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SCALE-INVARIANT MEASURABILITY
IN ABSTRACT WIENER SPACES

DoNG MYUNG CHUNG

In this paper, we first prove a limit theorem for a sequence of
quadratic functionals on an abstract Wiener space which generalizes a
Cameron-Martin limit theorem in the Wiener space; and next we prove a
version of a converse measurability theorem for the Wiener space in the
setting of abstract Wiener spaces. Using these results, we discuss scale-
invariant measurability and translations in an abstract Wiener space.

1. Introduction and preliminaries. Let H be a real separable in-
finite dimensional Hilbert space with inner product { -, -) and norm | - |.
Let p be the cylinder set measure on H defined by

_ —n/2 |x|?
w(4) = @) [ exp{ - B} ax,

where A = P™Y(F), F is a Borel set in the image of an n-dimensional
projection P in H and dx is Lebesgue measure in PH. A norm || - ||on H
is called measurable if for every € > 0 there exists a finite dimensional
projection P, such that u({ x € H: || Px|| > ¢}) < ¢ whenever P is a finite
dimensional projection orthogonal to P,. It is known (see [8]) that H is
not complete with respect to || - ||. Let B denote the completion of H with
respect to || - |l Let i denote the natural injection from H into B. The
adjoint operator i * is one-to-one and maps B* continuously onto a dense
subset of H*. By identifying H* with H and B* with i*B*, we have a
triple B¥* C H C B and (x,y) = (x,y) for all x in H and y in B*,
where (-, -) denote the natural dual pairing between B and B*. By a
well-known result of Gross, poi~! has a unique countably additive
extension » to the Borel o-algebra #(B) of B. The triple (H, B,») is
called an abstract Wiener space. For more details, see Kuo [8].

Let C,[a,b] denote the Banach space {x(-): x is a continuous
function with x(a) = 0} with the uniform norm. Let (Cy[a, b],
#(Ci[a,b]), m,) denote the Wiener space, where m, is the Wiener
measure on the Borel g-algebra #(C,[a, b]) of C,[a, b] (see [12]), and let
C/la,b]l = {x € C[a,b]: x(t)= [!f(u)du, fE€ L*[a,b]}; then it is a
real separable infinite dimensional Hilbert space with the inner product
(x1,X,) = [2 Dx,(t) - Dx,(t) dt, where Dx = dx/dt.
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Let Q =(s,t): a<s<band c<t<d and let C,[Q] denote the
Banach space { x(-, -): x is a continuous function on Q with x(a,?) =
x(s,c) = 0} with the uniform norm. Let (G,[Q], B(C,[Q]), m,) denote
the Yeh-Wiener space [13], i.e. m, is the probability measure on the Borel
o-algebra Z(C,[Q]) of C,[Q] such that

my () = TT I (205, = 500 = 1)) ™

2
Gm .n 1.1 mn [u,k - u~_1’k - u-’k__l + u»_l’k_l]
N AT
Pon.n 20 j=1k=1 S; = Sl = e
Xdun M dumn-

where W= {x € G[Q]: p;, < x(s;,1;) < g4, for j=1,...,m and k
=1,...,n}and uy, = u;o = uy, = 0forall jand k. Let G;[Q] = {x €
G0 x(s,t) =[5 [! f(u,v) dudv, f € L?[Q]}; then it is a real separa-
ble infinite dimensional Hilbert space with the inner product

(X1, %) =/b ,[d D?x(s,t) - D*x,(s,t) dsdt

where D2x = 02x/0tds. It is known [9] that the uniform norms on
C/la, b] and C;[Q] are measurable and that (C{[a, b], Cy[a, b], m ) and
(G1Q]), G,[Q], m)) are both examples of abstract Wiener spaces.

Let {¢;, j = 1} be a complete orthonormal system in H such that the
e;’s arein B*. Foreach 4 in H and x in B, let

(h.x)" = nl:rrolo ; (h,e;)(x,e;), if the limit exists
0, otherwise.
Then (A, -) ™ is a Borel measurable functional on B and if both # and x
are in H, Parseval’s identity gives (h, x) ~ = (h, x). (See [7].)
Let {¢;: j = 1} be a sequence of functions of bounded variation on

Q which forms a complete orthonormal system of L*[Q]. Let v be in
L*[Q] and

v,(s,t) = é@.(s, t)fab fcd v(s,t)-¢,(s,1)dsdt.

