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SOME RESULTS ON PRUFER RINGS

THOMAS G. LUCAS

For a domain D, D is a Prufer domain if and only if D/P is a
Prufer domain for every prime ideal P of D. The same result does not
hold for rings with zero divisors. In this paper it is shown that for a
Prufer ring R with prime ideal P, R/P is a Prufer ring if P is not
properly contained in an ideal consisting entirely of zero divisors. An
example is provided to show that, in general, this is the best possible
result. According to M. Boisen and P. Sheldon, a pre-Prufer ring is
defined to be a ring for which every proper homomorphic image is a
Prufer ring. In this paper it is proved that for a pre-Prufer ring R
containing zero divisors, the integral closure of R is a Prufer ring.
Furthermore, if R is a reduced pre-Prufer ring with more than two
minimal prime ideals, then R is already integrally closed and, moreover,
R is not only Prufer but arithmetical as well. An example is provided of
an integrally closed pre-Prufer domain which is not a Prufer domain.

1. Introduction. In this paper, all rings are assumed to be commutative
with nonzero unit. A regular element of a ring R is one which is not a
divisor of zero, and a regular ideal is one which contains a regular
element. By an overling we mean a ring between R and T(R), the total
quotient ring of R. All unexplained terminology is standard as in [5] and
[8].

For commutative rings with zero divisors, M. Griffin [6] defined a
Prufer ring as a ring for which every finitely generated regular ideal is
invertible. He showed that with suitable modifications many of the
properties which characterize Prufer domains also characterize Prufer
rings; some of these are collected in Proposition 2.1 of this paper. One
purpose of this paper is to examine what can be said about the relation
between a ring R being Prufer and R/P being a Prufer domain for each
prime ideal P of R. It is not the case that the two conditions are
equivalent. In fact, in general neither implies the other. In §2 we provide
the following positive results. First, if P is either a regular prime ideal or
maximal with respect to containing only zero divisors, then R/P is a
Prufer ring if R is a Prufer ring (Proposition 2.2). In the event that T(R)
is von Neumann regular, then every prime ideal of R satisfies the above
condition. Thus if R is Prufer and T(R) is von Neumann regular, then
R/P is a Prufer domain for every prime ideal P of R. Moreover, if R/P
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is a Prϋfer domain for every prime ideal P of R and T(R) is von
Neumann regular, then the integral closure of R is a Prϋfer ring (Proposi-
tion 2.6).

A ring R is said to be arithmetical if the ideals of RM are linearly
ordered for every maximal ideal M of R. Arithmetical rings are always
Prϋfer rings, but not conversely. However, if R is Prϋfer and T(R) is von
Neumann regular, then R is also arithmetical [6; Theorems 19 and 20]. In
our Proposition 2.6, we give a new characterization of reduced arithmeti-
cal rings; namely, a reduced ring R is arithmetical if and only if R/P is a
Prϋfer domain for every prime ideal P of R and for every pair of minimal
prime ideals P and Q, R/P Π Q is integrally closed.

In §3 we determine when rings formed by the technique of idealization
of a module are Prϋfer rings. For a ring R and i?-module B, the
idealization of B is the ring R ( + ) B formed from the direct sum R Θ B
by defining multiplication of elements (r,m) and (s, n) of R (+ ) B by

(r,m) -(s,n) = (rs,rn + sm).

Using idealization it is possible to transform any given ring R into a
Prϋfer ring of the form R ( + ) B. In particular, if 5 = ΣΛ/MΛ where the
Mα range over the maximal ideals of R, then R ( + ) B is its own total
quotient ring and, hence, is trivally a Prϋfer ring. Our Proposition 3.1
characterizes those rings of the form R ( + ) B which are Prϋfer rings. In
particular, if R is a Prϋfer ring and B is any i?-module, then the integral
closure of R ( + ) B is a Prϋfer ring. In Example 3.3 we present a Prϋfer
ring R ( + ) B where R is not a Prϋfer ring nor is R ( + ) 5 a total
quotient ring.

