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ERGODICITY IN AFFINE SKEW-PRODUCT TORAL
EXTENSIONS

HARVEY B. KEYNES AND MAHESH G. NERURKAR

We examine the dynamics of those skew-product extensions in
which the fibre is a torus supporting a group of automorphisms which
intertwine with the given Z" action. The main results concern lifting
ergodicity generically from the base when the original action is perturbed
into new action by a continuous affine cocyle. Extensions are indicated
for other properties, such as weak-mixing and Bernoulli, and smooth
variants are stated.

1. Introduction. A (topological) dynamical system is a pair (Y, Γ),
where T is a locally compact separable group, acting continuously on the
right of the compact metric space Y, with action (y,t) -» y t. If in
addition, we have a T invariant Borel probability μ on Y, we denote this
system by (Y,Γ,JLI).

Let (X, T) be another dynamical system such that π: (X, T) -> (Y, T)
is an affine extension with the fibre group G supporting an automoφhism
group {ot\t e T). Let μ be the Haar lift of μ to X. (See [4] for more
details on these definitions and the definitions given below.) A continuous
affine cocycle a for π is a continuous map α: Y X T -> G satisfying the
cocycle condition,

^{y,tιt2) = a{yjι)[σtϊιa{y^ tl9t2)]9 Vy, tl9 t2.

Let Z(Y,T,G) be the set of all such cocycles. Given / e C(Y,G), the
space of continuous maps from Y to G, and setting lf( y, t) =
f(y)~ι[<*rif(y 0J w e S e t a cocycle lf <Ξ Z(Y9T9G)9 called an affine

coboundary. The set of all affine coboundaries will be denoted by
B( Y, T9 G). Given φ e Z(Y, T9 G) and 1 / e B(Y, Γ, G), if

then φ 1 / G Z(Y, Γ,G). Two cocycles φ1? φ2 are cohomologous if φ2 =
φx 1̂  for some /.

As a subset of C(Y X Γ, G), we can restrict the compact-open topol-
ogy to Z(Y, Γ, G). This topology can be seen to be generated by a
complete separable metric. When T = Z, one can identify Z(Y, T,G) with
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C(Y,G) and the metric can be taken to be the usual supremum metric. We
use the letter d to denote metric on any space.

Given a e Z(Y, Γ, G), we define the skew-product T action on X by
setting x° t = (<x(y, t)~ιx) t if πx = y. This new dynamical system will
be denoted by (X9 Ta) and is called the skew-product extensions of Y by a.
Note that (Y, T) is still a dynamical factor and μ is invariant under
skew-product action but π need not be an affine extension (e.g., if G is
nonabelian).

Our main results are concerned with lifting ergodicity generically to
the skew-product extension.

The precise statements are given below.

THEOREM (1.1). Let π: (X,T,μ) -» (Y9T,μ) be an affine extension
with fibre G. Further assume that

(i) T = Zr and μ is nonatomic
(ii) G = Tc, the c torus for some c e N and σl9 σ2 ,σr be automor-

phisms of G generating an equicontinuous ΊJr-action.
(iii) (Y9 T9 μ) is ergodic.
Then the set {α| .αe B(Y, T,G) and (X, Ta, μ) is ergodic} is residual

inB(Y,T,G).

THEOREM (1.2). Let π: (X9T,μ) -> (Y9T9μ) satisfy the conditions of
Theorem (1.1) except that the Zr-action on G need not be equicontinuous.
Then the set {a\a e Z(Y9 T9G) and (X9Ta9μ) is ergodic} is residual in
Z(Y9T9G).

Notice that if we give up the periodicity of the fibre automorphisms,
we need to enlarge the class to all cocycles.

We will prove these theorems for integer actions (i.e. T = Z), since
the proof in the general case is essentially the same. Thus we denote by T
the homeomorphisms both on X and Y generating the Z action and by σ
the group automorphism generating the action on G. The proof of
Theorem (1.2) will be built in two steps. First we prove Theorem (1.1). We
then complete the proof of (1.2) by modifying the constructions used to
prove (1.1) and using a "Furstenberg type" tower for the automorphism σ.
The details are given in §2.

2. Proofs.
A. Proof of (1.1). The condition of equicontinuity of σ is equivalent

to assuming that σp = 1, for some p > 0, since G is a torus. First we
describe briefly a useful "diamond diagram" for equicontinuous affine
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extensions, (see [5] for details.) Let K be the enveloping semi-group of
(G9σ).

