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CONNECTEDNESS RELATED TO ALMOST
PERIODICITY OF COMPOSITIONS

OF FLOW HOMOMORPHISMS

DOUG C. MCMAHON, JAAP VAN DER WOUDE AND TA-SUN WU

Consider homomorphisms φ: X -* Y and ψ: Y -> Z, where φ is
open and N-to-one, ψ is almost periodic. In the paper by R. J Sacker
and G. R. Sell, it was shown that, under a certain condition on the phase
group, the composition ψ ° φ: X -» Z is almost periodic (provided that
Z is trivial and X is minimal). In this paper almost periodicity of ψ ° φ is
studied under connectedness conditions on the fibers of ψ. For instance
it is shown that if ψ is almost periodic with connected fibers than ψ φ
is almost periodic. If ψ is locally almost periodic with locally connected
fibers then φ ° ψ is locally almost periodic.

0. Introduction. The results in this paper contribute to a list of
achievements with respect to the question, when is the composition of
almost periodic extensions again almost periodic? In general such a
composition is not almost periodic (viz: the existence of distal non-almost
periodic flows). But under certain connectedness conditions on the maps
involved ([E 69] page 56, [W 75]) and/or under a certain assumption for
the phase group ([SS 74], [MW 76], [B 75/79], [R ?]) some compositions
are.

The impetus for this research came from [SS 74], where it was shown
an open iV-to-one extension of an almost periodic flow was an almost
periodic flow again as long as the phase group was semicompactly
generated (i.e., there is a compact K c T such that every open V 2 K
generates T). In [MW 76] this result was strengthened to the relativized
nonmetric case, while a connection was made with connectedness condi-
tions on the fibers. This resulted in the theorem that, for a semicompactly
generated phase group, minimal distal flows with O-dimensional phase
space are almost periodic. In [W 75] it was shown, without conditions on
the phase group, that an open 7V-to-one extension of a connected almost
periodic regular minima flow was almost periodic. Various results along
this line are obtained in [B 75/79] and [R ?] with respect to manifold
flows and Lie group extensions; but the conditions imposed on the phase
groups and phase spaces are rather strong, mostly due to the perspective
of applications.
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This paper is concerned with replacing the phase group assumption
by a connectedness assumption on the fibers of the basic almost periodic
extension, such that after extending by an open Af-to-one extension we
still have an almost periodic extension. Minimality is not always assumed.

In §1 we establish some notions and notations and list some known
results for the convenience of the reader. Section 2 treats the problem
without minimality requirements and the main result are 2.2 (absolute
case for connectedness) and 2.5 (relativized case for locally connectedness).
Under the assumption of minimality we prove the relativized version of
2.2 in §3. Open N-to-one extension of locally almost periodic locally
connected extension are studied in §4. And finally, we give some counter-
examples in §§5 and 6. In addition, §6 contains some results on the
regional proximal relations in a suspension of a flow.

This paper results from joint efforts of the authors during the visit of
the first two authors to Case Western Reserve University in the Spring
Semester of 1984.

1. Preliminaries. Although we assume basic knowledge about topo-
logical dynamics, as can be found for instance in [GH 55] and [E 69], it
seems useful to review some of the basic notions and establish notation.

Throughout the paper we fix a topological group T and we consider
(left) actions of T on compact T2 topological spaces (X with unique
uniformity Qlx). A homomorphism φ: (Γ, X) -» (Γ, 7) , or just φ: X -»
7, is a continuous surjection that commutes with the actions of T on X
and 7. Such a homomorphism φ is defined by and defines a closed
Γ-invariant equivalence relation Rφ on X, Rφ' = {(xvx2)\Φ(χι) =
φ(x2)}. Let RφC\Qlx denote the relative uniformity. Given a homomor-
phism φ: X -> 7 the following closed invariant equivalence relations are
considered:

Pφ:= Π{Ta Π Rφ\a e 4^}, or (xl9x2) e Pφ iff (xl9x2) e Rφ and
there are *λ e T with tλ(xl9 x2) -> (3c, 3c) for a certain x e X; the prox-
imal relation for φ.

Qφ:= Π{TaΠRφ\a e Vx}9 or (xl9x2) e Qφ iff (xl9x2) e Rφ and
there are tλ e Γ, (xι9x2) e Rφ with (xι9x2) -> (^i?^2)

 a n d ^ ( ^ ^ 2 )
-> (3c, 3c) for some x EL X\ the regionally proximal relation for φ.

2sφ: the smallest closed invariant equivalence relation in Rφ that
contains Qφ; the equicontinuous structure relation.
Then φ is distal (proximal) iff Pφ = Δ^(Pφ = Rφ); and φ is almost
periodic iff Qφ = Δx or equivalently iff for every a e ^ x there is a
β <Ξ <%x with Γ(jβ Π i?φ) c α. If 7 is trivial we denote PX9 Qx and Ex.
Note that in case 7 is trivial (the absolute case), almost periodicity for φ
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(or just X) is equivalent to the existence of a syndetic subset BaQ T for
a e <%x such that BaX c a(x) for every x e X

Another important closed invariant equivalence relation for φ is

jRc(φ) = {(*i, X2) G ^ψ I x i a n d ^2 a r e *n Λe same connected

component of the fiber φ~φ(xτ)}.

Then Rc(φ) defines maps fc: X -» X/Λc(φ) and 0: */Rc(φ) -> 7 such
that φ = θ o fc, where fc has connected fibers and θ has totally discon-
nected fibers.

There exists a universal point transitive flow Sτ for T that acts as a
semigroup on every flow X for T such that 7JC = Sτx. The minimal left
ideals in Sτ are all isomorphic and they are isomorphic to the universal
minimal flow M for T, and M acts as a semigroup on X such that every
minimal orbit closure Tx in X is just Mx. A point with a minimal orbit
closure is called an almost periodic point. Let / be the collection of
idempotents in M. Then J Φ 0 and x e X is an almost periodic point
iff x = ux for some u e /.

If X is a flow for Γ, then X induces a flow (Γ, 2X> where 2X is the
collection of nonempty closed subset of X, endowed with the Vietoris
topology. A subbase for the open sets in the Vietoris topology is formed
by the sets of the form (U) and (£/)*> where U c X is open and

(ί/):= {A e 2*|Λ c ί/}; (C/)* = { ^ G 2 ^ μ Π ί / # 0 ) .

Denote the action of Sτ on 2 X by " ©"? the circle operation. For the
convenience of the reader, we now state some results that are known or
easy to prove.