The Paley-Wiener-Zygmund integral of v, (¢)[2 [Pv(s,t) dx(s, 1), is de-
fined as

@ f [ ol dx(s, 0

| 1im bfdu,,(s,z)dx(s,z), if the limit exists

- n—>oo Yg c

0, otherwise.
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Motivated by the well-known fact that change of scale is a pathologi-
cal transformation in Wiener space, Johnson and Skoug [6] introduced the
concept of scale-invariant measurability in Wiener space and examined
the exact nature of this concept, and then they applied their results to
clarify conceptual subtleties in the theory of the Feynman integral and in
the theory of the Fourier-Feynman transform. Later, scale-invariant mea-
surability in Yeh-Wiener space was studied by Chang [3]. In the works of
[6] and [3], one notes that the keys to their discussion are a limit theorem
in Wiener space due to Cameron-Martin [2] and in Yeh-Wiener space due
to Skoug [11], and a converse measurability theorem for Wiener space due
to Koehler [10] and for Yeh-Wiener space due to Skoug [10]. In view of
this, for the extension to the abstract Wiener space setting of the results
obtained in [6, 3], the question is to look for suitable versions of those two
results in the setting of abstract Wiener spaces.

In §2, we prove a limit theorem for a sequence of quadratic function-
als on an abstract Wiener space ( H, B, v) which is a generalization of a
limit theorem in Wiener space [2] and in Yeh-Wiener space [11]. In §3, we
prove a version of converse measurability theorem for Wiener space [10]
and Yeh-Wiener space [11] in the setting of abstract Wiener spaces. In §4,
we extend the results on scale-invariant measurability and translations
obtained in [3, 6] to an abstract Wiener space.

2. A limit theorem in abstract Wiener space. In this section, we
prove a limit theorem for a sequence of quadratic functionals defined on
an abstract Wiener space (H, B, ») and then we exhibit a subset of B with
v-measure one which for all real @ # +1 is transformed into a set of
v-measure zero by the change of scale transformations x — ax. These are
generalizations to the abstract Wiener space setting of the results first
obtained by Levy [Amer. J. Math. 62 (1940), 487-550] and independently,
but later, by Cameron and Martin [2] in Wiener space and extended by
Skoug [11] to Yeh-Wiener space. We now begin with the following facts
taken from [7].

Lemma 2.1. Let (H, B, v) be an abstract Wiener space.
(i) For each h (+ 0) in H, the random variable x — (h,x)~ is
Gaussian with mean zero and variance |h|*.
(ii) (h,ax) ™= a(h,x)~ for any real number a, h € H and x € B.
(iii) If {hy, h,,..., h,} is an orthonormal set in H, then the random

variables (h;, x) ~’s are independent.
(iv) If B = G,[Q], H = C3[Q], we have

(h,x)" = (¢)fQD2h(s,t)Jx(s,t).
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THEOREM 2.2. Let (H, B, v) be an abstract Wiener space. For each n,

let {e],e},...,e5,} be an orthonormal set in H and let
d(n)
1 n <12

(1) If d(n) = n? (p > 0) for every n, then F, converges to 1 in
L*(B, v) and hence in measure v.

(ii) If d(n) = n? (p > 1) for every n, then F, converges to 1 v-almost
surely.

Proof (i) Since the random variables (e, -) ~’s are independent and
Guassian with mean zero and variance one, it is easy to show that the
mean of F, is one and the variance of F,, Var(F)), is 2/d(n). Hence we
have
2
n?’

2 2
[ 1E(x) =1 dr(x) = 7 <

This implies that F, converges to 1 in L?( B, ») and hence in measure ».
(i) Foreach n = 2,3,..., let

E,= <x € B: |F,(x) -1|z-195"—}.

nP1

Then, by Chebyshev’s inequality [12], we have

np1 2 2
E )< . < .
v(E,) log?n d(n) n-log?n
Since
Y o(E)< Y — <,
v=2 n=2n-log=n

it follows from Borel-Cantelli’s Lemma [12] that »(F) = 0, where F =
limsup E,,. Since lim,, _, (logn)/ yn?~! =0, F,(x) converges to 1 »-al-
most surely.

ReMARK. It is worth pointing out that in Theorem 2.2, it is not
important that (e}, -)~ be Gaussian; in fact one can replace (e, -) ~’s by
any triangular sequence X7, X7,..., Xj,, of independent, identically
distributed random variables on a probability space with mean zero and
variance 1.
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As an application of Theorem 2.2, we give the following example
which shows how to obtain the corresponding result of Skoug’s for
Yeh-Wiener space [11].