KX K

KX Y

All spaces in the diagram are dynamical systems with Z actions and all
maps are factor maps. The action on K X X is generated by homeomor-
phism T(k, x) = (kσ, Tx). There is a left G action on KX X, defined by
g(k, x) = (k, k(g)x), which commutes with this Z action. We will think
of L2(X, μ) as a closed subspace of L2(K X Xy v X μ), where v is the
normalized Haar measure on K.

We define operators on L2(K X X, v X ju) as follows.
(1) Given « e Z ( 7 , Γ,G) = C(Γ,G), set

!/£/(*, *) = f(kσ, T(a(yy
ιχ)), where TΓX = y.

(2) Given ψ e C{Y,G\ set

(3) Let P and C be the projections onto the space of T invariant
functions and constant functions respectively.

(4) Set
n-\

Given / e L2( X, μ), e > 0 and m e N, we define

W(f,ε,m) = { φ | φ e 5 ( 7 , Γ,G) such that 3M G N, M > m

s u c h t h a t | ( ^ / , / > - ( C / , / > | <ε} ,

where ( , ) denotes the inner product in L2(K X X, v X μ).
Using standard arguments (see [7] for related results in group exten-

sions) it is easy to show that the proof of the theorem reduces to showing
that for / e L2(X, μ) each W(f, ε, m) is open and dense in B(Y, T9 G).
Openess is routine and the denseness will be established in a series of
lemmas below.

LEMMA (2.1). Let/ e L\X, μ\ e > 0 andm e N. Let φ e Z(7, T, G)
and ψ e C(F,G). W(f9e,m) iff φ e W(H+f,e,m).
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Proof. The proof follows from observing that, (i) W?Hφ = HJV*'1*
and (ii) CHφ = H£=C

LEMMA (2.2). Assume that for any f ^ L2(X,μ), ε > 0, m e N, given
8 > 0, ίΛm? ex/s/ ψδ Ξ ψ 6 C(7,G) swe/* that

(i) £>(1*, 1) < δ W
(ϋ)l*e W(f,e,m).

Then for any /, ε > 0 and m e N, ϊΓ(/, ε, /w) w έfe/ŵ  I/I B(Y, T, G).
Here, D is the metric defined by D(φl9φ2) = supy(Ξγd(φ1(y),φ2(y)).

Proof. The condition in this lemma implies that 1 e W(f9ε9m)
V/, ε,m. Now the previous lemma implies l ψ e PF(/, ε, m), V/, ε, m. This
immediately implies W(f9ε9m) = B(Y,T,G).

From this point onwards, we will assume in addition that the bundle
7τ: (X, T) -> (7, Γ) is "dynamically trivial". This means that X= GX Y
and Γ(g, j^) = (σ(g), Γv). We define additional operators ί/° and F on
Z.2(i^ X Z) s L2(G X K X 7) by setting,

UMg>k,y)=f(g,kσ,Ty) and

Note that when a = 1, ί/£/(g, Jk, j ) = /(σ(g), Λ σ, Γμ), so ί/̂  disregards
the action of σ on G. Set

Then the following lemma can be easily verified.

LEMMA (2.3) (i) W$ ° V = V° Wn°, VΛ and (ii) VC = CV = C.

Next, we view the flow T(k9 x) = (kσ9 Tx) on ί x l a s a # skew-
product extension of (7, Γ,/x) by the cocycle (y, n) -> σ" (« e Z). Then
applying a result of R. Zimmer (see [9]) to this cocylce we get a Borel map
ξ: Y-* K and a closed subgroup KQ of ίΓ such that (i) σ(y9n) =
tty)-ισ"ξ(T"y) e ΛΓ0, V( j , Λ) e Y X Z and (ii) (Ko Xδ 7, ^ o X μ) is
ergodic, where f̂  is the normalized Haar measure on Ko.

The restriction to Ko yields operators B and PKQ on L2(K X X) by
setting,

(i)2>/(g,*,.vW(g, *(>0,>0 and
(ii) /Vo(g, fc, j;) = / y fKo /(g, fcfc0, j ) rf^o(feo) dμ(y).
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Note again that BC = CB = B

LEMMA (2.4) The operators W® converge weakly to B~ιPκ B as
n —» oo.

Proof. This is essentially a restatement of the above result of Zimmer.
For an explicit proof, see [7].

LEMMA (2.5). Given / e L2(X,μ), ε > 0, 8 > 0, suppose that there
exists ψ e C{Y,G) such that,

(a) Z)(l*, 1) < 8 and
(b) \\PκBV-ιH^f- Cf\\ < ε.

Then W(f, ε, m) is dense in B(Y, Γ, G), for any f, ε and m.