1.1. Note: If φ: X -> Y is an open iV-to-one extension, then φ is
almost periodic.

1.2. LEMMA. Let φ: X -» 7 <zra/ ψ: Y -* Z be homomorphisms of flows.
If Rφ is clopen in Rφoφ then Qφ = Qφoφ. In particular, if Rφ is clopen in
Rψoψ and φ is almost periodic then ψ ° φ is almost periodic.

Proof. Since Rφ is clopen in Rφoφ, there is an α 0 e °UX with
Γα Π i ? ψ o φ c Rφ and so 7 ^ Γ ή ~ R ^ = Ta Π Rφ for every α c α 0 . Hence

The next Theorem (1.3) is a non-minimal version of [MW 76] 2.1.
(compare [Wo 82] 11.22).
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1.3. THEOREM. If φ: X —> 7 is an almost periodic extension and ψ:
7 —> Z is open and N-to-one, then ψ ° φ is almost periodic.

The next theorem is just a restatement of [MW 76] 2.6. in the

nonminimal case. Remember that φ: X -> Y is a quotient group exten-

sion if there is a bitransformation group (T,W9K) with K a compact Γ2

topological group acting freely on W such that (T, Y) - (T9 W/K), and

there exists a closed subgroup L of K such that (Γ, X) — (T, W/L) and

φ: (T, X) -> (*, 7) may be identified with the canonical quotient map

(T,W/L) -*{T9W/K).

(T, w, K) -> (r, JF/A:) - <r, 7)

1.4. THEOREM. // φ: ΛΓ -> Y is a quotient group extension with totally

disconnected fibers, then φ is the inverse limit of open finite-to-one exten-

sions φN: XN -> Y (where N is the size of the fiber). D

We end this section with a lemma that is basic in all results to follow,
namely 3.3 from [MW 76]. We provide the proof for the convenience of
the reader since the proof in [MW 76] had an unfortunate although not
severe gap. The Lemma is purely topological.

1.5. LEMMA. Let φ: X -> Y be an open N-to-one continuous map. Then

there exists an open a e <%χ such that for every γ ^ °llx with γ c a there is

a β e °UΎ such that

Proof. For each J / G Y denote φ*~ (y) = {xy\i = 1,. . . , N}. Since φ

is open and iV-to-one, for every y e 7 we can find open neighbourhoods

P; of y in 7 and Wι

y of 4 in X such that φ4" [^] = U{ Wι

y \ i = 1,. . . , JV}

where xι

y G Wι

y and φ | ^,: Wy

f -> P^ is a homeomoφhism.

Let α^ G ^ be such that α^(Λ>) - ^ a n d ay = α ^ T h e n

t ^ : = Π l Φ t α / xp] !/ = l,...,iV} is an open neighbourhood of y in 7.
Choose j> 1 ? . . ., yn in 7 such that 7 = U{ Uy,\ j = 1,. . ., n} and let a:
QΠ{*yj\j = l,. ,n}: with α = a~\ Since Δ^ c U{ί/^ X Uy. \ j =
1 , . . . , n} there is a δ G Φ^ such that (j^, j ; ') G δ implies (y, y') ^ Uy X Uy

for some y G {1 , . . . , « } .

Choose γ G ^ X with γ c a and define

* : = { ( ^ 9 j 0 e ^ X ^ l { ^ } X φ " ( / ) Π γ # 0 for every x e f ( ^ ) J .
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Since φ is open, φad is continuous, so the map

(x9x')-> {x}Xφ*-φ(x'):Rφ^2R*

is (lower semi) continuous, so again by openness of φ it follows that

v e <%γ (hint: look at (γ Π Rφ)*9 subbase open in 2R*). Define β := δ Π

Let (Φ(x),Φ(xO) G & then (φ(x),φ(x')) e C/̂  X ί/̂  for some 7 e
{1,...,«}; so for certain A:, L e {1, . . . , # } we have (JC, JC') e α^(x^) X

lίkΦL then (JC,X') £ α. For: suppose (JC, *') e α then

So W£nW£φ0, contradicting the choice of Vy/ If k = L, then
( x , x ' ) ' e W*'x W*. Since (φ(x),φ(x')) e " there is'an x" e Φ"Φ(Λ:')

with (x, x") e γ, so

x" e γ(jc) c α (x) c a'
φ

since Wy -> Vy is one to one it follows that x' = x" and so that

2. The nonminimal case. In this section we discuss two situations
in which an open iV-to-one extension of an almost periodic extension is
almost periodic. The results do not require minimality for the flows
involved (except for Z in Theorem 2.5). In the minimal case we can give a
relativized version of 2.2, which immediately covers the minimal case for
2.5. This will be done in §3.

First we need a lemma; the proof depends on [Sh 76] 1.4. Note that in
the proof of [Sh 76] 1.4 only pointwise almost periodicity of the factor
space Y is required (iii => ϋ).

2.1. LEMMA. Let φ: X —> Y be an almost periodic extension and let Y
be pointwise almost periodic. Then for y = uy e Y and for every a e <%x

there is an open neighbourhood Uofu in M such that Ux c a(x) for every

Proof. Choose γ, ί G f ^ with δ c δ c γ = γ " 1 C γ 2 C α . Choose
finitely many xt e φ^(y) such that φ*~(y) c Uδ(x,). Since φ is almost
periodic, the closed set e(xy) Dφ^(y) is an almost periodic point in 2X

([Sh 74] 1.4). Since 8(x,) Π φ-(y) c γ(*,.), δ(*,) Π φ
there is an open neighbourhood Ut of u such that

Hence Ut (5(^) Π
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Define U = C\Ui9 then U is an open neighbourhood of u in M. Let
x G f (y). Then for some z, x e δ(jC ) Π φ*~ ( j) . So

tfrc t ί

Since Λ; e δ(xz) c γ ^ ) and γ = γ"1 we have xi e γ(x). Hence

C/x C γ(χ f.) C y2(x) C α(x) . D

In the proof of the next theorem we use the same basic technique used
in 1.5 of [W 75].

2.2. THEOREM. Let Y be an almost periodic flow with a finite number of
{connected) components and let φ: X -> Y be an open N-to-one extension.
Then X is an almost periodic flow.

Proof. First note that X is distal and pointwise almost periodic and
that X has a finite number of components, say X=U{C(x / ) |/ =
1,..., m} where C{xt) is the component of xt in X.

Let γ e tfίx be open. We show that there is a syndetic subset B Q T
such that Bx c y(x) for every x e X, which in turn shows the almost
periodicity of X.

Let a e ^ be as in Lemma 1.5, and without loss of generality let
γ c α. By Lemma 1.5 we can find β e <%γ such that (φ X Φ)*~(β) c γ
U αc. Let w e /. Since Y" is almost periodic, Y = uY, there is an open
neighbourhood ί/of w in M such that Uy Q β(y) for every J G 7 b y 2.1.
Since X is distal and pointwise almost periodic, (JC1? . . . , xm) is an almost
periodic point in Xm. So there is an open neighbourhood Uf of u in M
such that

t / / ( x 1 , . . . , x j c γ ( x 1 ) x . . . X γ ( x J .