ExaMPLE 2.3. Let B = G,[Q], H = Cj[Q] and » = m,. For each n,
leta=s5<s< -+ <sg,=bandc=t5<ty < --- <t,,(,,) d be
partitions of [a, b] and [ ¢, d] respectively, and let

1 s |
\/(s - t — 7 ) -/; j; I[s,".l,s;']x[z;_h,;](u, U) du dv
k k-1

for j=1,2,...,g(n)and k = 1,2,..., h(n). Then it is easily shown that
for each n, { ¢}, } is an orthonormal set in C;[Q], and for each x € C,[Q],
we have

(67, %) = (4) fa” ff D% (s,1) dx(s,1)

‘Pj"’,k(s’ t)

x(sf, te) = x(sf, ) = x(sf i) + x(s70 18-1)

Ysp = sy ) (g — 174)

Let p > 1, g(n) = n?/? and h(n) > n?/? for every n, and let d(n) =
g(n) - h(n). Then d(n) > n”? for every n, and hence by Theorem 2.2,

1 g(n) h(n)

3= (@6

,1k1

F(x)=

— 1 gg) h‘(‘f) [X(S;', tl'cl) —X(S;‘__l,t/?) "'X(S;l,t/:__l) +x(s_;t-1?tl:*l)]2
d(n) j=1 k=1 (S;' - s;l—-—l)(tl'cl - tl'cl—l)

converges to 1 »-almost surely. In particular, if we take partitions of [a, b]
and [c, d] such that

st — st = b-a and ¢ —t]_, = d-c

I T T () kT le-1
respectively, for all j=1,2,...,g(n) and k= 1,2,..., h(n), then we
have

1 g(n) h(n)
(b—a)(d-c) El k; [x(sz,ep) — x(sry, 1)

F(x)=

—x(s;', tZ_l) + X(Sf—u t;?—l)]z



32 DONG MYUNG CHUNG

and hence

g(n) h(n) )
lim ) ) [X(S;"tlrcl) - X(S;-l,tz) - x(sfat/?—l) + x(sf-l’t/?—l)]
N7 j=1 k=1

=(b—-a)(d~c)

which implies a result of Skoug in [11].

The following notation will be fixed throughout this paper: For each
a > 0,let
C, = {x € B: lim F/(x)= az},

n—oo

D= {x € B: lim F,(x) does not exist},
where { F,} is the same as in Theorem 2.2 with d(n) > n? (p > 1) for all
n. Then it follows from Lemma 2.1 that BC, = C,, for all >0 and
a > 0. Clearly C, (« > 0) and D are all Borel sets in B, and B is the
disjoint union of this family of sets.

The following results are generalizations of the results in [2] for
Wiener space and in [11] for Yeh-Wiener space. The proof is an easy
consequence of Theorem 2.2.

THEOREM 2.4. Let (H, B, v) be an abstract Wiener space. Then
(i) »(C,) = O ifand only if a +# 1.

(i) »(a~!C,) = 1 for every a > 0.

(iil) »(B7C,) =0 forall a, B witha # B, « > 0, B > 0.

@iv) (D) = 0.

3. Converse measurability theorem for abstract Wiener spaces. Let
a=s5,<s5,< -+ <s,=bandc=t,<t --- <t,=d be partitions
of [a, b] and [c, d] respectively. Let F be any subset of Euclidean space
R™" and let

W= {xe€ G[Q]: (x(s,t,),...,x(s,.1,)) € F}.

In [10], Skoug showed that if W is #(C,[Q])"-measurable, then F is
Lebesgue measurable in R™”, here and in the rest of the paper, #*
denotes the completion of # with respect to a measure A on a measurable
space (X, %). In this section, we prove a version of this converse
measurability theorem in the setting of abstract Wiener spaces.
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LEMMA 3.1. Let X; (i = 1,2) be separable complete metric spaces and
#B(X;) the o-algebra of Borel sets in X,. Let f: X, = X, be a Borel
measurable (i.e. #(X,) — #B(X,) measurable) function and let p, be a
finite Borel measure on X, and p, = p,° 1. If A is a subset of X, such
that f~Y(A) is in B(X,)", then A is in B(X,)".