Proof. From Lemma (2.2), given m e N, we need to find ψ e C(Y,G)
such that (i) Z>(1*, 1) < δ and (ii) 1* e W(/, ε, m). Now for any ψ,

Therefore,

<\{Wn°V-%f,V-%f) - (B-'P^BV-'H^V^ήl

The 2nd term is equal to

<.\\B-ιPKoBV-%f- Cf\\\\V-%f\\

^ll^-ΊlllF-^lll/IIIK^F-^/- c/ll (ώiceiϊ-^- c).
Thus given ε > 0, condition (b) allows us to pick ψ e C(Y,G) such that
the 2nd term is less than ε/2. Then (2.4) allows us to select M large
enough so that the first term in (*) is also less than ε/2. This yields (ii)
and completes the proof.

The proof of (1.1) now reduces to the following result.

LEMMA (2.6). Given any f G. L2(X,μ), ε > 0 and 8 > 0, there exists
ψ e C(Y, G) such that (i) £>(!*, 1) < 8 and (ii) \\PKQBV~ιH^f - Cf \\ < ε.
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Proof. Without loss of generality, we assume / to be continuous. Let

M = supyGY\f(y)\. Let η' > 0 be a small number to be specified later.

Let h: Rc"-> Ύc be h(tvt29...,tc) = (e2v\...,e2'"t<) and A a c X c

nonsingular matrix with integer entries corresponding to σ (this implies

that σ(hx) = h(Ax), VJC G R ) . Pick 8λ > 0 such that

(1) if x, y G Rc and ||x - y\ < δl9 then d(h(x)9 h(y)) < δ.

Then pick N G N such that,

(2) (i) N = kp for some A:, and

(ii) 2/> sup MΉΛΓβ!, and - ^ — < £ .
-p<i<p ]>/ — I 1V1

Now using Rokhlin's lemma we get a Borel set F c Y such that,

(3) V, TV,..., TNl~ Ψ are pairwise disjoint

Next, let α > 0 be such that, if j ^ 1 ? y2 G y and rf(>^, j>2)
 < α

(4) I / ( g , Γ ' Λ ) - / (g , Γy2) I < ii', Vg e G and 0 < i < N2 - 1.

Further partition V into disjoint Borel sets Bi (1 < / < R 4- 1) where,

(5) diam(Λf.) < α, fi(5f.) > 0, VI < / < R, μ(BR + 1) = 0

and the map ξ is constant on each B .

Since f takes only finitely many values this is possible. Let / = [0,1]

and Γp = Ic X Ic X Xlc (p times). Let / denote Lebesgue measure

on [0,1]. Since each Bt is standard Borel and μ is nonatomic, we let ψ7:

β _> (JCP9 38jcp) be a Borel isomorphism such that,

(6)

Set ψΛ + 1 = Oon BR

We can write ψ'(>0 = (Vj(y))0<j<P-i where ψ;: 5 f -> Γ is the
projection of \pι on the yth component. Next, set

(7) ψ(TJy) = pψι

s(y), Vy G ^ wherey Ξ 5mod/?

(0 < y < Λ^2 - 1,0 <s <p - l ) .

Then setting ψ ^ 0 outside \J^ιTΎ, we get a Borel map ψ: (7, ^V) ->

R+ι.
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By using Lusin's approximation, we can select a continuous map θ:
Y-* [0,pY such that,

(8)

We then define,

(9)

N2M

N-l

9(y) = I Σ
/ = 0

Clearly, θ: Y: -> Rc is a bounded continuous map. Finally, set ψ = h <> θ.
We will now show that ψ is the required map.

To see that condition (i) is satisfied, it is enough to check by our
choice of 8λ in (1) that supy€Ξ γ\\8(Ty) - Aθ(y)\\ < δv But this last
condition holds since,

\\Kτy)-AKy)\\ = jf
N-l

θ(Ty) + A~ιβ{T2y)

- ΣA-i+1θ(Γy)
1 = 0

N-^θ{TNy) - Aθ(y)

-θ{Ty)-A-ίθ{T1y)- -

< - 2 sup
-p<i<

['11/? < δ l 9 using (2).

We next consider condition (ii). We first note that

>„ k, y) = j κ χ γ (BV-%f)(g, kk', y) dvKo(k>) X dμ(y)

f{[kk'ζ(y)}gt(y),kk'ζ{y),y)dvKo{k')xdμ(y).

Now since / e L2{X,μ), / depends only on the G and Y components.
Hence,

PκBV-1Hψf(g,k,y)= f jf{[kk'$(y)]gt(y),y)dμ(y)dvKo(k').