2. Prϋfer and pre-Pritfer rings. One of the many characteristics of
Prϋfer domains is that a domain D is Prϋfer if and only if D/P is a
Prϋfer domain for every prime ideal P of D. This same result does not
hold for rings with zero divisors. In particular, there exists a ring R for
which every proper homomorphic image of R is a Prϋfer ring yet R is not
a Prϋfer ring [3; Example 3.1]. However, if R is a reduced ring such that
R/P is a Prϋfer domain for every prime ideal P of R and R/P Π Q is
integrally closed for every pair of prime ideals P and Q, then R is not
only Prϋfer but is in fact arithmetical (Proposition 2.6). Also, if T(R) is
von Neumann regular and R/P is a Prϋfer domain for every prime ideal
P of i?, then the integral closure of R is Prϋfer. On the other hand, if R is
a Prϋfer ring, then R/P need not be a Prϋfer domain (Example 3.6);
though it will be if P is either regular or maximal with respect to
containing only zero divisors (Proposition 2.2). While this latter result can
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be derived as a corollary to a proposition due to M. Boisen and P.
Sheldon [3; Proposition 2.3] we shall provide a proof which roughly
parallels the proof given in [5] for Piiifer domains.

Before presenting this proof, we state without proof the following
proposition which is a standard result about Prufer rings.

PROPOSITION 2.1. The following are equivalent for a ring R.
(a) R is a Prufer ring.
(b) If AB = AC where A, B, C are ideals ofR with A finitely generated

and regular, then B = C.
(c) R is integrally closed and for any a, b e R at least one of which is

regular,(a,b)2 = (a2,b2).
(d) For each maximal ideal M of R, if A and B are ideals of R with A

regular, then either ARM c BRM orBRMa ARM.
(e) Every overring ofR is integrally closed.

PROPOSITION 2.2. Let R be a Prufer ring and P be a prime ideal ofR.
If P is either regular or maximal with respect to containing only zero
divisors, then R/P is a Prufer domain.

Proof. If P is a maximal ideal, there is nothing to prove. Hence, we
assume that every ideal properly containing P is regular and let M be an
arbitrary but fixed maximal ideal properly containing P. We will show
that (R/P)M/P is a valuation domain.

To this end, let A and B be ideals, necessarily regular, which properly
contain P and are contained in M. It is enough to show that (A/P)M/P

and (B/P)M/P are comparable.
As A and B are regular ideals of a Prufer ring, either ARM c BRM or

BRM c ARM. Hence, since (R/P)M/P and RM/PRM are canonically
isomorphic, either (A/P)M/P c (B/P)M/P or (B/P)M/P c (A/P)M/P.
Since M, A, and B were arbitrary, the ideals of (R/P)M/P are linearly
ordered for every maximal ideal M containing P and thus R/P is a
Prufer domain.

In §3, we give an example to show that the above result is the best
possible without further assumptions.

Our next result concerns rings which contain nonzero nilpotent ele-
ments.

PROPOSITION 2.3. Let R be a nonreduced ring with nilradical N. If
R/N is a Prufer ring, then a necessary and sufficient condition for R to be
Prufer is for R to be integrally closed.

Proof. Assume that R/N is a Prufer ring. As all Prufer rings are
integrally closed, the necessity is apparent.
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Assume that R is integrally closed. To establish the sufficiency of this
assumption, we make use of Proposition 2.1(c).

Let a, b e R with at least one of these a regular element, say b. As
R/N is a Prϋfer ring, and Ί> is a regular in R/N, (a,Ί>)2 = (ά2,Ί>2). Thus
there exist r, s e R such that ab = ra2 + sZ>2 + # for some n e N. But as
/? is integrally closed and b is regular, 67V = b2N = N. Hence for some
rn & N, n = mb2 and ab = ra2 + (s + m)b2. Therefore (α, b)2 = (a2, b2)
and I? is a Prύfer ring.