Let B = {* e T \ tu e t/ n ί/'}, then 5 is syndetic in T and J8y c β(y)
for every j e 7 while Bxi c y(x/) for every xf. e Jf, ι e {1,..., m}. Fix
i e { l w) and set C = C{xt). Define for every b e JB the set

By the construction of B we have JC, e ^4(6) so ^4(6) # 0 . Since γ is
open, A(b) is open. Also, 4̂(&) is closed, as follows: Let (x, bx) e γ c α.
Since (Φ(x),Φ(to)) = (Φ(X),Z>Φ(Λ:)) G )β (construction of 5), it follows
that(jc,6x) e γ (Lemma 1.5). S o ^ ( 6 ) = { x e C | ( i , ^ ) G γ } and ^4(6)
is closed. By the connectedness of C, we have C = A(b\ i.e., to G γ(x)
for every x e C. Since this holds for every i e ΰ and every Cfx,.), it
follows that Bx c γ(x) for every x e X D
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2.3. COROLLARY. Let φ: X -> Y be a quotient group extension with
totally disconnected fibers, let ψ: Y -> Z fee almost periodic with connected
fibers and let Z be finite. Then X is an almost periodic flow.

Proof. Since Z is finite, it follows from 1.3 that Y is almost periodic
and since ψ has connected fibers, Y has a finite number of components.
By 1.4, φ is the inverse limit of finite-to-one extensions φN: XN -> Y.
From 2.2 we know that every XN is almost periodic and so X = invlim X^
is almost periodic. D

Note that Theorem 2.2 is not valid in the nonminimal relativized case
as is shwon in example §5. If connectedness is replaced by locally
connectedness, however, relativization is possible.

Before we come to the theorem we need the following lemma.

2.4. LEMMA. Let ψ: Y -» Zbe an almost periodic extension and let Z be
minimal, z e Z. Let Vl9...9Vk be nonempty open sets in ψ*~(z) that cover
ψ*~(z). Then

If Y is minimal and V is an open set in ψ *~ (z),

W:= T(VX V) ^RφΠ Wγ.

Proof. Since Z is minimal and ψ is open it is easily shown that i?ψ

= Γ(ψ*~ (z) X ψ*" (z)). Choose open sets Uέ in Y such that FJf = Uι;Π
ψ*"(z), and let t/ = U{^ |/ = 1,...,&}. Let μ G Φ y be such that

[For every y & U choose an open neighbourhood Uy of y with ί̂  Π ψ""
(z) = φ.ThenU{C^X U^i = l,...,k} uU{UyX Uy\y £ U) e Φy.] By
almost periodic there is a μ' e ^ y with Γμ' Π R^Q μ. Let j e 7, we
show that (y, y) e intΛ Ŵ. Suppose (j;, j ) ί intΛ ίF. Then there are nets
(yl yl) e Ψ"(^) X Ψ^ί^), λ̂ e Γ, such that ίλ(Vi, yl) -> (^, ^) while
' λ ( j Ί Λ2) « W, hence (yl yl) « ^ . Since /λ(.yJ, A

2 ) ^ ( j ? 7),
h(y{> yl) G M' f o r e v e f y λ ^ λ o H e n c e (y\> yl) ^ μ for λ > λ0. After
passing to a suitable subnet, (ylyl)e JJj X ί̂  for a certain ' e
{1,..., A:}. But as Vj Π ψ*"(z) = V} it follows that (^J,^χ) e Ŵ  con-
tradicting the choice of ( ^ , j ^ ) . Consequently, (y, y) G intΛ ίΓ; thus

ψ

If Y is minimal, Rφ = Γ({j0} X ψ*~(z)) for every y0 e ψ""(z). So
let j 0 e F, let μ e ^ r be such that { 0̂} X μ(.y0) Π i?ψ c {j0} X K Let
μ' € Qlγ be such that Tμf Π Λψ c μ. We show that (yθ9 y0) e i n t ^ J^. By
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minimality of Y it follows that Δ y c intΛ W, so W e °Uγ Π Rr Suppose

(y0, y0) € int Λ W. Then there is a net >>λ e ψ*"(z), tλ& T such that

'xCJo* Λ ) ~* (Λ» Λ) w h i I e (Λ» Λ ) * ^ τ h e n *x( JΌ> yύ G /*' eventually
so (j>0, Λ ) G M eventually. But then yλ e μ(y0) c F, so (j>0, yλ) e F X
V Q W. This contradicts the choice of j>λ. D

The following is a relativized version of Theorem 3 of [SS 74]. As

seen in §5, the condition that Z be minimal cannot be dropped (or even

weakened to Z having a trivial action).

2.5. THEOREM. Let Zbe a minimal flow {a finite union of minimal flows

suffices), let ψ: Y -* Z be an almost periodic extension such that ψ*~ (z) w

locally connected for some z e Z αwd /eί φ: X -* Y be an open N-to-one

extension. Then ψ <> φ: X -* Xis almost periodic. {X and Y are not assumed

to be minimally

Proof. Let α e ^ x be as in Lemma 1.5, let γ e ^ x be open with
γ c α and let j 8 e Φ y be for α and γ as in Lemma 1.5. By almost
periodicity of ψ there is a ^ e Φ y with Γ^ Π i?^ c jδ. Let ̂  e ψ*~ (z) be
arbitrary. Since φ is open and iV-to-one we can find pairwise disjoint
open neighbourhoods ΐfxt of xι in X and a neighbourhood ΪJy oί y in Y
such that φI Q, : Ux -> l^ is a homemorphism for / e {1,..., N}9 where
Φ*" (y) = {x*h <i < N} Choose a neighbourhood Uy of j ; with ί̂  c C/̂
and f/y X UyQv. Since ψ(z) is locally connected we can find a con-
nected neighbourhood J ^ o f j > i n ψ ^ ( z ) with Vy c L^Πψ^ίz). By
compactness of ψ"" (z), there are finitely many yv..., yk in ψ*" (z) such

that U ί ^ l / ^ l t J ^ Γ W S i n ce ^ c ί/^c £^ we can find
(using φ I fji) connected sets VJ c (ψ <> φ) *~ (z) with xj e Vj ^ J^, where

- ( ) tj11 i N)yj t j
(i) Define Wr.= τ(Vyj X Vy) c i?ψ and ίF:= U { ^ | y = 1,...,*}.

Then, by Lemma 2.4, WK is a closed and Γ-invariant element of i?ψ Π ̂ y.

