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ASYMPTOTIC EXPANSIONS OF THE
LEBESGUE CONSTANTS
FOR JACOBI SERIES

C. L. FRENZEN AND R. WONG

Explicit expressions are obtained for the implied constants in the
two O-terms in Lorch’s asymptotic expansions of the Lebesgue constants
associated with Jacobi series [Amer. J. Math., 81 (1959), 875-888]. In
particular, a question of Szegé concerning asymptotic monotonicity of
the Lebesgue constants for Laplace series is answered. Our method
differs from that of Lorch, and makes use of some recently obtained
uniform asymptotic expansions for the Jacobi polynomials and their
zeros.

1. Introduction and summary. The nth partial sum of the Fourier
series of an arbitrary function can be written in the form of an integral
involving the Dirichlet kernel. The integral of the absolute value of this
kernel is known as the nth Lebesgue constant, and is usually denoted by

_1 |s1n | ]
(1.1) f = t/2 dr;

see [19, p. 172]. The behavior of the sequence { L,} is closely connected
with convergence and divergence properties of Fourier series, and the
importance of this sequence has led many mathematicians to be con-
cerned not only with just its asymptotic formula but also with its full
asymptotic expansion. First, Fejer [1] showed that
aln)

n?’
where ¢, and c; are constants and a(n) = O(1) as n — oo. An explicit
expression was given for ¢, but not for ¢;. Later, infinite asymptotic
expansions were derived by Gronwall [4], Watson [18] and Hardy [7].

In an entirely analogous manner, the nth partial sum of the expansion
of an arbitrary function in terms of Jacobi polynomials can be written as
an integral involving a kernel; see, e.g., [17, p. 39]. The nth Lebesgue
constant in this case has the integral representation

(1.3) L(e.B)=F (H)a(:ﬁ;i)n

4 c
(1.2) L,,=;logn+c0+711~+

T 2a+1 0 2
f (sm ) (cos—) |P“’Jr1 F)(cos)|db.
0
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This result is due to Rau [12]. In view of the identity [17, p. 60]
T(n+3) sin(n + )0
I'(n+1)T(3) (2n + 1)sin(6,2)°

(14) P2 "1D(cosl) =

Equation (1.3) gives L,(— 3, — 3) = L,, contrary to a statement made in
[8, footnote 7].
Rau [12] was the first to show that for « > -1/2 and 8 > -1,

(1.5) L,(a,B)=An*"?+0(n*"?),  n- oo,

where

2 T(a/2+1/4)T(B/2 + 3/4)

(1.6) Ay = 732 T(a+ D)I([a+ B]/2+1)

Later Szego [16] had an alternative proof of (1.5), and furthermore showed
that

(1.7) L,,(—%,B)=;f—zlogn+o(logn)

for > -1,and thatfor-1 <a < — 3 and 8 > -1
20 e
(1.8) L,(a,B)= mf; 0% J,+1(8)]d6 + o(1),

where J,, ,(8) is the Bessel function of first kind.

The above results have been sharpened by Lorch [8, 9], particularly in

the cases a = — 3 and — 1 <a <3 For -3 <a<<i} a-B<1

and B > -1, Lorch’s result can be stated as follows:
(1.9)  L,(a,B) = A,n*""2 + B, + O(n*"¥2) + O(n*~#71)
where

(1.10) B, = I‘(j;:l){—Ml(a)-i— fO"‘ X, (x) dx

+2a Z (-1) fjk” x* U (x)dx

Jk

+2 Z l ‘/32:2f xa—l/zdx}},

Jk—1

both infinite series being absolutely convergent. (Equation (4) in [9]
contains two misprints; M, . ,(«) should be replaced by M, (a) and M («)
should have a minus sign.) In (1.10), j, = j,., , is the nth positive zero of
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Jyi(x),n=12,..., j,=0,and

(111) M (a) = (-1)“(orr.t) Vallnsr0) >0, k=1,2,....

For « = — } and B > -1, Lorch also obtained the result that as n — oo,
4
(1.12) L,(-%,B8)=—logn+ G
m
+0(ntlogn) + O(n£=3/2),
where
_8 2 (Mg
(1.13) Gp=—log2+ '”j<; 8-'sind do
1 — B+1/2
_izf/ 1 (cqs()) 40
a< Y sind

2o (2
5f1 6 {;—Ism()l}dﬂ,

the last integral being convergent. (There is a typographical error in [9,
(8)]; the factor in front of log 2 should be 8 /72 and not 4 /72.)

Lorch’s investigation [10] was motivated by a question raised by
Szegd concerning asymptotic monotonicity of the sequence { L,(0,0)}; see
also the editor’s comment at the end of [13]. The result in (1.9), however,
fails to answer the question of Szegd. Lorch thus posed to us in 1980 the
problem of replacing the O-terms in (1.9) and (1.12) by explicitly de-
termined expressions plus terms of lower asymptotic order. The following
results provide a solution to his problem, and were announced in [3]. The
detailed proofs of these results are the contents of the present paper. The
fact that { L,(0,0)} is an asymptotically increasing sequence is an im-
mediate consequence of the result given in (1.18) below.