If R is a reduced ring such that T(R) is von Neumann regular, then
every prime ideal of R is either regular or maximal with respect to
containing only zero divisors since only the minimal primes contain only
zero divisors. Thus if R is also a Priϊfer ring, then R/P is a Prϋfer domain
for every prime ideal P of R. The converse is nearly true and the
following example not only shows that the converse fails but also suggests
how to obtain a slightly modified version of the converse.

EXAMPLE 2.4. (cf. [3; Example 3.1]). Let R = K[X, Y]/(XY) where K
is a field. Then the only nonmaximal primes are P = (X)/(XY) and
Q = (Y)/(XY). As R/P = K[Y] and R/Q = K[X] are Prufer domains,
we have that R/M is a Prufer domain for every prime ideal M of R.
Since R is not integrally closed, it cannot be a Prύfer ring. However, the
integral closure of R is isomorphic to K[X] Θ K[Y] which is a Prufer
ring.

The above example generalizes to any reduced ring with exactly two
minimal prime ideals as the following lemma shows. The lemma proves
useful in our proof of Proposition 2.6.

LEMMA 2.5. Let R be a reduced ring with exactly two minimal prime
ideals P and Q. If both R/P and R/Q are Pr'ύfer domains, then the integral
closure of R is arithmetical and hence is a Prufer ring.

Proof. Since R is reduced, P Π Q = (0) and thus R can be embedded
in R/P θ R/Q. Moreover, R/P θ R/Q is integral over R since both
(1,0) and (0,1) satisfy the polynomial equation X2 - X = 0. Thus if both
R/P and R/Q are Prufer domains, then the integral closure of R in
T(R/P θ R/Q) is exactly R/P θ R/Q and hence is arithmetical. As
T(R) is isomorphic to T(R/P θ R/Q), the integral closure of R (in
T(R)) is arithmetical.

In a manner similar to that used in Example 2.4, we can construct a
ring R with any finite number of minimal prime ideals Pl9...9Pn9

n > 2, such that R/Pt is a Prufer domain for each /, but R is not
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Prϋfer. For example for n = 3, let R = K[Xl9 X2, X3]/I where / =
(A^X,, XXX3, X2X-iY Then the minimal primes of R are Px = (X,, X3)/J,
P 2 = (Xl9 X3)/I9 and P3 = (Xv X2)/L Thus Λ/P, = K[Xt] is a Prufer
domain, but as in the example R is not integrally closed. Of note is the
fact that for i Φ j \ R/Pt Π P. = K[Xt, *}]/( Â A}) is not integrally closed.

Our next two results deal with those reduced rings R for which R/P
is a Prufer domain for every prime ideal P of R. In the first of these,
Proposition 2.6., we use the above lemma to show that if in addition to
R/P being Prufer for every prime ideal P, R/P Π Q is integrally closed
for every pair of minimal prime ideals P and β, then R is not only Prufer
but arithmetical as well. The converse also holds, for if R is arithmetical,
then R/I is arithmetical for every ideal I of R.

PROPOSITION 2.6. Let R be a reduced ring such that R/P is a Prufer
domain for every prime ideal P of R. If for each pair of minimal prime ideals
P and Q of i?, R/P Π Q is integrally closed, then R is arithmetical and
hence Prufer.

Proof. Let P and Q be a pair of distinct minimal prime ideals of R
such that R = R/P Π Q is integrally closed. Then R has two minimal
prime ideals, namely P = P/P Π Q, and Q = Q/P Π Q. As R/P = R/P
and R/Q = R/Q are both Prufer domains and R is integrally closed, we
have by the above lemma that R is arithmetical. In particular, if M is a
maximal ideal of R containing P Π Q, then M must contain exactly one
of P and β since M = M/P Π Q is such that i ϊ ^ is a valuation domain.

If R/P Π Q is integrally closed for every pair of minimal prime
ideals P and β, then it must be that no maximal ideal contains more than
one minimal prime. Hence for each maximal ideal M there is a unique
minimal prime ideal P contained in M, in which case RM = (R/P)M/P is
a valuation domain. Therefore R is arithmetical.