(ii) We claim that (ψ X φ)*" Wj = U{T(vj X F;L)|/,L = 1,...,N}.
O b v i o u s l y , ( φ X φ ) ~ T(Vy. X Vy) = U { T(Vj X Vf*)\i,L = 1 , . . . , N } .
Let (JC1} x 2 ) e (φ x φ) *" Wj and let 0 be a neighbourhood of (xx, x 2 ) in

i ? ψ o φ . Since φ X f Λ ψ o φ -» Λψ is open, φ X φ[O] Π Γ ( ^ X Vy) Φ φ.

S o θ Π { Γ ( F ; ' X ^ L ) | / , L = l,...,iV} # φ a n d

(xltx2) e clΛ ψ O φU{r(^.'^x VjL)\i,L = l , . . . , i
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Thus we have " c " the containment " D " is trivial. Denote τ(vj X Vf
by Pj(i,L).

By (i) and (ii),

So there is a γ' e %x with γ ' c γ such that

Let F = {(7, /, L) I γ' Π P,(i, L) # 0} and for / = (7, z, L ) e F denote
Pf:= Pj(i,L). Then γ' Π Rφoφ c U f P / l / e ί 1 } . Since P7 is closed and
Γ-invariant and F is finite, it follows that

(iii) Tγ' Π 2?ψoφ c U{ P 71/ e F} . We claim that
(iv) PfQTyfλ /?ψ o φ for every / e F. Indeed, let / = (j, i, L) e F.

Then 0 ^ γ' Π P7 c γ n Pf, say ^(jc^ x2) e γ for some tf e Γ, (3cx, 3c2)
e ^ ' x Vj* As ίy ίJc^ x2) is an almost periodic point, there is a (dis-
cretely) syndetic set BfcT with Bftf(xx, x2) c γ. Let Af be finite with
T = AfBf = Λ/Jϊyfy. For every b e 5̂ -, ^ ( j c ^ 3c2) e έ/yί^ 1' x Î 7") Π γ
and, obviously, btj(Vj X Vf) is connected. Since

it follows from Lemma 1.5 that btf{Vj X Vf-) c γ ϋ α c . Hence, by
connectedness, btf(Vj X Vf) c γ. So, since b e Bf was arbitrary,
Bftf(Vj X VjL) c γ. But then

τ(ηχif) = ̂ / / / ( F ; X v><) c ^ / Y.

Hence P7 = Γ(^ z X F)L) c 2^γ = ί̂ŷ γ c Γγ, which proves our claim. By
(ii) and (iv) it follows that

Y Π Rφoφ c \J{Pf\fe F}QTyΠ R

Since βψ o φ c Γγ' Π i ? ψ o φ and γ can be chosen arbitrarily small, we have
Qψoφ Q Pψoφ- However, ψ © φ is distal, so Pψoφ = Δ^ and it follows that
Qφoψ = Δ^. This shows that ψ <> φ is almost periodic. D

2.6. COROLLARY. Let Z be a minimal flow, let θ: W -^ Z be an open
N-to-one extension, ξ: Y -> W an almost periodic extension with locally
connected fibers and let φ: X -* Y be a quotient group extension with totally
disconnected fibers. Then θ ° £ ° φ: X -> Z is an almost periodic extension.
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Proof. By 1.3, ψ = θ ° ξ is an almost periodic extension, and obvi-
ously, ψ has a locally connected fiber. By 1.4, φ is the inverse limit of
open finite-to-one extension φN: XN -> Y. From 2.5 we know that ψ ° φN

is almost periodic, hence ψ ° φ is almost periodic. D

3. The minimal case. In this section we confine ourselves to exten-
sions of minimal flows and we prove the relativized version of 2.2 (3.2). In
doing so we need the characterization of the regionally proximal relation
for distal extensions of minima flows as stated in 2.6.1 of [V 77].

The proof uses J^topology techniques.
For details about ^topologies we refer to [V 77] or [Wo 82] Ch. Ill,

VIII.
In the following <%x denotes the neighbourhood filter of x in X, and

u is an idempotent in M, the universal minimal flow for T. In the next
lemma we use the same technique used in 2.2.

3.1. LEMMA. Let φ: X -» Y be an open N-to-one extension of minimal
flows. Let ψ: Y -» Z be almost periodic with a connected fiber ψ*~ (z) and
let JC = M I G φ^ψ*~(z). Then for γ Ξ Qlx small enough there is an open
neighbourhood Uofu in M such that for B(U) = {t\tu G U) C T we have
B(U) (γ Π <Tψ-(z) X <Γψ-(z)) C γ3.

Proof. Let x •-> y »-> z, a ^ tfίx as in Lemma 1.5; γ = γ" 1 e °lίx with
γ c γ c a. Let β ^ °UΎ be for a and γ as in Lemma 1.5. Since ψ is
almost periodic, there is a neighbourhood Uo of u in M such that
Uoy' c β(j/) for every yf e ψ*~(z) (Lemma 2.1). Since ψ^(z) is con-
nected and φ is JV-to-one, φ*~ψ^(z) has finitely many components, say
Cl9...,Cm (m < N). Choose xi G C/? then there are open neighbour-
hoods Ut of u in M such that Lζ-jc,- c γ(xy). Define U = ΠjL0

Ui a n d B(u)
as above. For every b e B(U) define

A^b) = {JC G CfK^^x) G γ}, note that JC, e^^Z?).

Since γ is open, ^4,(6) is open in Ct. Also, 4̂̂ (6) is closed in C{.
Let x G C, be such that (x, fojeγc a. Then φ X φ(x, bx) =

( j , 6y) G /? (bu G t/0). Hence, by Lemma 1.5, (x, bx) G y U αc, so
(x, bx) G γ. So i4,.(6) = {x G CZ |(X, Z?X) G γ} and as γ is closed, At(b)
is closed.

Since Cz is connected and Af(b) Φ 0 , a^b) = Cz. It follows that
k G γ(jc) for every j e G U ^ C ^ f ψ ^ f z ) . Let (x1? x2) G γ Π
Φ^ψ^ί^) X φ"ψ""(z) and let Z? G B(U). Then (6x^6x2) = ( fe^xjo
(xι,x2)o(χ2,bx) G γ3. D
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3.2. THEOREM. Let φ: X -> Y be an open N-to-one extension of
minimal flows. Let ψ: Y -» Z be an almost periodic extension with a
connected fiber ψ ^ (z). ΓΛe« ψ <> φ: X -* Z is almost periodic.