Proof Since f~(A) is in Z(X,)", there exists a Borel subset B, of
f~Y(A) such that p,(B;) = pu,(f (A4)). Let € > 0 be given. Since f is
Borel measurable, it follows from a generalization of Lusin’s Theorem [4,
p. 227] that there exists a compact subset K, of B, such that u,(B;) —
e/2 < py(K,) and f restricted to K, is continuous. Now let f(K,) = E,.
Then E, is a compact setin X, and E, C 4, and we have

Hz(Ee) = I‘-z(f(Ke)) = p’l(f—l(f(Ke))) > p’l(Ke) 2 P'1(Bl) —¢&/2.

Similarly, since f~}(A4°) is in #(X;)", we can find a Borel subset B, of
f71(A°) and a compact subset L, of A° such that p;(B,) = p,(f1(49)
and p,(L,) > p,(B,) —¢e/2. Let L¢ = G,. Then E, and G, are in #(X,)
and E, C A C G,, and we have
Hz(Ge - E)= ﬂz(Ge) —y(E,) = po(X,) — po(L,) — . (E,)
< (X)) = (1(B,) — &/2) —(m(B,) — e/2) = e.
Now letting e = 1/n, n =1,2,..., we obtain sequences { E,} and { G, }
in #(X,) such that p,(G,— E,)<1/n. Let F;, =N_,G, and F, =
@ E, Then F, and F, are in #(X,), F, C A C F;, and p,(F, — F,)

n=1

= 0. Hence 4 is in #( X,)"?, completing of the proof of the lemma.
2

REMARK. It can be shown that Lemma 3.1 is still true with the same
proof, for any Hausdorff topological space X; with finite Radon measure
p, and any separable metric space X,.

THEOREM 3.2. Let (H, B,v) be an abstract Wiener space, and let
{hy, hy, ..., h,} be alinearly independent subset of H. For any subset F of
Euclidean space R", let

W= {xeB:((h,x)”,(hy,x)",....,(h,,x)7) € F}.

Then (i) W is #(B)-measurable if and only if F is Borel measurable in R".
(ii) W is B(B)’-measurable if and only if F is Lebesgue measurable in R".

Proof (i) Let f(x) = ((hy, x) ™ ,(hy, x) ™ ,...,(h,,x)7), x € B. Then
by Lemma 2.1, f is an n-dimensional Gaussian random vector on B with
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mean zero and covariance V = (v;;) where v,; = (h, h;) for i,j=
1,2,...,n. Hence if F is Borel measurable in R”, then W = f~I(F) is
2 ( B)-measurable. Conversely, suppose that W is %( B)-measurable. Since
{hy, h,,...,h,} is linearly independent in H, the matrix ¥ is non-singu-
lar. Let’s define a function g: R"—> B by g(u)=X’_,vh; where

(01, Ugy oy 0,) = (Ugy Uy, ooy tty) = V71 for u= (up,u,,...,u,) €R"
Then it is easy to see that G is a continuous (hence Borel measurable)
function, and further we have (X7_,v;h;, h J) = (X_1v;h; h;) = u; for
every j =1,2,...,n. Hence u = (u, u,,...,u,) € F 1f and only if G(u)

€ W, equivalently I.(u) = 1,,°G(u) for all u € R". Therefore F is
#(R")-measurable since W is Z%(B)-measurable. This completes the
proof of (1).

(i1) Suppose that F is a Lebesgue measurable set in R". Then there
exist a Borel set G and a subset N, of a Borel null set N in R”. Let f be
as in the proof of (i). Then since f is Borel measurable, it follows that
fY(G) and f~Y(N) are in B(B). Since vo f"}{(N)=0, fYN,) is in
#(B)" and hence W =f"Y(F)=/f"YG)Uf Y(N,) is in #(B). Con-
versely, suppose that W is in Z#(B)". Let A = p o f‘ Then A is a Borel
probability measure on R”. By Lemma 3.1, F is #(R") -measurable and
hence Lebesgue measurable because A is clearly equivalent to Lebesgue
measure on R". This completes the proof of (ii).

As an application of Theorem 3.2, we give the following example
which shows how to obtain the corresponding result of Skoug’s for
Yeh-Wiener space [10].