First, for the restricted range — 3 <a <3 and — 3 < B < i, we
have

(1.14) L,(a,B) = A,n** V2 + B, + Cogdogn® /2

1 _a_ .
+ mDﬁna B-1 4 O(I’l 3/2),
where
(a+B+2)(a+1/2)
(1.15) Cyp = 5
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and

(1.16) Dy=2"F f‘, [Mk(B) _ 2 fj’: xBH1/2 dx

3/2 /,
k=1 ™ / Jk-1

\/Z—W Ji-1

In (1.16), j, = js., is the nth positive zero of Jy(x), n =1,2,..., jg =0
and

(1.17) M(B) = (1) () Te1(pr)

= (—1)k+1(];8,k)1+BJ,8+l(jB,k)'

In the important particular case of Laplace series (i.e., the series in
terms of Legendre polynomials at the end point x = 1), « = 8 = 0, and
(1.14) becomes

(1.18)

_ B+1/2 rj xB—l/de}'

23/2 12
L (0,0) = —n

2y {Mk(O) - %[kl/2 —(k — 1)‘/2]}}

00 . 3/2
+ \/gn-lﬂ +nlY {Mk(O) - 27[/«3/2 —(k-1)"7
k=1

_2-3/2[k1/2 —(k . 1)1/2]}

+0(n).

The principal term in (1.18) was first given by Gronwall [5, 6], and
later by Szego [14, 15] with simpler proofs.
An improved version of (1.12) is

(119) L,(-13,8)= izlogn + G+ Egn + _l_DBn—B—a/z
m Vm

+0(n%logn),
valid for — 3 < B < %, where Dy is as given in (1.16) and

(1.20) E, - %(E—;—i)
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Finally, we turn to the case -1 < a < — 3. Under the additional
1

restrictions « — 8> -1 and — 3 < B < 3, we have the following shar-
pened form of (1.8):
(121) L,(a,B)=Cy+ Cn* V2 + Con* V2 + Con* Pl + 0(n2?),

where

2 <,
(1.22) Co = TY:::file x|y r(x) | dx
4
1.23) C,= ——"—
( ) ! o+ 1)7?
. 1 (Z)a+l/2
a+1/2\2
+ fw/z [(sin@)"*1/2(00519)3“/2 — 0"_1/2] dﬂ}
0
(1.24) C,=3(a+B+2)(a+3)C
1

Dy again being the same constant given in (1.16).

Lorch’s method essentially consists of replacing the Jacobi poly-
nomial in (1.3) by its asymptotic formula of “Hilb’s type” [17, p. 197],
and splitting the interval of integration (O, w) at the points j, ., /N,
k=1,...,[N], where N = n + 3(a + B + 2). Our approach differs from
that of Lorch. We first split the interval (0, 7) at the exact zeros of the
Jacobi polynomial and then apply recently obtained uniform asymptotic
expansions for the Jacobi polynomials and their zeros [2]. Our method
may also be extended to give higher order approximations when desired.

2. Sketch of the procedure. For simplicity of presentation, we
restrict our attention to the case — 1 <a <3 and — 3 <B < i Let 6,

denote the kth zero of P{**1F)(cosf), put i = [n/2], and write

INa+1)T(n+B+1)
I'(n+a+B+2) L(a.B)

G- T
= ["+ [ = L) + LY (e B).
0 6,

(2.1)

We shall first be concerned with the constant L{"”(«, ). The evalua-
tion of L¥(a,B) proceeds in a similar manner. For convenience, we set
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6, = 0 and define

0, .1 0 2a+1 2B+1
(2.2) I, = f (sin 3) (cos 5) P+1B(cos @) db.
9

Since cos0 = 1 and
I'(n+a+2)

(2.3)  PErLA(1) = (n + z’: + 1) Fn t DT(a 13 >0,
we have
(24 L0, 8) = T (1L

To evaluate I,, we shall use the following results given in [2]; see, in
particular, the main theorem, Corollary 2, and the first paragraph in §5 of
that reference.

LEMMA 1. Fora+1> — Janda + B+ 1 > —1, we have

a+1 B
(2.5) (sin g) (cos g) Pet1B) (cos @)

_ F(n+a+2)(51n0)1/2[m2A(0) a+l+1(N0) +o |,

n! Na+1+1 m
where
(2.6) N=n+i(a+B+2)
and
(2.7) = gmO(N-me 1y,

the O-term being uniform with respect to 8 € [0, 7 — €], ¢ > 0. The coeffi-
cients A,(0) are analytic functions in 0 < 0 < m — &, and are O(8') in that
interval. In particular, A,(0) = 1 and

(2.8) A1(0)=[( +1) - 4]( f;ow)—(“ﬂf_ﬂztani.