Proof. Let γ e ^ x be open and small enough. Then, by Lemma 3.1.
with the same notation,

(*) B(U) -(γ Π Φ^ψ^(z) X φ^ψ^ίz) ) c γ 3

for some open neighbourhood Uof u in M. Choose x = Mχ€φ f"ψ<"(z)
and let x' e β ψ . J * ] , i.e. (x, x') e β H . Then, by 2.6.1 of [V 77] (this is
where minimality is used), there are tλ e Γ, x λ e φ*~ ψ*~ (z) such that

ίλ ~> w; x λ -> x and ίλxλ -> xr.

For a certain λx we have (x, xλ) G γ for every λ > \ v Since also tλu ~> w,
there is a λ 2 such that tλu e £/ for every λ > λ2. Hence /λ e B(U) for
every λ > λ2. So for every λ > max(λl9 λ2) we have tλ e J5(ί/) and
(x, xλ) e γ. Consequently, by (*), ίλ(x, xλ) G γ 3 for every λ >
max(λ1? λ 2), and so (x, xf) = lim^λ(x,xλ) G γ3.

Since γ may be chosen arbitrarily small, it follows that x = x'; i.e.
βψoψfx] = {x} Since ψ °φ is a distal map it follows that Qφoφ = Δ x ,
which shows that ψ <> φ is almost periodic. D

3.3. COROLLARY. Let φ: X -^ Y be an almost periodic extension of
minimal flows with totally disconnected fibers and let ψ: Y -> Z Z?e #H
almost periodic extension with a fiber ψ*~(z) having finitely many compo-
nents. Then \p °φ is almost periodic.

Proof. Let Rc(ψ) c i?ψ be the closed invariant equivalence relation
that identifies the points in the same component (cf. [MW 76] 2.3.). Then
θ: Y/Rc(φ) -> Z is open with a finite fiber, hence 0 is finite-to-one, and
K: Y -> 7/i?c(ψ) has connected fibers. Since an almost periodic extension
of minimal flows is a quotient group extension (e.g. [MW 76] 1.1) it
follows that 1.4 that φ is the inverse limit of finite-to-one extensions. But
then, by 3.5 and an inverse limit procedure it follows that K ° φ is almost
periodic. So, by 1.3, ψ ° φ is almost periodic. D

Note that 3.3 also covers the case where some fiber of ψ is locally
connected. For a locally connected compact T2 space has a finite number
of components (compare 2.5).

Let φ: X -> y be a distal extension of minimal flows. In [MW 76]
3.7, modulo the non-metric version of the Furstenberg structure theorem
[MW 81], it was shown that the quotient map X -» X/Eφ has connected
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fibers, as long as the phase group is semi-compactly generated. In 3.4 we

replace the group assumption by the assumption of X/Eφ -» Y having a

fiber with finitely many components. From this it follows that φ is

connected iff X/Eφ -> Y is connected.

3.4. THEOREM. Let φ: X -> Y be a distal extension of minimal flows. If

θ: X/Eφ -> Y has a fiber θ*~(y) with finitely many components, then K:

X -> X/Eφ has connected fibers. In particular, φ: X -* Y has a fiber with

the same amount of components as θ*~ (y).

Proof. Let Rc(θ) be the connectedness structure relation for θ and let

Z = Xx/Rc{θ) where Xx = X/Eφ. Then, as in the proof of 3.3 Z -> Y is

an open N-to-one extension (N is the amount of components in θ *~ (y)),

and Xλ-* Z has connected fibers. Since φ: X -> Z is distal, it follows

from the Furstenberg structure theorem that there exists a tower {φjg:

X, -* Jζj |0 < j8 < a < v) of height v with Xo = Z, ^ = * / £ ψ , X, = X

and φ " + 1 : X α + 1 -> Xα is almost periodic. Moreover, if φa: X -> Xα,

X α + 1 = X/Eφ , so φ " + 1 is the maximal almost periodic factor of φa.

By transfinite induction we show that ΦQ\ Xa -» Xo has connected

fibers for every a < v. We know already that ΦQ has connected fibers. Let

a be an ordinal and suppose φβ: Xβ ~> Z o has connected fibers for every

/? < a. If α is a limit ordinal clearly φg = invlim{φ^|^β < a] has con-

nected fibers. If a is not a limit ordinal then ΦQ'1: Xa_λ -* XO has

connected fibers. Since φ^_λ is almost periodic, the induced map (Φa-ι)c'

XJRc(φl) -> X^i/ i ϊc ίφg- 1 ) is almost periodic ([MW 76] 3.7). But

X^/Rciφl-1) - Xo, so JΪΊ factorizes over Xa/Rc(φa

0). Hence, ( φ ^ i ) ,

has connected fibers. Since Xa -> Zα/i?c(φQ) has connected fibers, so has

φ%. Consequently, φ\: X -* Xλ = X/Eφ has connected fibers. Moreover,

φv

0: X -> Z has connected fibers so φ has a fiber with TV components. D

4. Local almost periodicity. In the previous sections we have seen

that under certain connectedness conditions on an almost periodic exten-

sion ψ, the extension ψ <> φ is almost periodic for an open TV-to-one

extensions φ. It is only natural to ask whether or not something similar

holds for a locally almost periodic extension ψ.

Example §6 shows that just connectedness for ψ is not enough,

neither is the assumption of the phase group being semi-compactly

generated. But it will turn out that (in the minimal case) locally con-

nectedness for ψ suffices.

Recall that a map η: X -» Y is highly proximal iff η is irreducible

(η[A]= Y implies A = X) iff /,τj*"(y) converges to a singleton in 2X

for a certain net {ίy} in T9 in particular, u ° η*~(y) = {ux) for every
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x G η*~ (y). An extension φ: X -* Z of minimal flows is locally almost
periodic iff φ = £ ° η where £: Y -> Z almost periodic and η: X -> 7 is
highly proximal [MW 80].

For details concerning highly proximal extensions we refer to [AG 77],
[AW 81] and [Wo 82] Ch. IV, and for local almost periodicity (of maps) to
[MW 72] and [MW 80], (Note the terminology of [MW 80] is "almost
equicontinuous" instead of "locally almost periodic", 1.12 and 1.15 if
[MW 80] yield the above characterization).

First we are concerned with interchanging an open Λ/-to-one exten-
sion and a highly proximal extension.

4.1. THEOREM. Let φ: X -> Y be an open N-to-one extension of
minimal flows and let ψ: Y -> Z be highly proximal with connected fibers.
Then ψ o φ = ξ o η where η: X -> X/Rc(ψ ° φ) is highly proximal and ξ:
X/Rc( ψ ° φ) -> Z is open and N-to-one.

