map

{ze C:Rez>m} - A™(Q)
z > f?

is analytic.

Proof. (1) The map is continuous. If € > 0 and z, € Q are given we
choose a, §; > 0 such that Rez, > @ and Rez > a if |z — 2| < §;. There
exists n € N which verifies 2 exp(-an) < € and so

[£?(x) — f*(x)|
< exp[Re(zlog f(x))] + exp[Re(z,log f(x))] < 2exp(-an),
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whenever log f(x) < —n. If log f(x) > -n, then [log f(x)| < C for every
x € § and some constant C. Then we choose a suitable §, > 0 to have

-1
lexp[(z — zo)log f(x)] — 1| < (su;:2 |fz0(x)|) e
xe
It is clear that if § = inf{§,, d,} and |z — z,| < §, we obtain

IF5(x) = fo(x)| <.
For the derivatives the discussion is analogous.
(2) The map is analytic. It is enough to apply the Morera’s theorem
for the triangle, in Banach-valued functions case. O

We are going to see below the main result of this section. We shall use
the Ahlfors-Heins theorem ([5], p. 116).

TueoreM (3.2). If f€ I,,(p = 0,1,...,m) and f > 0, then f""* € J,,
foralle > 0.

Proof. 1t suffices to prove the theorem for I,. Let A be a continuous
linear form on I,/J,. Let f € I,. The function ¢(z) = A(f"**** + J),
Re z > 0, satisfies the hypotheses of [5], p. 116. By using the fact that

tim |p(n)”" < tim A" fm e+ 0"
n— o0 n— oo

< lim |(f+ Jm)"lll/n =0 (since I,/J,, is radical)

together with the Ahlfors-Heins theorem in a similar way as it is shown
in [7], p. 94, we obtain ¢(z) = 0 for every z such that Rez > 0. So
A(fme+J,) =0, foreach A € (1,/J,), whence f"* ¢ € J . a

THEOREM (3.3). If f€ I, f > 0,and K = f 1({0}), then f" € J,,.

Proof. Let t = m + &. According to Theorem (3.2) it suffices to prove
that lim,_, .+ f* = f in A™(Q), and, for this, a close observation of the
expressions of each derivative D’f'(x), D/f™(x) (x € ; 0 <j < m) tell
us that it is enough to verify the uniform convergence on x € @ of
P(t)f'"™(x) Df,® ---® Df to m! Df ® ---® Df,, where P(t) =
t(t — 1) ---(t — m + 1). For this, we put

(¢, x) = ||[m' - P(t)f"(x)|Df.® ---® Dfx“,
fxeQm<t<m+1;

¢, =|flh, c;=sup{l,c;}, ¢;= sup |P(2)].

m<t<m+1
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If n > 0 is given we take ; = (1/(m! + c,c3))"/™ and we obtain

(2, x) < [m! +|P(1)] Ift_m(x)” "Dfx“m = [m! + 6]y =,
if || Df(x)|| < m;. Moreover, the set § = {x € Q: || Df(x)|| = 7, } is weakly
compact in { and f is never zero on S. So, p = inf _f(x) > 0 whence
[log f(x)| < ¢4, ¢4 constant, for every x € S. Then, we choose 0 < § <1
such that 1 — m < & implies |f'~"(x) — 1| < n/2c;c;" and, on the other
hand, |m! — P(t)| < n/2¢]". It follows that

7(1, x) < [Im! = P(0)|+|P()] [F~"(x) = 1]] [Df"
< [(n/2¢]") + es(n/2¢sef)] e =, ift—m<Sandx € S.

We have deduced that sup, .o 7(?, x) < 7 whenever t — m < 6. a
We examine more closely the case where m = 1.
PROPOSITION (3.4). Letm = 1. Iff€ I,,f = 0, then f € J,.

Proof. We construct g € I}, g >0, such that f~*({0}) = K. For
n € N, we choose a function g, > 0 at least of class C' on P,(E) = C" =
R?", and g;*({0}) = P(K), Dg,(P,(K)) = 0. We put

(o]

g(x) = X (1/2"Ig.11)(g,° P.)(x), foreveryx €,

n=1

where

lgdi = sup {2.(»),Dg. ()}
YEPR(Q)
We have g € 4Y(Q), g(K) = 0, and Dg(K) = 0. Moreover, if x € @ with
g(x) = 0 it implies g,(P,x) = 0 for every n € N. Thus, P,x € P,(K),
and so there exists a sequence {y,}_; C K such that P,x = P,y, for
every n. K being a weak compact set, we can suppose that {y,}%_;
converges weakly to a pointy € K. If w € E’,

w(P,y,) —w(y)=w(P,y,) —«(y,)+o(y)—o(y)

= [PX(w) = w](3,) + @(5, —»)
converges to zero when » goes to infinity, since { y,}:>, is bounded and
lim, , P*w)=w in norm (P}* denotes the dual projection of
P,, ne N). We have proved that {P,y,}3_, converges weakly to

n

y. As lim,_  Px=1lm, Py, x=y<c K. Finally, f+ g€ I,

(f + g)%({0}) = K, and, account of Theorem (3.3) f + g € J, and f € J.
O
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COROLLARY (3.5). If f € I, C AY(R) is real valued and f~'({0}) = K,
then f € J,.

Proof. If f is an in the statement, f*€ 4(Q), where f*(x) =
sup{ f(x),0} for x € Q. Also, f*€ I, and from Proposition (3.4), f* € J,.
If f~=f*—f, then f € A(Q), f €I, f >0 and so f € J, ie., f=
ff—feJ. a

REMARKS. (1) By operating as for m = 1, we can prove that I,/J,, is a
nilpotent algebra for any finite m, i.e., there is an integer power p, p > m,
such that f? € J,, for every f € I,. The power p can be improved if, for
instance, f € I,,, but it remains greater than m.

(2) We note that when m = 0, the mapping z — f? is, really, an
analytic semigroup of {z € C: Rez > 0} into 4°(Q), and, in general, for
each compact Hausdorff space " this method gives a new proof of the
verification of spectral synthesis in C(¢"), space of continuous functions
onJt .

Acknowledgment. I want ot thank the referee for this valuable sugges-
tions.
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