In [4; Propositions 5 and 6], S. Endo proved that a reduced ring with
von Neumann regular total quotient ring is integrally closed if and only if
it is locally an integrally closed domain. Using this result we consider the
case of a reduced ring R for which T(R) is von Neumann regular and
R/P is a Prufer domain for each prime ideal P of R.

PROPOSITION 2.7. Let R be a reduced ring such that T(R) is von
Neumann regular. If R/P is a Prufer domain for every prime ideal P of /?,
then the integral closure ofR is a Prufer ring.

Proof. Assume that R/P is a Prufer domain for every prime ideal P
of R. Let R' be the integral closure of R. then for each maximal ideal M
of R\ R'M is a domain. We will show that R'M is a valuation domain. To
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this end, let M be a fixed but arbitrary maximal ideal of R'. Since R'M is
a domain, there is a unique minimal prime ideal Q contained in M and
R'M = (R'/Q)M/2 Let P = R Π Q, then lϊ/T is naturally embedded in
R'/Q and viewed in this way the two rings have the same quotient field.
Hence, since R/P is Priifer, so is R'/Q. Therefore, RM is a valuation
domain and R' is Priifer.

In [3], Boisen and Sheldon define a pre-Prufer ring as a ring R for
which every proper homomorphic image of R is a Priifer ring. In other
words, R is a pre-Priifer ring if for every proper ideal / of R, R/I is a
Prϋfer ring. It turns out that Priifer domains are integrally closed pre-Priifer
domain [2; Proposition 1], but not conversely (Example 2.8). For rings
with zero divisors, Priifer rings are not necessarily pre-Priifer rings.
Examples abound for this conclusion, including [3; Example 3.3]. How-
ever, if R is a pre-Priifer ring where Z(R) Φ (0), then the integral closure
of R is a Priifer ring. The proof of this statement for reduced rings relies
heavily on Lemma 2.5. For nonreduced rings we use the fact that if N and
N' are the respective nilradicals of R and R\ then R/N c R'/Nr c
T(R/N).

PROPOSITION 2.8. Let R be a pre-Prufer ring which is not a domain.
(1) If R is reduced and has three or more minimal prime ideals, then R

is arithmetical.
(2) // R is reduced with exactly two minimal prime ideals, then the

integral closure ofR is arthmetical.
(3) If R is nonreduced, then the integral closure of R is a Prϋfer ring.

Proof. If R is reduced and has three or more minimal prime ideals,
then P Π Q Φ (0) for any pair of minimal primes P and Q. Hence
R/P Π Q is a Priifer ring for any two minimal primes P and Q. Thus R
is arithmetical by Proposition 2.6.

Statement (2) is simply a restatement of Lemma 2.5.
Statement (3) follows from Proposition 2.3 and the remark above

concerning R/N and R'/N'.
Our first example shows how to make an integrally closed pre-Priifer

domain which is not Priifer from an arbitrary Priifer domain using a
D + M construction.

EXAMPLE 2.9. Let D be a Priifer domain with quotient field k. For
indeterminates X and Y, let K = k(Y) and let V be the valuation domain
K + XK[[X]]. Then V is one dimensional with maximal ideal M =
AX[[^Γ]]. The ring R = D + M is an integrally closed pre-Priifer domain
which is not Priifer.
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As the quotient field of D is not K, R is not Prϋfer. However, R is
integrally closed since D is integrally closed in K. (These and subsequent
results concerning D + M constructions can be found in [5]).

To see that R is a pre-Prufer domain, let / be a nonzero ideal of R.
As / compares with M, we have two cases to consider: either / contains
M, in which case / = J + M for some ideal / of D, or / is properly
contained in Λf. In the first case, R/I s D/J which is a Priifer ring [2;
Proposition 2]. On the other hand, if / is properly contained in M, then
R/I is a nonreduced ring with nilradical M/L Hence, if A is a finitely
generated regular ideal of R/I, then A = (/ 4- M)/I where J is a
finitely generated (invertible) ideal of D. As / + M = JR, J + M is
invertible in i?, and thus A is invertible [3; Proposition 2.3]. Therefore, R
is a pre-Prufer domain.