Proof. First we show that for every z e Z the fiber (ψ°φ)^(z)
consists of N components and that points in different components are
distal:

Let y = u°ψ^(z). Since φ is N-to-one and open, we can choose an
open neighbourhood Uy of y and open neighbourhoods Uxi such that
UJ ^ Uy9 for every / e ( 1 , . . . , N}. Then for some t close to u in Sτ we
have /ψ4" (z) c Uy9 and note that /ψ*~ (z) = ψ*~ (/z) is connected.

D e f i n e Ct = r\Uxi Π φ ~ x ~ ( t z ) ) . T h e n φ*~ψ*~(tz) = U ^ f | ι =
1,..., N] and, since φ\Uχi is a homeomorphism, every tCi is connected.
Since the UJ can be chosen such that their closures are disjoint, the /C/s
are just the components of (ψ ° φ) *~ (tz). Hence {C, | / = 1,..., N] are
the components of (ψ°φ)^(z) . Note that φ[Ci] = ψ^(z) for every
/ €E{1 , . . . , #} .

Let JCX e Q and x2 e C2, choose x'2 e C2 such that <£(.*!) = Φ(x2)
Then (x1? x'2) is a distal pair. Suppose (xvx2)

 e ^ Λen there is a
minimal left ideal / and a i G / with υxλ = vx2. Since ι;oψ^(z)=J^for
some y ^ Y, v° U ^ C , = φ ^ j (φ is open!). So every v <> Cz is a point
(v o d is connected!) (*)

Hence UJC2 = UX2; but then υxλ = UX2 = υx2, and xx = x2 which
contradicts the fact that CλΠ C2= 0.

Define η: X -> X/Rc(\p © φ)? then η identifies exactly the points in
each component. By (*) it follows that η is highly proximal. Let ξ:
X/Rc(ψ °φ)-> Z; then, obviously, £ is an JV-to-one extension. Also £ is
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distal (and so open), since any pair of proximal points in X/RC(ψ ° φ),
comes from a pair of proximal points in X which must be in the same
connected component by the above. D

As the technicalities in the proof of 4.4 obscure the basic idea, we will
ilustrate that basic idea by first proving an absolute version of 4.4 that is
slightly stronger. Note it is easy to see that if X is proximal and locally
connected then it is connected.

4.2. THEOREM. Let φ: X -» Y be a proximal homomorphίsm and let Y
be almost periodic. If X is locally connected then φ has connected fibers. (X
not necessarily minimal.)

Proof. Suppose φ*~ (y) is not connected. Then there are open sets Uλ

and U2 in X such that Uλ n U2 = 0 and Φ*~(y) c Ux U U2. Choose
x. (Ξ φ " (y) n Ui and let (W,H>) e T(xl9 x2) (φ is proximal!) Let {Wλ | λ
e Λ} be a neighbourhood filter base at w consisting of connected open
sets. Then there are /λ e T with tλ(xl9x2) e Wλ X fFλ. Since /^W^ is
connected and /^W^ Π Ut Φ 0 it follows that i'x^xXi^i U ί/2) # 0 .
Choose wλ e ίFλ such that y λ:= tχlwλ e /^W^Xίt/! U ί72).

Then yλ -> y G Uλ U ί/2 while wλ -> w. Hence

^λί^λ^i) "^ ( w » w ) a n d (^λ^i) "^ (^»^i)

This shows that υ e β^jcj . Since Px= Ox= Rφ, it follows that ί; e φ"~
(y). But then ϋ e ί/x U ί/2, which was not the case. This contradiction
shows that φ*~ ( j ) is connected. D

Before we can show that the highly proximal extension that is part of
an open locally connected locally almost periodic extension has connected
fibers we need the following lemma.

4.3. LEMMA. Let θ: X -^ Z be an open locally almost periodic extension
of minimal flows, say θ = ψ © φ? φ: X -» Y highly proximal and ψ: Y -> Z
almost periodic. Let z e Z α«d WΓ c (ψ oφ)^~(z) such that φ[W] has a
nonempty interior in ψ*~ (z). Γλen T{W X PF Π i?ψ o φ) e ^ x Π i?ψoφ.

Prw/. Since φ[W ]̂° is open in ψ*"(z) and ψ is almost periodic, it

follows from 2.4 (minimal case) that r(φ[fF] X φ[W] Π i?ψ) e ^ y n

i?ψ. Suppose (x, JC) € int Λ ψ φ Γ(ίΓX WΓ)Rφoφ). Then for every

neighbourhood O of (x,x) in Λψβφ, Or = 0\T(WX WnRφoφ) is

nonempty and open.
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By [Wo 82] IV. 4.13 (with φ = ψ, σ = ξ, τ = id, φ' referring to our θ),
φ X φ: i ? ψ o φ -> l?ψ is an irreducible surjection. So there is an open set
Po = P in l ? ψ o φ such that P = (φ X Φ|*ψ o φ)*~Φ X Φ[P] and P c O\
For every O choose (x\9 x%) e P o , then (jc{j, xg) -> (x, x). So

(Φ(4)>Φ(*o)) ~> (Φ(*),Φ(*))> and since Γ(φ[*F] Xφ[*F] Π

( Φ ( 4 ) , Φ U 2 ) )
 e

 Γ(Φ[ΪΓ] x Φ[ΪF] n iίψ) = φ x φΓ(ίΓx wn

eventually. But P o consisted of full fibers under φ X φ | R and P o Π

T{WX WnRφoφ) = 0, hence

(φ(4),φ(x0

2)) « Γ(Φ[JΓ] x Φ[W] n i?ψ).

This contradiction shows that (x,x) G intΛ o φ^(ίFX H^Π i? ψ o φ ). Since

x was arbitrary it follows that Δ x c intΛ T(W X W Π i ϊ ψ o φ ) . •

4.4. THEOREM. Lei φ: ^ί -> Y be a highly proximal extension of
minimal sets and let ψ: Y -> Z be almost periodic such that ψ © φ /$

α locally connected fiber. Then φ has connected fibers.

Proof. Let y & Y and suppose Φ*~(y) is not connected. Then there
are open sets Ul9 U2 with φ^(y) c ί / ^ ί/2, ϋj Π φ"(>^) # 0 and
ί / 1 Π ί / 2 = 0 . Consider a base ^ for ^ ordered by inclusion. For every
μ e ^ construct open sets l#* c t̂ . such that Φ*~(y) Π U}1 Φ 0 and

Let z G Z b e such that (ψoφ)*~(z)is locally connected. For μ G °UX

and χ G ( ψ o ψ ) < - ( z ) choose connected closed neighbourhoods Wx

u of x
in (ψ o φ) *- ( z ), with W^ c μ(x). Then there is a finite collection {W* \ i
= 1,..., nμ) such that

Since ψ4" (z) = U{ Φ[ί^] | i = 1,..., nμ), there is an iμ e {1,..., nμ} with
V* ̂  0 in ψ4- (2).' Define Wμ:= Wξ. Take a subnet of 9t such that
x e ( ψ o ψ ) *~ (2), and note that if wμ e PFμ then wμ -»3c in

(ψ Φ) *" (2). By Lemma 4.3, Γ ^ " X JF" n i?ψ o φ) e <ttx n Λψ o φ. Note
that proximality of φ and the fact that U/1 Π φ*~ (y) Φ 0 imply that
Δ x c r(l/f X ί/2

μ Π Λ ψ o φ ). Hence



142 DOUG C. McMAHON, JAAP VAN DER WOUDE AND TA-SUN WU

So, by openness of ί/f X U£ Π Λψ o φ, it follows that there is a tμ with

tμ(wμ x wμ) n uμ x u2

μ n i? ψ o φ Φ 0.