We now pick yι ^ B{, 1 < i < p, and fix them throughout the remainder
of the proof. By (4) and (5) it follows that, V k, k\ g we have

f f([kk'j;(y)]gt(y)9y)dμ\Bι(y)

- ί
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Let Bf = {y\y e Bt,e{y) Φ ψ(j>)} τ h e n using (8) and (9) it follows
that,

Nη' ^ η'
μ(B?)

N2M

Also, if y e £, - Bf, then

(uang(7))

Π
We now examine Gp = G X G X ••• X G (/? times), and the following

maps,

Tι = hXhX ••• Xh: Γp -+ Gp (p t i m e s ) ,

a = σ-O-V X a-(p~2) X ••• X σ ° : G ^ -» Gp,

Then letting " ~ " denote "within η' of, we obtain

J f\[kk'ζ(y,
JB, \

Π dμ (y)

(y)
Bt

jcp

ί
JQP'

ηp = 7) X η X Xη (p times)

(η—the normalized Haar measure onG).

Combining these estimates yields,

J f{[kk'ζ(y)]gφ(y),y)dμ(y)-μ(Bί)f f(g',y,)dη(g')



ERGODICITY IN AFFINE SKEW-PRODUCT TORAL EXTENSIONS 123

By using (7), it is clear that this type of estimate will hold for integrals
taken over TsBt, where 0<s<N2 — N—1 and 1 < i < R. Moreover,
from (3) and our choice of N in (ii) of (2) remaining set has measure
< 2η'/M. This implies

PκBV-ιH,f{g,k,y)- Σ Σ μWfjUPyJdηig)

<7η\ V(g,k,y).

From this it follows that \\PKJSV~lH^f - Cf\\ < ε if η' is chosen suffi-
ciently small. This completes the proof under dynamical triviality.

B. Completion of (1.1) and proof of (1.2). We now give an argu-
ment that (i) shows the assumption of dynamical triviality of the bundle
π: X -> Y can be removed and (ii) extend the proof of (1.1) with no
assumption on σ, to the class Z(Y, Γ, G) of all cocycles. In the case the π
is not trivial, by using a Borel section we can assume that the T action on
X is generated by T(g, y) = (σ(gφ(y)),Ty) for some Borel map φ:
Y -> G. To prove (1.2), we will repeat the same arguments replacing
B(Y,T,G) by Z(Y,T,G). In either case we finally reduce the proof to
showing that for any Borel φ: Y -> G, given δ, ε > 0, m e N and
/ G L2(X, μ) we can find ψ e C(Y, G) such that

(i) D(lψ, 1) < 8 and
(ϋ) \{W&l*f,f) - (Cf,f)\ < ε for some M > m.

This is analog of Lemma (2.2). To prove the result needed we define the
operator Va (a e Z(7, Γ, G)) by setting

Then one can readily verify that W^ ° V = Vφ ° W®. Using this instead of
the previous relation (W^ ° V = V° W®) as appropriate and the fact that
VφC = C in Lemma (2.5), one can directly verify that we come up with
the same conditions (namely Z)(lψ,l) < 8 and WP^BV^H^f - Cf\\ < ε).
This proves Theorem (1.2) still under the assumption that σ is periodic.

We now consider the case of a general σ. Let H c G be a closed
σ-invariant subgroup such that σ factored onto the quotient group H\G
is equicontinuous. Consider the affine extension m^. Xλ = H\X -> Y
with fibre H\G, obtained by factoring by H. Then one can prove that
the set of a ^ Z(Y,T,G) for which the skew product flow induced on Xλ

by a is ergodic, is a residual subset of Z(Y,T,G). This proceeds in the
following steps: we can repeat Lemmas (2.1) through (2.5) for this class of
cocycles, and the construction of ψ in Lemma (2.6) can be easily modified
so that ψ in addition factors through H. We replace our h by the map
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β o h, where β: G -> H\ G is the factor map and h: Ipc -> G is the

exponential map. Note that β °h takes the Lebesgue measure onto the

normalized Haar measure on H \ G and this is precisely what is really

needed in Lemma (2.6). The general proof of (1.2) is obtained by selecting

our subgroup H properly. The following result tells us precisely what our

H should be.

PROPOSITION (2.7) ([5]). Let π: (X,T,μ)-* (Y,T,μ) be an affine

extension with fibre group G.