PROPOSITION 2.10. Let R be a ring such that RM is a Prufer ring for
every maximal ideal MofR. Then R is a Prufer ring.

Proof. Let A, B, C be ideals of R such that AB = AC and A is
finitely generated and regular. By Proposition 2.1(b), it is enough to show
that this implies B = C. We will show that BRM = CRM for every
maximal ideal M of R and from this conclude that B = C. To this end let
M be an arbitrary but fixed maximal ideal of R. Then ARM is still a
finitely generated regular ideal and ABRM = ACRM. Since i?M is a Prufer
ring, BRM= CRM. Hence B = C and i? is a Prufer ring.

Our next example shows that a Prufer ring is not necessarily locally a
Prufer ring.

EXAMPLE 2.11. (cf. [7]). Let D = K[X, Y] where K is an algebraically
closed field and X and Y are indeterminates. Let si be an index set for
the set of maximal ideals of D and let K = s/X N where N is the set of
natural numbers. For each i = (α, n) e /, let M, = Mα and ki = D/Mt.
Let 5 = IXe/AΓ, and J5 = Σ^/AΓ,. Finally, let i? = A + B where A is
the image of D in 5 under the canonical homomorphism / defined by
f{d)i = d + M,..

It is straightforward to check that R is a total quotient ring with
maximal ideals P of two forms: either P = Pa= f(Ma) + 2? or P = P =
{rGjR; r, = 0). In the second case, Py is also a minimal prime and
i? p = kg. However, in the first case Rp = D M since B is the minimal
prime ideal contained in P. As DMa is not a Prufer domain, R is not
locally Prufer.

3. Idealization. Given any ring i?, it is possible to find an /{-module B
such that the idealized ring R ( + ) B is Prufer. For example, let B =
ΣR/Ma where the Ma range over the maximal ideal of R. Then R (+ ) B
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is Prϋfer since it is its own total quotient ring. However, if we ask for
R ( + ) B to be a Priifer ring which is not a total quotient ring, there may
exist no module such that R (+ ) B is a Priifer ring. For example, if R is a
Noetherian ring with no invertible maximal ideals, then R ( + ) B is
Priifer if and only if it is a total quotient ring. On the other hand, if R is a
Priifer ring which is not a total quotient ring, then such a module always
exists. In particular, R ( + ) T(R) is a Priifer ring which is not a total
quotient ring. However, our Example 3.3 shows that R need not be Priifer
before there exists a module B such that R ( + ) B is a nontrivial Priifer
ring. Before presenting this example, we give a characterization of Priifer
rings of the form R (+) B.

PROPOSITION 3.1. Let R be a ring and B an R-module. Let Z(B) =
{r G R; rb = Q for some nonzero b e B) and let S = R\ [Z(R) U Z(B)].

(a) If S contains only units of R, then R ( + ) B is a total quotient ring
and hence Prufer.

(b) // S properly contains the units of R, then the following are
equivalent:

(ϊ)R ( + ) Bis Prufer;
(ii) B = Bs and every finitely generated ideal I of R with I Π S Φ 0 is

invertible as an ideal ofR.

Proof. It is elementary to check an element (r, b) of R ( + ) B is
regular if and only if r e S. Moreover, (r, b) is a unit if and only if r is a
unit of R. The proof of (a) is now apparent.