Say *μ(w{\w£)e ί/fx U£ Γ) Rφoφ. Then, after passing to a suitable

subnet, ίμ(wf,w^) -> (xl9x2)\ where x, e φ " ( j ) , and (wf,w£) -> (3c, x).

Since / μ H^ is connected and 0 Φ tμW
μ Π Uf Q tμW

μ Π #; it follows

that / ^ ί ^ U f/2; say ί ^ e tμW
μ\ Uλ U t/2 for some υμ e ΪTμ. Let

tμv
μ -+ v and note that ϋμ -> 3c. Also, note that v <£ Ux U l/2. But then

^ ( ^ O "* ( ϋ , ^ ) , while (ϋμ,wf) -> (x,x). Soί i ; ,^) e β ψ o φ ; but, since

ψ o φ is locally almost periodic, Qφoφ = PxPoφ = Pφ- Hence (1;, xx) e Pφ,

so y E ^ ( . y ) c ί/j U ί/2 while ϋ ί ί/jU £/2. This is a contradiction,

showing that φ ^ ( j ) is connected. D

4.5. THEOREM. Let φ: X -> Y be an open N-to-one extension of

minimal flows. Let ψ: Y -> Z be open and locally almost periodic with a

locally connected fiber. Then ψ ° φ is locally almost periodic.

Proof. Let ψ: Y -» Z be given by η: 7 -> Ŵ  highly proximal and £:

W -> Z almost periodic. By Theorem 4.4, η has connected fibers. Then,

by Lemma 4.1, n°φ = a°β, where /? is highly proximal and a is open

and N- to-one. So £ ° a is almost periodic by 2.5. Since ψ o φ = £ o η o φ =

£ © a o β, it follows that ψ <> φ is locally almost periodic. D

4.6. COROLLARY. Lei φ: ^ -> Y" fee α« almost periodic extension of

minimal flows with totally disconnected fibers and let ψ: Y -> Z be locally

almost periodic with locally connected fibers, then ψ ° φ is locally almost

periodic.

Proof. After noting that an inverse limit of locally almost periodic

extensions is locally almost periodic again, this follows in the same way as

3.6. D

5. Example related to 2.2 and 2.5. We give an example showing

that 2.2 cannot be relativized without further restrictions on the "smallest"

flow Z ({*} in 2.2.) and that 2.5 is not true without the minimality

condition on Z (even Z semisimple is not sufficient).

We were unable to prove or disprove the relativized case for 2.2 where

Z is minimal.

We construct an open 2-to-one extension φ: X -» Y and an almost

periodic homomorphism ψ: Y -> Z with connected locally connected

fibers, such that ψ ° φ: X -> Z is not almost periodic.
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Define Z = {0} U {1/n|«GN) with a trivial action, so Z is semi-
simple. Define

X=Y= ί ( - , ^ ^ , c o s f l ) | / i < Ξ N , 0 G R \ u{(O,O,cos0) |0eR}.

So X = y is a collection of ellipses with decreasing small axes, converging
to an interval.

For each n e N define homeomorphisms fn, gn and hn on X,Y and
Z b y

. / / I sin0 Λ\ (1 -sin(0 + τr/2) , Λ , ,~

and /„ leaves the rest of X fixed;

sin0

and gn leaves the rest of Y fixed;

hn leaves all of Z fixed.

Let T be the free group generated by N and define the action of T on
X, Y and Z by the homeomorphisms /„, gn and hn. Define φ: X -> y by

//I sinβ Λ\\ / I sin 20 o / }\ ,
φ —, , cos 0 = —, , cos 20 and

φ((O,O,cos0)) = (O,O,cos20).

One checks readily that φ is well defined, continuous, 2-to-one and open.
To see that φ is equivariant note that

1 sin0 -\\ _ 111 -sin(0 4- π
n' n ' // \\ n' w

s i n 2 0 . Λ Λ \ / / I s i n 2 0

Define ψ: y -> Z be projection on the first coordinate. Note that
each gn is an isometry, so that Y is almost periodic and hence ψ is an
almost periodic extension. Remark that Y is not connected so 2.2 itself is
not in danger, but ψ is fiberwise connected locally connected.

We show that ψ ° φ: X -> Z is not almost periodic by showing that
(0,0, cos( τr/4)) and (0,0, cos(3ττ/4)) are regionally proximal with respect
to ψ © φ.
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Obviously,

v (1 sin(±τr/4) , ir\ /A π M u ,
lim —, — —L, cos + -r = 0,0, cos — , but

n-^ooXn n 4/ \ 4/
1 -sin(3ττ/4) 3ττ

^τ^'cosτ
//I sin(π/4) π\\ /I

/J - , / ' ,cosj = lun - ,

r | ( 1 sm(-τr/4) -7r W 1 -sm(ττ/4) π
lim fn - , — - — ^ ^ , cos-7- = lim - , X—L—L COS-Γ

J n U « « 4 // π-*ool « Λ 4

6. Regional proximal relation for suspensions. We give an example

of a connected locally almost periodic extension and a 2-to-one extension

of minimal flows such that the composition is not locally almost periodic.

To that end we first discuss suspensions, aimed at extending a Z-flow

to an R-flow. Then we give an example of a minimal 2-to-one extension of

a locally almost periodic flow that is not locally almost periodic. After

suspension these flows are connected and still the resulting flow is not

locally almost periodic.

This shows that Theorem 4.5 cannot be strengthened to the case

where the locally almost periodic extension has connected fibers.

Let T be a topological group and let S be a closed syndetic subgroup

of Γ, say T = KS for KG T compact. Let (S, Y) be a flow for S. Then

also (S,T X Y) is a flow for S. Define an equivalence relation ~ on

ΓxΓby

(/, y) - (t*9 y*) iff r 1 /* <= S and rιt*y* = y.