LEMMA 2. Leta+1> -3, a+B+1>-1andlet 0<6, <8, <
- < @, < 7 be the zeros of P{**1-F)(cos 8). Then, asn — oo,

Jut1,
(2.9) 6, = ]“;,“

— 1) — B2
+${[(a+1)2—%}1 21:0“—( +3 B tanz}

+120(N-3),
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where j, ., , is the l-th positive zero of the Bessel function J,, ,(x) and
t =Jjui1./N. The O-term is uniformly bounded for all values of | =
1,2,...,[yn], where y € (0,1) is a constant.

Taking m = 3 in (2.5) and substituting the resulting expression in
(2.2) gives
I(n+a+2)

(2.10) = =

(IO + 12+ 12 + 1],
where

(211) I1¢*Y = —]\1/—[*“,4*(0) .. (NOYdO,  1=0,1,2,
[

k

and

3

1 B 9\ 6\FTY 8 /2
@ = - 3gin 2 g
(2.12) I N 0{'{) 0 (sm 2) (cos 2) (sinﬁ) a’0}

with
(2.13) AX(09) = (0 cot g)l/z(sing a(cos Q) A4,(0).

Note that the implied constant in the O-symbol in (2.12) is independent of
k. It is easily seen that

A1
(2.14) Y (- 1) I®=0(N).
k=0
Using the identity
d
(215) L) = =),
we have by integration by parts
(2.16) IP=T +T,,
where
1
(2~17) I, = F[Aik(ak) +1(N0 ) ( k+l)Ja+1(Ngk+1)]
/o
(2.18) T, = ;2 [0 145(0)]'0 2", (N6) db.

For fixed v, it is well-known that

1 1 4p2 — 1 1
219) J, =(k+ Sy — —) - +0(—).
( ) J,k 2’/ 4 T 8(k+ 1, Z)W k3
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Thus, by Lemma 2, we have
(2.20) NO, = joir i+ O(k/N2)>
where the implied constant in the O-symbol is independent of k for
k =1,...,7a. Note that a combination of (2.6), (2.19) and (2.20) shows
that for large n, we have 6. < 7 /2. From (2.20), it also follows that
(2.21) Juir(NO,) = Jo s (foir i) + Ji 1 (§)O(k/N?),
where & lies between Nf, and j,,,, and hence is O(k). Since
Jac1(as1.0) = 0and J/ 1(§) = O(§7/?) as § = o0, (2.21) yields
(2.22) J..1(N6) = O(K'/2/N?).
Observe that A¥(6) = 0(8**') and 6, = O(k/N). Thus, by coupling
(2.17) and (2.22), we obtain
(2.23) T, = O(k**3/?/Na*3).
Furthermore, since [0*7'43(60)]" = O(§>~*"), it is easily seen that
1 Nbiy
= Nu+30{fw‘ y |Ja+1(y)ldy}-

The integral inside of the curly bracket is clearly a bounded function of N
if k=0, in view of (2.20). For k =1,...,n — 1, we use (2.19) and the
fact J,.,(y) = O(y~*/?) to conclude that this integral is O(k*~'/?). Now
we recall the well-known expansions [11, p. 292]

(2.24) T,

n—1 a+1

a_ s N_ 1 - a+1 ﬁ .
(225) Th=itw- g BT (ax oD,
where {(p) is the Riemann-Zeta function. A combination of (2.23), (2.24)
and (2.25) gives

A1
(2.26) Y (1) 1® = o(N32).
k=0

An entirely similar argument leads to
A1

(2.27) Y (D)1 = 0(N-?).
k=0

Here we have used the fact that
(2.28) 7= 121—[1+0(—’11—)}, asn — oo.

From (2.4) and (2.10), it now follows that as n — oo,

a—1
P(n+a+2) Z(—l)k1(1)+O(N_5/2) ‘
n!Na+1 Pt k

(2.29) LP(a,B) =
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In the next section, it will be shown that

(230) ¥ (-1) I
k=0

1 )i
= 2aNa+1{ 0 ya‘la+1(y) dy + Ml(a)
+/ % 20@h-D/2pe=1/2 4 28 + 2aR,
+0(N°"3/2)},
where
-1
(2‘31) Sn = Z gaﬁ(ak)Mk(a)a
k=2
(2.32) R,= ¥ ()" [ y==y,(y) dy
k=1 Jk
and
(0 . 8)\?[sinf/2]“ A
(233) gaB(()) = (2 cot E) [_WT] (COS E) .

To proceed further, we need the following two lemmas, whose proofs are
given in §4.

LEMMA 3. As n — oo, the sum in (2.31) has the asymptotic approxima-

tion
V2 . /2 .
(2.34)  S,~BW®+ AN +1/2[[0 8.5(0)0°71/2d6
N
— [*" g.5(8)0°2 s
0
/2
_f / guB(a)aa—1/2d0]
Ji-1/N
+ ne 12 2(a=p=1)/2 4 O(na—3/2)
V27 ’

where B is a constant given by

o0

\/—2— ko e
(2.35) B®»=Y [Mk(a) - ijk xa1/2gx |,
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LEMMA 4. The asymptotic behavior of the sum in (2.32) is given by

(2.36) R, = B® + 0(n*%?),

where

(2.37) BO= ¥ (-1)! " x Y, (x) dx.
k=1 Jk

The constants B and B{? are related to the constant B, given in
(1.10). The asymptotic approximation of L{(a, B8) is obtained by insert-
ing (2.34) and (2.36) in (2.30), and combining the resulting expression with
(2.29). It is anticipated that the terms involving the last two integrals in
(2.34) will combine with similar terms from L®(a, B).