To prove the equivalence of (i) and (ii), first note that the total
quotient ring of R ( + ) B can be identified with Rs ( + ) Bs. Hence, if
R ( + ) B is Prufer, then B = Bs for otherwise R ( + ) B cannot be
integrally closed. Also if B = Bs and / is an ideal of R, then / ( +) B is
an ideal of R ( + ) 5 with inverse (/ ( + ) B)~ι = (7" 1 Π i?s)( + ) 5.
Moreover, in the case that I Π S Φ 0 , each r e 7"1 is of the form r =
te"1 for some t e i? and 5 e / Π 5. Hence, 7"1 c i? s and (/ ( + ) 5 ) " 1 =

Assume that i? ( + ) B is a Priifer ring and let / be a finitely
generated ideal of R with I Π S Φ 0 . The ideal / ( + ) B is a regular
ideal of R ( + ) 5 since I Γ) S Φ 0 . Moreover, if {α1 ?..., an } generate /
as an ideal of R, then {(av 0),..., (an, 0)} generate / (+ ) B as an ideal of
R ( + ) B, since s~ιb e JB for all i e ί and each ί E / n S . Hence,
/ ( + ) B is a finitely generated regular ideal of R (+) B. Thus / (4-) B is
invertible with inverse 7"1 (+ ) B. Whence II"1 = R and / is invertible as
an ideal of R. Conversely assume that B = Bs and every finitely generated
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ideal / of R with / Π S Φ 0 is invertible as an ideal of R. Since B = Bs,
every regular ideal of R (+) B is of the form I ( + ) B for some ideal / of
R with / Π S # 0 .

Let / ( + ) B be a finitely generated regular ideal of R (+) B. Then /
is a finitely generated ideal of R such that I Γ\ S Φ 0 . Hence, by our
hypothesis, / is invertible. As above 7"1 c Rs since I Γ) S Φ 0 (and 5
contains only regular elements). Furthermore, (/ ( + ) B)~ι = 7 1 ( + )2?
and (/ ( + ) £)(/ ( + ) B)ι = IΓι ( + ) 5 = i? ( + ) 5. Therefore,
Λ ( + ) B is a Priifer ring.

COROLLARY 3.2. // i? is a Prufer ring and B is any R-module, then R

(4-) Bs is a Prufer ring, where S is as in Proposition 3.1.

To construct an example of a Prufer ring of the form R (+ ) B which
is not a total quotient ring where R is not a Prufer ring we first make use
of a D 4- M construction for the ring R. In particular, let V = Q[[X, Y]]
be the ring of formal power series in two variables over the field of
rational numbers Q. Then for M = (X, Y), V = Q + M. Let D = Z ( 2 )

and R = /) + Λf. Then M is simultaneously the maximal ideal of V and
a prime ideal of R. Furthermore, RM= V and hence MRM = M.

EXAMPLE 3.3. Let R be the ring defined above and let B = (R/M)M.
Then the ring R (+) B is a Prufer ring which is not a total quotient ring
nor is R a Prufer ring.

The ideals of R which properly contain M are of the form / + M =
/i? where / is an ideal of Z ( 2 ). But the ideals of Z ( 2 ) are all principal ideals
of the form / = (2W), n > 1. Hence the ideals of R which properly
contain M are principal. Since Z( B) = Λf, i? (+ ) B is a Prufer ring.

The ring iί is not Prufer since the ideal (X, Y)R is not invertible as
an ideal of R. Also, R ( + ) B is not a total quotient ring. For example,
the element (2,0) is neither a unit nor a zero divisor of R (+ ) JS.

In Proposition 3.5 we generalize the above example. Before doing so,
however, we need the notion of a valuation ring.

For a ring R, a subring V of R is called a valuation ring of i? if there
exists a prime ideal P of K such that for each r e R \ V there exists a

e P such that φ G K\ P. The pair (K, P) is called a valuation pair of
/?. In the case that ϋ = T(V), V is simply called a valuation ring and
(F, P) a valuation pair [9].

Valuation rings differ from valuation domains in many ways. For
example, a valuation ring need not have a unique (regular) maximal ideal
nor must it be Prufer. However, if (F, P) is a valuation pair with
V Φ T( V), then V is Prufer if and only if P is the unique regular maximal
ideal [1; Theorem 2.3]. Also, if V is a local Prufer ring, then it is also a
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valuation ring [6; Theorem 13]. Hence the ring R ( + ) B in the example
above is a valuation ring.

The valuation rings of the form R ( + ) B are characterized by the
following lemma. We will use Lemma 3.4 to generalize Example 3.3.