[Note that for every s & S, t <Ξ T, y <Ξ Y: (t, y) ~ (ts, s~ιy).] The suspen-

sion X of Y is defined as

X= Tx Y/~ n o t a t i o n X= TxsY; - (t,y):= [t,y].

t' [t, y] := [/', f, y] for every /' e Γ, [/, y] e X.

Then (Γ, X) is a flow for Γ ([H 60] §5).

6.1. REMARK. If (5, Y) is minimal then (T, T X s Y) is minimal.

. Let [/, j>], [/*, J / * ] G Γ X S 7 . Let sλ G 5 be such that
. Then f V 1 ! * , ^] - [ί', ̂ 1 , for t*sλr

ι[t, y] = [t*sλ, y] = [?*, sλy]. Π
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The proof of the next lemma is left as an exercise to the reader.

6.2. LEMMA. Let S be a syndetic subgroup of T. Let (S,X) and
(T, X) be flows such that the action of S is just a restriction of the action of
T. Then Q(SfX> = Q(τ,xy

In the sequel we assume S c Z(Γ), i.e. st = ts for every t G Γ,

Note that in that case s[t, y] = [st, y] = [ts, y] = [/, sy], D

6.3. THEOREM. Let xv x2 G X, say st = [ti9 yt). Then

(xi,x2)
 G Q(τ,xy ifftilh = s e S and (yι,sy2) e β < 5 , 7 > .

Proof. The if-part is trivial.
Suppose (xv x2) G Q(T,xy then, by Lemma 6.2, (JC1? x2) G β^^)-
So there are sλ G S and [/(, ^(] G X, i = 1,2, such that for a certain

[ti,yi] and 5

As T = KS, we can write t'λ = k'λu'λ, tt = fc,s, for A;̂ , A;, e AT: M ,̂ Λ,. e 5.
Note that

[/,,Λ] = [k,,sιyι]; [t'λ,yλ] = [Λi,«bi] - [kt,styι]
and

Since AT is compact we may assume, after passing to a suitable subnet,

k{ -> Λ,. G * ; w^i ^ J?.,<Ξ Y and «^ί λ -> zt G 7.

Then in Γ X 7 we have

Hence, after applying " ~ ":

In particular this means that Tc2 — ̂ i* and sz2 = zx. In T X y we have

which means that ( J Ί , ^ ) ^ δ<s,r> S i n c e t'υ >Ίl = I^i' A] a n d [ί2, 72] =
[fc2, j 2 ] = [kts, y2] = [^i,^], there are η e 5 such that

\ = ίxrx and rxj?x = yly Ίc1 = t2r2 and r2sy2=y2.
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Hence t2 = Ίc2r2

ι = hVϊ1* where rλr2

ι G S\ so t{h2 = rλr2

ι G S. We
are left to show that (yvrxr{ιy2) G β<s,y), as follows. Since r24yy2 = y2,
we have rxr2~

ιy2 = r ^ ' V ^ = r ^ So, by the facts

Λ Ji and ( j 1 ? Sy2) G β < 5 > y >

it follows that

In a similar way, but easier, one shows:

6.4. THEOREM. Let xv x2 e SX, say xt = [ίf, yt\ Then

t2^S and (yl9sy2) G P < s ? y > . D

Let φ: (S, y) -* (S,Z) be a homomorphism of 5-flows. Then φ
induces a homomorphism φ: (T, T X 5 7> -> (T,TXSZ) defined by

One checks readily that φ is a well defined continuous and equiv-
ariant map.

It is left to the reader to give proofs for the relativized versions of
Theorems 6.3 and 6.4. The next corollary is then easily derived:

6.5. COROLLARY. Let φ: (S,Y) -> (S,Z> be a homomorphism of
S-flows, and let φ: (T9T Xs Y) -> (T,TXSZ) be the induced extension.

(a) // φ is almost periodic, distal or proximal, so is φ. In particular , Ϊ/
(5, 7> w almost periodic, then (T,T Xs Y) is almost periodic too.

(b) // Y is minimal, then φ is highly proximal if φ is.
(c) // φ is N-to-one, φ ij N-to-one. D

After this discussion about suspensions we give an example of a
minimal 2-to-one extension of a locally almost periodic flow that is not
locally almost periodic:

Let (Y,φ) be the Ellis minimal set ([E 69] 5.29.). As Y is a highly
proximal (2-to-one but not open) extension of the circle with irrational
rotation, (Y,φ) is locally almost periodic. Let X= Yx {0,1} be the
topological sum of two copies of Y.
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Define a homeomorphism ί o n l a s follows:
Fix a basic clopen subset W of Y such that φ[ W] Π W = 0 . Define

then ξ: (X,θ) -> (Γ,φ> is open and 2-to-one, where ξ is defined by

In order to see that X is minimal, recall that Y consists of two circles,
say S+ and 5", and that the basic clopen subset W of Y has the form
(a+;b+) U [a~;b~)9 where (a+;b+) and [Λ~, 6") denote intervals in S+,

Note that θ(a'9l) = (Φ(fl"),0) as α"€= ^ but 0(α+,O) =
Since Ydoes not have periodic points φ(a~) and φ(a+) are both inside or
both outside of W under positive powers of φ. So under positive powers
of θ they are in the same (0 or 1) level of X, hence (a~91) and (#+, 0) are
proximal under positive powers of θ.

Similarly, (a+, 1) and (a~, 1) are proximal under negative powers of 0.

6.6. REMARK. With notation as above. X is a minimal Z-flow and X
is not locally almost periodic.

Proof. Since Y is minimal and £ is open and two-to-one, X is the
union of at most two minimal subsets. If X is not minimal then X = Xλ

U X2 where Xt is minimal.
Since (α~, 1) is proximal to (α+, 0) as well as (α+, 1), all three points

have to be in the same minimal subset, say in Xv But both Xλ and X2

project onto Y; so if (α+, 1) G Z1? (α+, 0) has to be in X2 which is a
contradiction. Hence X is minimal.

In order to show that X is not locally almost periodic, it suffices to
show that Px is not an equivalence relation. If it were, then (α+, 1) and
(α+, 0) were proximal, but as they are identified by ξ they are distal. D

By now we are able to give the example showing that mere connected-
ness is not enough in 4.5.:

Let (R, X)9 (R, Y) and (R, S) be the suspensions of (X, 0), ( Y, φ)

and (S9a)9 where (Y,φ) -> (S9a) is the highly proximal map of (Y,Φ)

onto the irrational rotation (S9a).
By 6.5, S is equicontinuous, η is highly proximal, so Ϋ is locally

almost periodic and | is 2-to-one.
Moreover, as R is connected and X9 Ϋ and S are minimal, they are

connected. However, as Px is not an equivalence relation, Px is not an
equivalence relation either. So X is not locally almost periodic.
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