Evaluation of L”(a, B) proceeds as follows. By definition we have

(2.38) LP(a,B)

T g2+l g\28+1
=-/; (51n5)~ (COSE) | P 1B (cos )| db,

In the above integral, we replace 6 by 7 — 6. The result is
(2.39) LP(e,B)
a—0. 0 2B+1 0 2a+1
— n o Y el (B,a+1)
fo (sm 2) (cos 2) | P (cos@)|de,
on account of the identity [17, p. 59]
(2.40) PP (cosf) = (-1)"PF-*(—cosh).

From (2.40), it also follows that there is a one-to-one relationship between
the zeros of P{*A and P(A®. Suppose the zeros of P(*F)(cosf) are
arranged in the order:

0< orffll,ﬁ) < 0'5512-5) < el < 0}5‘0";3) < qr.
Since 6% is the smallest zero of P(*#)(cos @), it follows that = — §{%5

is the largest zero of P{#*(cos#). Thus, 7 — 6% = 6(5,%. In general,
we have 7 — (%P = (8% . or equivalently

n,n—p+1»
(2.41) 0550 + 05,9, =
for p=1,...,n. Since §, = 6P, (2.41) gives 7 — 6, = 6%} D,. Set

m=n—n+1and 6, =61 Equation (2.39) now becomes
(242) LP(a,B)

9, g \28+1 g \20+1
f (sin—) (cos—) | P{E-2+D(cosf) | df.
A 2 2 n
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Despite the fact that 8, > 7/2 while 8, < 7/2 for large values of n,
computation of L?(a, B) proceeds in the same manner as L"(a, 8). A
brief summary of this calculuation is given in §5. Asymptotic expansion
(1.14) is obtained by adding the results for L'(a, B) and LP(a,B)
together. This is done in §6. Since the derivations of expansions (1.19) and
(1.21) are similar to that of (1.14), they will not be presented here.

3. Calculation of I, From (2.11) and (2.13) we have

0k+l

(3.1) 1= [ 43(60)4,.,(NO) a6
where
0 0\ . 6\~ 6\*
* = — —_— —_— —_—
(3.2) A¥(6) (2 cot 2) sin 2) (cos 2) :
As in (2.16), integration by parts gives
(3.3) I =F + F,,
for k # 0, where
1
(3.4) F = [ 45(6) 1 (N8,) = A5(6,.1) J(NO,..))]
and
0k+l ’
(3.5) F, = lf [45(6)6%]'6-J,(N§) db.
N Jg

k

In terms of the function g,,(#) defined in (2.33) (and also used in [9,
(30)]), (3.4) becomes
1 «
(3.6) F = W[gaﬁ(ﬂk)(]vak) J(NO,)
_gaB(0k+1)<N0k+l)aJa(N0k+1)]-

By (2.20), Taylor’s theorem gives

3.7) J(N§,) = ' (J K “ K2
(3.7) JuANO) = J(Jair.4) + I Josr.1)O N2 +J(§)0 N
where ¢ lies between N6, and j, ., ,. Since j,,, ,~ mk by (2.19),

¢ = O(k) and hence J/(¢)= O(k'/?). From the identity zJ/(z) +
zJ,.(z) = aJ (z), we have

e a
(3‘8) Ja(]a+l,k+l):

Ja(ja%—Lk) = O(k_3/2)'

Ja+1,k+1
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Therefore, (3.7) becomes

] 1 k3/2
69 L8 =Ll + 0| i) + 0 57 )

Since (2.19) and (2.20) imply

P k*
(3.10) (V0" =0+ 0| 25,
it follows from (3.6) that
(-1°
(3.11) Fy = W[gaﬁ(ok)Mk(a) + gaB(0k+1)Mk+1(a)]
k=172
+0( Na+3 )’

where M, (a) is as given in (1.11). In deriving (3.11), we have also used the
fact that g,,(8) =1+ 0(8?) for 0 < 8 < 7/2.
We now evaluate F, given in (3.5). From (3.2), we obtain

(3.12) [Ag(a)ea], = 2:(1_102“_1 + 0(02a+1).
Inserting (3.12) in (3.5) gives
o

(3.13) FE, = WQ+R,
where

Nl
(3.14) 0= [y () dy

N6,
and

1 N1

(3.15) R = N“+30{./N9k y““IJa(y)ldy}.

In view of (2.19), (2.20) and the behavior of the Bessel function, it is easily
seen that the integral in (3.15) is equal to

Jk+1 kot3/?
/ y"“fa(y)dy}wLO( e )

Jk

Since x**U (x) = [x**YU,, ,(x)]’, the last integral is zero. Thus
(3.16) R = O(ko*t3/2/No+3).