LEMMA 3.4. Let R be a ring and let B be an R-module with S =
R \ [Z( R) U Z( B)]. Then the ring R ( + ) B is a valuation ring if and only if
R is a valuation ring ofRs and B = Bs.

Proof. Assume that R (+) B is a valuation ring. Then by definition
there exists a prime ideal Q = P ( + ) B such that for each (s,b) e
T(R ( + ) B)\R ( + ) B there exists (r,a) e P ( + ) 5 with(.s,Z>) (Γ,Λ) e
i? ( + ) 5 \ P ( + ) B. As Γ(Λ ( + ) 5) can be identified with Rs ( + ) £ 5

and B = Bs since i? ( + ) 5 is integrally closed, we have that for each
s e RS\R there exists Γ G P such that rs e R\P. Hence, (/?, P) is a
valuation pair of Rs and R is a valuation ring of Rs.

The proof of the converse is similar and is omitted.

PROPOSITION 3.5. Let D be a local domain with maximal ideal M. Let
P be a prime ideal of D such that PDP = P. For B = D/P, the following
are equivalent:

(1) D (4-) Bp is a Prϊifer ring;
(2) D (4-) Bp is a valuation ring;
(3) D/P is a valuation domain;
(4) For any pair a, b e D\P9 either (a) c (b) or (b) c (a).

Proof. If P = M, there is nothing to prove. Hence we assume that
P Φ M.

Since D is local, so is D ( + ) Bp. Thus by remarks preceding the
proposition, (1) implies (2).

Let D ( + ) Bp be a valuation ring. To see that (2) implies (1), we first
show that (Z>, M) is a valuation pair of Z>p.

By Lemma 3.4, D is a valuation ring of Z>P. Thus for r e DP\D
there exists an m e M and an s & M\P such that r = ms~ι since M
contains all of the nonunits of D. Thus by the fact that PDP = P,
sP = P. Hence, if m e P, then there is an « e P such that m = «s.
But then r = (ns)s~ι = n €= Z> which violates the assumption that
r e DP\D. Hence m & M\P and r"1 = s m"1 e Dp. As Z) is a valua-
tion ring of Dp, r~ι G Z> and hence r"1 G M. Thus (D, M) is a valuation
pair of DP . Whence (D ( + ) 5 P , M ( + )JBP) is a valuation pair and, by
remarks preceding the lemma, D (4-) 2?p is a Prufer ring.

The scheme for the remainder of the proof is to show that (3) and (4)
are equivalent, (4) implies (1), and (1) implies (3).

First we shall show that (3) and (4) are equivalent.
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Since PDP = P, if α, Z> £ P, then aP = P = bP. Thus for any pair
α, b <£ P, (a) c (fe) if and only if (α)/P c (b)/P. But a domain is a
valuation domain if and only if the ideals are linearly ordered. The
equivalence of (3) and (4) now follows.

To see that (4) implies (1), note that principal ideals which are also
regular are always invertible. If (4) holds, then every finitely generated
ideal of D which is not contained in P, contains P and is principal. Thus
every finitely generated regular ideal of D ( + )BP is principal and
D ( + ) BP is a Prufer ring.

The final implication ((1) => (3)) follows from the fact that the only
prime ideal of D maximal with respect to missing the set S = D\P
is P. Hence, P (-f) BP is the only prime ideal maximal with
respect to containing only zero divisors. Therefore, by our Proposition
2.2, (D ( + ) BP)/(P ( + ) BP) = D/P is Prufer, whence a valuation
domain.

Our final example shows that Proposition 2.2 is the best possible.

EXAMPLE 3.6. Let D be a 1-dimensional domain which is not a Prufer
domain. Let B = ΣD/Mα where the Mα range over the maximal ideals
of D. Then D ( + ) B is a total quotient ring, hence a Priifer ring. The
only nonmaximal prime ideal of D ( + ) B is (0) ( + ) B = B and
{D (+ ) B)/B = D which is not a Priifer domain.
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