ExampLE 3.3. Let B = G,[Q], H = Cj[Qland v = m . Let a = 5, <
§ <8< - <s,=bandc=t,<t < --- <t,=d be partitions of
[a, b] and [c, d], respectively. Let

h(s,t)= / fl[aslx[”](u v) dudv,

for i=1,2,...,m and j=1,2,...,n. Then {h,.j} is clearly a linearly
independent set in C,[Q], and for any x € C,[Q],

(hyox)™= (&) [* [* D%y (s,0) dx(s.1)

= qs)jj fct’ dx(s,1) = x(s;,1;).
Hence by Theorem 3.2, for any subset F of R™"
w={xe ol ((hy,x),....(h,,,x)7) € F}
= {xe G[0]: (x(s1, 1), ., x(s,,1,)) € F}
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is in #(C,[Q])™ if and only if F is Lebesgue measurable in R™", and
furthermore, W is in #(C,[Q)) if and only if F is Borel measurable in
R™",

COROLLARY 34. Let (H, B,v) be an abstract Wiener space, and let
{hy, h,,..., h,} bealinearly independent set in H. Let G be a complex-val-
ued function defined on R". Then the functional

F(x)=G((hyx)" 5.y (hyyx)7)

on B is B(B) -measurable (#(B)-measurable) if and only if G is Lebesgue
(Borel, resp.) measurable in R".

4. Scale-invariant measurability and translations in abstract Wiener
space. Let (H, B,v) be an abstract Wiener space. For any a > 0, let 7,:
B — B be the transformation defined by T,(x) = ax and », the Borel
measure on B defined by v o 7T, . Then », = » and »,(A4) = »,(a™'4) for
every A in #(B). Let &, =4%(B)*, =N,.0Sp N, =({AES:
v (A) =0} and #'=N,, A, Every set in ¥ (A") is called scale-in-
variant measurable (scale-invariant null, resp.) set. In this section, we
extend the results of [6] on scale-invariant measurable sets, translations
and scale-invariant measurable functions in Wiener space to abstract
Wiener space.

Now, extensions to the abstract Wiener space setting of the results
contained in Propositions 2 to 4 and Theorem 5 of [6] can be shown to
hold using exactly the same arguments as given in [6]. For brevity we omit
these statements and refer the reader to [6]. Further, the proof of the
following two results in the abstract Wiener space setting can also be
given using similar techniques as used in [6]. However, for completeness,
we include the statements and proof of these results.

PROPOSITION 4.1. For every a > 0, #(B) ¢ ¢ &,

Proof. The proof of the containments, #(B) C ¥ C &, is clear from
the fact that # C &, for every a > 0 and the equaltiy =N, ,.%,. The
proof of #(B) # & can be easily shown by using Theorem 3.2. To show
that ¥+ %, let a, 8 > 0 with a # B. Then by using Theorem 3.2, we can
find a subset W of B such that W is not in #,. Clearly W N C, is not in
. Nowlet 4 = B~Y(WnN C,). Then 4 is in A, and hence 4 is in %,
But g4 = Wn C, isnot in %,. Thus 4 is in &, but not in &, and so
not in .%.
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THEOREM 4.2. Let f be any function from (0, o) to [0,1]. Then there
exists A in & such that v,(aA) = f(a) forall a > 0.

Proof. We first show that for each a > 0, there exists 4, C C, such
that 4, isin &, and v, (4,) = f(a™'). To show this, let f(a~!) = p and
h(# 0) € H. Then there exists a real number a, such that

1
2|k f { 2|h|} - r
Let W= {x € B: (h,x)"<a,}. Then W is in %(B) and hence in &
and v (W) =p. Let A, = WnN C,. Then 4, isin &%, and »,(4,) =p
Let A,= aA,. Then 4, is in &, A,C C, and »(A4,) = v (ad)) =
v,(A,) = p = f(a™!). Next, we show that the set 4 =U,. 4, is the
desired set. A4 is clearly in & and »,(ad) = v,-1(A4) = v,-1(4,-1) = f(a),
completing the proof of the theorem.

Before we study translations in abstract Wiener spaces, we collect a
few more definitions and notation, which will be needed in this section.
Let E be a real separable Banach space with the topological dual E* of
E. Let (-, -) denote the natural dual pairing between E and E*. For two
Borel probability measures A, and A, on E, the convolution A\;* A, of A,
and A, is defined by

A*A(G)=A XA ({(x,y) EEXE: x+y€G))
for every Borel set G in E. The characteristic functional of a Borel
probability measure A on E is defined on E* by

A(y) = f e =N dN(x), ye E*.
E

It is well-known that A *A,(:) =A,(-)-A,() and that A, = A, if and
only if A;(-) = A,(+).