By the same argument, we also have
ke 1/2
N2 )

(3.17) 0= [*yU(y)dy+ 0

Jk
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Now substitute (3.16) and (3.17) in (3.13), and add the resulting equation
to (3.11). From (3.3) it follows that the sum is

(318) 10 = U (6 My(a) + g (B ) My ()]

2aNa+l
[44 Jk+1 a— ka~1/2
+ 2a-—1Na+1 ‘/J“k y 1Ja(y)dy + 0( Na+3 )
for k # 0.
Note that (3.2) gives
(3.19) A2(0) = (g) [1+ 0(6%)].

Inserting this in (3.1), we get
O L b a2
(3.20) I =Ff0 8 ,,+1(N0)d0+0{f0 0 JM(No)do}.

Since (2.20) implies 8, = O(N™'), the second integral in (3.20) is
O(N~*73%). By a similar argument, it can easily be shown that the first
integral is equal to

1 i
et ), V() dy + 0(

Thus we have

(321)  IP= A () dy + 0(

2aNa+ 1 o
From (2.25), (3.18) and (3.21), it now follows that

(322) ¥ ()i
k=0

1 n—1
= JaNe+l [gaﬁ(a )M, (@) +gaﬂ( k+1)Mk+1(a)]
k=1
1 N « a
+ 2“Na+l'/(‘) y Ja+l(y)dy 2a_1Na+1
+0(N‘}+3) + O(N~3/?)

where R, is given in (2.32). The sum on the right-hand side of (3.22) can
be written as

02D L 5 0IM,(0) + 8l M)

= gaB(al)Ml(a) + guﬂ(ﬂﬁ)Mﬁ(a) + 28,
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with S, being given in (2.31). Since g,z(0) =1+ O(6?) and 0, = j,/N
+ O(N~3), we obtain

(3.24) 8ap(01) My(a) = M,(a) + O(N2).
Inserting (2.19) in the asymptotic expansion of J, (x) gives
(3.25) M,(a f [ieri? = da+ Hla+ 3) 37 + 0GR
cf. (1.11). This in particular gives
T a—1
(3.26) M, (a) = (5) ne12 4 0(n*32).

Since g,z(0) is analytic in [0,7) (see (2.33)), we may expand it at
0 = 7w /2. Thus,

1/2—-a
(327) gu(8) =85 + 0] = (F) " 2P+ 0(n),

and consequently

(3.28)  g,p(6,) M, (a \/72('1 B=1/2pa-1/2 4 O(pa=3/2).

A combination of (3.22), (3.23), (3.24) and (3.28) yields the desired result
(2.30).

4. Proofs of Lemmas 3 and 4. We first give the proof of Lemma 4,
which is considerably simpler than that of Lemma 3. Using the identity
[x**Y (%)) = x**1 (x), we have by integration by parts

/’“‘ a1 (x)dx = 2[’“1 2 (x)dx  (k+0),

Jk
the integrated term vanishing since j, and j,_, are zeros of J,  ,(x). In
view of the asymptotic behavior of J,(x), the last integral is O(k*~%/?).
Thus

Z D* [ xe Y, (x) dx = O(n2),

k=n Jk

This establishes Lemma 4.
Now we begin the proof of Lemma 3. By using (2.19) and (3.25), it
can be shown that for k # 1,

2V K172 a-1/2 x*73/2
(41) Mk(a) - 732 '/j"kﬂ dx + \/_27 '{k—x =

+0(k~"%?).
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Thus
0 21/2 Y .
(4.2) Z_[Mk(a)— mf* x*1/2 gy
k=n T Jk-1
a—1/2 ri -3/2 ] -3/2
——t x® dx|= 0(n*% ).
\/—2—77 Jk-1
Set
ad 212 g
(4.3) S,1= Y [M(a)-— x* V2 dx
' k=2 “ 773/2 'ék-l
-—t x“ dx
m Jk-1
2l
(4.4) S, ,= 2.5(0,) x> dx
2 773/2 k=2£k~l P
and
i-1 .
(4.5) S,5= S22 [F gp(0)x" ax.

’ Q)" 227
Since g,4(6,) = 1 + O(k?/N?), we can now express S, as
(4.6) S, =8, +8,,+8,,+0(n*"7).
Note that the series S, ; converges absolutely in view of (4.1), and is a
constant independent of n.
(A) Evaluation of S, ,. Make the change of variable x = 6N in (4.4),
and write

(4-7) gaﬁ(ak) = gaﬁ(e) + 8;3(0)(0k -0)+ %g;’ﬁ(g)(ﬂk - 0)2,

where £ is between 6, and 6. Since 6 € [j,_,/N, j./N], by (2.20) we
have 6, — 6 = O(1/N). Furthermore, since g,,4(8) is analytic in [0, 7 /2],
g.3(£) is bounded. Thus the remainder term 3g.5(£)(6, — 6)* is O(n™?),
and contributes to S, , a term of order

n—1 . i—1
0(1’1_2 Z Jk xa—l/de) — O(n—Z Z ka—1/2) - 0(11“—3/2).