(1) Let (Y, Γ, μ) be ergodic. Then (X,T9μ) is ergodic (weakly-mixing)

iff the affine bi-transformation group (GF\G9GF\X9T9μ) is ergodic

(weakly mixing). Here μ = (τrx)„,/19 πλ: X -> GF\ X is the quotient map

and GF c G is a closed σ-invariant subgroup such that (GF\G,σ) is the

maximal equicontinuous factor of (G, σ).

(2) Furthermore if ((/, σ) is distal, and (Y,T,μ) is uniquely ergodic

then (X,T,μ) is uniquely ergodic iff it is ergodic.

So choosing H = Gf in the previous argument finishes the proof of

Theorem (1.2).

REMARK. The question arises whether Theorem (1.2) can be obtained

without the enlargement to the class of all cocycles. If the automorphism σ

is distal but not equicontinuous, our proof does not enable us to lift

ergodicity generically in the class of closure of coboundaries. The main

obstacle is the lack of an analog of the "diamond diagram" (see §2.A for a

more detailed definition). This diagram is critical even in the equicontinu-

ous (σp = I) case, and enables us to view σ itself as a cocycle into K—the

enveloping semigroup (see Lemma 2.3). In turn, this observation helps us

to lift ergodicity without any additional assumptions like ergodicity of

(Y, Tp,μ). However, we do not know if Theorem (1.2) is true for distal

actions in the closure of the coboundaries.

In the case that σ is ergodic, it seems likely that the closure of

σ-coboundaries should be the set of all cocycles. In the measure theoretic

situation D. Lind has proven that for ergodic σ, every σ-cocycle is a

measurably a σ couboundary. It seems possible that some topological

variants of his techniques might yield this result. Note that when G/GF is

trivial, for example, when σ is hyperbolic, then every cocycle yields an

ergodic action.

3. Extensions. Several extensions of (1.2) follow readily. One can

replace ergodicity in Theorem (1.2) by weakly mixing. This is proved by
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TΓXTΓ

using the product bundle X X X ^> 7 X 7 . Using the same techniques,
we can prove a generic theorem for lifting ergodicity in the class {a X a \
a <= Z(Y,T,G)} C Z ( 7 X 7 J , G X G). In addition, a result of D.
Rudolph (see [8]) shows that for affine extensions with Bernoulli base, the
skew product flow is Bernoulli iff it is weakly mixing. These observations
can be summarized in the following theorem.

THEOREM (3.1) Let m\ (X, Γ, μ) -> (7, Γ, μ) be an affine extension as
in Theorem (1.2).

(i) // (7, Γ,μ) is weakly-mixing {Bernoulli), then {a\a e Z(Y,T,G)
such that (X,Ta,μ) is weakly mixing (Bernoulli)} is residual in Z(Y,T9G).

(ii) // (G, σ) is distal then ergodicity in (1.2) can be replaced by unique
ergodicity.

Part (ii) is an immediate consequence of (2) of Proposition (2.7).

Some additional properties can be added to the properties lifted as in
Theorem (3.1), (i). Results of Parry [7a] show that ^-automorphisms are
lifted. Unpublished results of Thovenot and Rudolph yield that mixing
and Λ -fold mixing, respectively, are also lifted.

Finally, we examine some smooth versions of these results. Suppose Y
is a compact connected C00 manifold and T: Y -> Y is a C°° diffeomor-
phism, preserving a smooth measure μ. In this general setting it is
unknown whether any smooth version of Theorem (1.2) holds. The main
difficulty in applying these techniques in the smooth case arises in Lemma
(2.6). In general, it is not possible to construct a smooth map ψ: Y -> G
satisfying (i) D^l*,!) < 8 and (ii) \\PBV-ιHφf - Cf\\ < ε, where Dλ is
the C1 metric on C1 maps from Y to G. However, adopting a technique
used in [6], under the special situation of an irrational rotation on a circle,
one can prove a smooth analog of Lemma (2.6) by putting restrictions on
irrational rotation number a. The following is the precise statement.

THEOREM (3.2). Let TΓ: X -> Y be an affine extension as in Theorem
(1.2), where (7, T) is an irrational rotation on the circle. Assume that there
exists a sequence (pn/qn) of irreducible fractions such that \a — pn/qn\ <
M/ql+y where M > 0, γ > 0 are constants and qn -> oo an n -> oo. Then
the set ofφ^ Cι(Y,G) such that (X,Tφ,μ) is ergodic is residual in
C\Y,G).

The above theorem in the context of group extensions yields a smooth
version of a result of Glasner and Weiss in [3]. For more general
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diffeomorphisms T: Y -> 7, it seems possible that smooth versions of
Theorem (1.2) may hold under the assumption that T admits periodic
approximations with sufficient speed.
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