k=2 "Jk—1 k=2
Inserting (4.7) in (4.4) then leads to
1/2
@8)  Sua= Za[SHesBsA] ¢ o),
T
where
Aiel .
(49) S,f?% = Na+1/2 Z fjk gaﬂ(a)0a~1/2d0

k=2"Jk-1/N
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n—1 LN
(4.10) 53 =N Y 6, [V glp(0)6° a0
n=2 Jk-1
and
n—1 PN
(4.11) Srf?% — _Na+1/2 Z ffk/ g;B(0)0a+1/2d0.
k=2"Jk-1/N

Clearly, S} can be written as

(4‘12) S(I% _ Net12 /2 _ i /N _ /2 2. (0 0“—1/2d0,
" 0 0 ; p

Ji-1/N
which is exactly the second term on the right-hand side of (2.34) (except
for the constant factor v2 /73/2).
In (4.11), we let g.5(0)0°'/> = f(#). With an appropriate change of
variable, each integral there can be written as
/N
@13) [*" ar(6) a0

Je-1/N

= Uit ic) [ () as

Jk-1

(jk_jk—l)/2N 1 . .
fo o[f{ﬁ(]k+.]k—l)+0}

+

| R
{5 Ui + 1) — 0} | o
By the mean value theorem the second integral on the right is equal to
ik —Jk-1)/2
(4.14) [P 20218, a6

for some £, satisfying

“211\7(1'/( k1) —0<§p< Elﬁ(jk +Jk-1) + 0.

Since 0 < 0 < (j, — j,_1)/2N in (4.14), we have j,_,/N < §, <j. /N
so that, by (2.19), §, = O(k/N). From (2.19) it also follows that
(Jx = Jk-1)/2N = O(1/N). Note that the implied constants in the
last two O-terms are independent of k. Since f’(8)= O(6* '/?),
a combination of the above results shows that the integral in (4.14) is
O(k*~'?2/N**5/2). By using this estimate and (4.13), the addition of
(4.10) and (4.11) yields

(4.15) S+ 83
-1 )
1 Ji/N
— Ner2 {[o - 53 Ui+ ) 40 0”“1/2d0}
k§2 k 2N(Jk Jx-1) _/j;_l/Ng/;( )
+O(N=3),
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where we have also made use of (2.25). From (2.19) and (2.20), it now
follows that for k > 1,
4.16) 6 — ~— (i +jey) = o +0(——1—)+o(~’5-).

) ko QN Mk k-l 2N k2N N3
Since g,5(0) = 1+ 0(0?) for 0 < 6 < 7/2, each integral under the sum-
mation sign in (4.15) is O(k**1/2/N**3/2) where again the implied
constant in the last O-term is independent of k. Since — } <a < 3, a
combination of (4.15) with (4.16), (2.25) and the last estimate yields

n,

n—1 .
T oge wN -, a—
(4.17) S@ + Sf% = EN“ 172 E fk gaﬁ(a)ﬂ 17240

k=2 "Jx-1/N
+O(N*~%?).
The sum in (4.17) may now be written as
/2 h/N
4.18 15(0)0°71/2dg — 12(0)0°712de
(“18) [ g(6) [ 8a(®)
— [ gip(0)6°2a8.
Ji-1/N

The second integral in (4.18) is O(N ~*~3/2) and, since j,_,/N = n/2 +
O(N 1), the third integral is O(N ~!). Coupling (4.17) and (4.18) results in

(419) S+ 8= %N“"/zf"/z 8.5(0)0°712d8 + O(N*?),
0
Finally, using (4.8), the addition of (4.12) and (4.19) gives

1/2 aT 1 T
(420) 5,,= 2 N”m[f Y Y M POV
0 0 ;

77'3/2 Ji-1/N
L 0t o)
T 0

(B) Evaluation of S, ;. The analysis here parallels that given for S, ,,
and is in fact simpler. We first make the change of variable x = N in
(4.5), and then substitute (4.7) in (4.5). The result is

@20 8,,= NS+ S+ o),

w
where

) — i1/ N a—3/2
(4.22) si=[ 7 gug(0)0°7 a0

Wil
and
@ _ [N, a-3/2 1p.

(4.23) S5 = gaﬁ(ﬂ)(ﬂk L, de;
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cf. (4.8). To the integral in (4.22), we apply integration by parts. By using
(3.27) and the fact that g,z(8) =1 + O(#?) as 6 — 0*, it can be shown
that the integrated term is equal to

et =Gy T o).

The other term can be replaced by

L 1/2 j”” g.s(8)82-2d8 + O(n™),

as was done in the case of S, ,, cf. (4.18). Thus

1 B . a—
|08 (/M)

(4.24) S = «—12

— [ glp(8)0" /a8
0

+0(nt).
Since g,z = 0O(0) and 6, — 6 =0(n") for j, /N <8 <j,/N, the
(k — 1)th integral in (4.23) is O(k*~'/2/N**3/2)_ This implies

(4.25) S@ = O(N).
The sum of S and S2 gives, using (4.21),

ca—1/2 a—1,2
_ N N (@a-B-vy2 _ [™* a-1/2
(426) S, , = =t [2 fo 2.,(8)6°7/2dg
+0(n==32),

thus completing the evaluation of S, .
Observing that the sum S, ; in (4.3) can be written as

1/2
i

V27
where B{ is given in (2.35), the result in (2.34) now follows immediately
from (4.6), (4.20) and (4.26). This proves Lemma 3.

(4.27) S, =BV +

5. Evaluation of LP(a, 8). In what follows we shall use the same
notation as we did in the evaluation of L®(a, B). There should be no
confusion resulting from this, when care is taken to distinguish the zeros
of P(**1-B)(cosf) and P(F-**D(cosf). Thus we again let 6, =0, 6,
denote the k th positive zero of P#-2*D(cos ), and

9. 28+1, " 20+1
(51) 1, = fk ' (sin g) (cos g) PB-2*D(cos @) db.
6,
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Since cos0 = 1 and

ot I'(n+B+1)
(5-2) P = 5T D)
we have from (2.42)
m—1
(5.3) LP(a,B) = ¥ (-1)°I,.
k=0

As before, we now use the asymptotic expansion of P#-**D(cosf) for
large n. The result corresponding to (2. 29) is

(5_4) L(Z)( '3) M{ Z ( 1 [(1)+ 0(’1—5/2)}

n.NB k=0

where
m—1
(5.5 X (-DfI®
k=0
[0 @+ ()

2B+1NB+2
+/ —72; 2B=eax D2y BH1/2 4 98 4 o(nﬁ—l/z)},

m—1
(5-6) S, = Z gaﬁ(ak)Mk(B)’
k=2
M, (B) being as given in (1.17), and
. (2 6\'22 . 6\F A%
(5.7) 8.5(0) = (Etanf) (5 smi) (cos —2—) .

Note that R,, the contribution to L®(a,B) corresponding to R, in
(2.32), is absent in (5.5), because

j Jk+1 ] Jk+1 ’
Jr yRpydy = [ [yR5(0)] dy = 0.
JB. k JB.k
An analogue of Lemma 3 is the following approximation:
A /2 1 /2
(8 5= 2 N’”m(f/ - )éap(a)aﬂ“ﬂdo

B 5 pomor/N
T o pa X
2 267 DANBI 4 28D, — B1,(B)

P A TEV S O(NF-1/2)
3/2(B+ ).]ﬂl s
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where Dj is given in (1.16). Note that the sum in Dy starts with k = 1,
whereas the sum in B(, the corresponding constant in S, given in (2.35),
starts with k = 2. Since §,4(0) =1+ 0(8?), the term involving the
second integral on the right of (5.8) cancels with the third from the last
term in the same equation. Thus

(59) 8= NB+3/2(f”/2 _f"” )guﬂ(ﬂ)aﬂﬂ/zdﬂ

n 3 2 .
/ 0 Jﬁ,m—l/N

2 o pan .
+1/ = 20eD2NA2 4 2R, — KL, (B)

+ O(NF~1/2),
Now we insert (5.9) in (5.5), and observe that
Ja.1 A
(5.10) _Lﬂ xBY,(x) dx = N,(B)

which follows from (1.17) and the identity [xf*4;, (x)]" = xB*Up(x).
The resulting expression from (5.5) coupled with (5.4) gives

I'(n+a+B+2)
(et T (n+ f+ 1) 00 (©B)

216
C T(a+1)

. {2B+1D,B + 21/ _72;_ 2(ﬂ—a+1)/2nB+1/2

(5.11)

[n"‘_ﬁ'l + %(a +B+2)(a—B—1)n*"A2

23 7/2 17
N;;+3/2( _ )
7>/ '/(; JB m-1/N
_g\B+L2 g\ o172
.NB+1/2 el
2 (sm 2 ) ( 2 ) d0}

+O(n==72),

where use has been made of (5.7) and the asymptotic expansion

27V AT(n+a+ B+2)
I'(a+ 1)T(n + 1)N2£*2

(5.12)

2-1-8

- o gptat B D B-D + 00
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6. The sum of LV(a,8) and LP(a, B). From (2.29), (2.30) and
the fact that
n+a+B8+2)T(n+a+2)

(6.1) T(n+ B+1) RTYZIES) =1+ 0(n?),
we have
(6.2) F'(n+a+B+2) LO(a, B)

T(a+1DIT(n+B8+1)

1 A
= L e () &+ My()

+y/ % 20e=B=D/2pe1/2 4 28 + 2aRn}

+O(N*3/2),
Since g,5(0) =1+ O(4 2), the second integral on the right-hand side of
(2.34) can be written as

(63) [ gp(6)8°72a0 = Natm [! x<72ax + o(N-372).
0 0
Now write (2.35) as
e \/i Jk
1) — - a—-1/2
(6.4) B kz=:1 [Mk(a) 3 L_l x dx
‘/2- g a—1/2
-M(a) + 'n'3/2-[) x* V2 dx,

where we have used the fact that j, = 0. Combining (6.1), (2.34), (2.36),
(6.2) and (6.3) gives

(n+a+B+2)

6.5 )
(6.5) Ma+1DI(n+ B+ 1)L" (a.B)
1
=B + ———
« 2T(a+1)
a+1 /2 a—1/2 B+1/2
-{—273/—2N"“/2fO / (sin —g—) (cos —g—) dé
+ 2% Y(a=B=1)/2,a~1/2
732 n
2(!+1 wtl)2 7 /2 . 0 a—1/2 0 B+1/2
_ 7 N '&-MN (sm 2) (cos 2) de
+0(n*%?),

where B, is given in (1.10) and we have used (2.33) and (2.6).
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We now note that
(6.6) [n* P '+ L(a+ B+2)(a— B —1)ne 2| NF2
= patl/2 4 Ca ne-1/2 4 O(na~3/2),

where C,; is given in (1.15). Upon adding (6.5) and (5.11) and using (6.6),
we obtain

1
= J* * * _
(6.7) L(a,B)=1I*+1;+1+ B, + T(a + 1)D,g
+0(n*=32),
where B, and Dy are given in (1.10) and (1.16) respectively and where
2
6.8 I* = atl/2 4 o pa=1/2
( ) 1 7,_3/211(a + 1) (n H,Bn )
77/2 . 0 a—1/2 0 B+1/2
{[) (sm 5) (cos 5) de
- B+1/2 a=1/2
+/ / (sing) (cosg) dﬂ}
0
+0(n*"3%?),
2nd+1/2 7 /2 . 0 a—1/2 0 B+1/2
* = —-———— —_— —
(6.9 I T(a + 1) '4,—._1/N (sm 2) (cos 2) de
- B+1/2 a—1/2
/2 (sin ﬁ) (cos Q) de|,
/N L2 2
and
4 /2
¥ — [ L y—(a+B+])/2 a—-1/2
(6.10) I; Ta+1) V7 2 n .

By letting § = m — ¢ in the second integral in (6.8), the two integrals
there can be combined into the single integral

(6.11) j: (sing)a_l/z(cosg)8+l/2d0— (%(%zr )T ()lj—l)%)

Using the above result in (6.8) yields
(6.12) I¥ = A,4n*""? + CopA gn®~ V2 4 0(ne32),

where 4, is given in (1.6). Making the change of variable § = 7 — ¢ in
the second integral in (6.9), the two integrals there can also be combined
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into the single integral

(6.13) Ltf:_l/N (sin g) a—l/z(cos g)ﬁﬂ/zdﬂ.

Note that by (2.20) and (2.41), we have

_ .]B, m—1
N

From (2.19) and (2.20), it also follows that

=0, +0(n?), l-g  +o(n?).

K

bis=5 +0(n7),  6,,=7 +0(n?),
and
2a .
O — 0,y = n +0(n?).

Expanding the integrand in (6.13) about 7 /2 and using the above results,
the integral in (6.13) can be shown to be

2T B2 4 O(n-2),
n

This result coupled with (6.9) gives

(6.14) 12* = —I‘(a_c:_lydgz_(mtﬂ-u)/zna_l/z + O(n"’_3/2).

A combination of (6.7), (6.10), (6.12) and (6.14) yields our final result
(1.14).

To conclude this paper, we consider the particular case of Laplace
series given in (1.18). The constant term and the O(n') term in (1.18)
have a somewhat different appearance from those obtained by putting
a =B =0 in (1.14). The transition to the form in (1.18) is made by
writing the second infinite series in (1.10) as

. ﬁ jl'n -
(6.15)  lim [Ml(O) + oo +M,(0) - mfo x~V2dx

23/2

= lim [MI(O) + - + M, (0) - an}
n 23/2

lim ) {Mk(O) - (K7 =k - 1]1/2)},

=0 =1
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since from (2.19), (j, ,)*/* = (nm)'/? + O(n~'/?). Now using the fact
that, for & = 0,

(6.16) foj‘ X%, (x) dx = fo’ Jy(x) dx

= JO(O) - JO(jl,l) =1+ Ml(o),

the result for the constant term in (1.18) follows. Similarly in (1.16) we
write
V2 fha
- = ™ /2
32 j(; x/“dx

n
n—oo

(6.17) D, = lim [Ml(o) + - +M,(0)

1 jO n 1
—_ [T 12
23/2,”1/2_/(; X dx

n

lim ¥ {Mk(o) - 3;/—2(/8/2 — [k - 117

N0 =1

_2—3/2(k1/2 _ [k _ 1]1/2)}’

where we have used ( j, ,)** = 7°/*(n*/* — §n'/?) + O(n"'/?). Grouping
these results together yields the form of L (0, 0) given in (1.18).
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