LEMMA 4.3. Let p and q be positive real numbers.

(@) v, *v, = v/7s 7 on B(B), B(B)" " = S 1.

(i) If T: (B X B, #(B) X #(B), v, X v,) = (B, B(B)) is the trans-
formation defined by T(x, y) = x + y, then for any A C B, T"Y(A) is in
&, X ‘Z;””"ifand only if A is in &/ 5. Further, we have (v, X v,)° T!
=V, kv, = [0 on SPW.

(i) If T, X T,: (B X B, #(B) X #(B), v, X v;) > (B X B, #(B)
X %(B)) is the transformation defined by T, X T (x, y) = (px,qy), then
foranyA CBXB,(T,xXT)" Y(A)isin%, XYV‘ " if and only if A is in
s, Xy” ". Further, we have (v, X v))e(T, X T))"' =», X v, on
% RT
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Proof. (i) Since 7,(y) = exp{—(p*/2)|y|*} for every y € B* (see [8,
p. 78)), it follows that

v * v (1) = 93,(3) - 7,(y) = exp{ = 3(p* + ¢*)¥I*} =9 (y)

q

#(B)""" = g(B)W—.sﬁ/—

for every y € B*. Hence v, *», = v/ +qg On %#(B), which implies that

p +q

(ii) Suppose T~'(4) is in S, X qu”xy". Since T is Borel measurable
and (v, X »,)eT™! = »,*», on %(B), it follows from Lemma 3.1 that 4
is in #(B)”?""" = S fyi+q- Conversely, suppose 4 is in %/ :. Then
A =GU N where G isin #(B) and NC M, M is a v, *y_null set in
#(B). Thus (v; X v)e T (M) = v,*v (M) = VW(M) =0
T N)c T Y (M) and T~} A) = T Y(G) U T"Y(N). Since T is Borel
measurable and %#(B X B) B(B) X B(B), T '(A) is in

#(B) X B(B)" "' =%, X &, " and

(VPX Vq) 1(4) = (VpXVq) (G)+(vp>< Vq)T"l(N)

=7, * vq(G) + v, * Vq(N) =V, * vq(A)

= DW(G) + VW(N) = VW(A).
This completes the proof of (ii).

(iif) Let A4 be a subset of B X B. Since T, X T, is Borel measurable
and (v, X v;)o(T, X T))~ '=v,Xy, on %’(BXB) #(B) X #(B), it
follows from Lemma 3. 1 that if (T >< T N (A)isin &, X &, "M then A
is in Z(B) X B(B)" " =% xF"" "Slnce(TXT)l T X T
is also a Borel measurable transformatlon from (B X B @(B) X %(B)
v, X)) to (BXB,2B(B)X%(B)) and (v, X p)o(T,» X T,)"' =
v, X v, on #(B) X %#(B), by Lemma 3.1 again, it follows that if

(T, x T,) (7, x T,)(4)] = 4

is in &, X ‘Spqv”xy”, then (T, X T,)"}(4) is in & X %", proving the
first part of (iii). The second part of (iii) can be proved by the similar
argument as in the proof of second part of (i1).

The following result follows immediately from Lemma 4.3, (ii) and
the Fubini theorem.

PROPOSITION 4.4. Let p and q be positive real numbers. Let A be in
ym Then

(1) A~-yisin &, for vea.s.y and v,(A — y) is a & measurable
function of y.
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(i) A —xisin &, for vra.s.y and v, (A — x) is a &,-measurable
function of x.
(iif)
v,*v,(A4) =v, x v, ({(x,y): x + yisin A})

= fop(A —y)dv(y)= qu(A — x)dv,(x).

The extensions to the abstract Wiener space setting of the results
contained in Corollaries 11 to 15 of [6] now can be easily proved by using
Proposition 4.4. For brevity, we omit the statements of these corollaries
and their proofs. Now we give a proof of the following result which is the
extension of Theorem 9 in [6] to abstract Wiener space. We point out that
the present proof is different in spirit from the proof of corresponding
result given in [6]: The proof in [6] uses, for instance, a result of Bearman
concerning rotations in Wiener space; our proof depends on Lemma 3.1
and on some properties of convolution of measures.

THEOREM 4.5. Let p and q be positive numbers and f a complex-valued
function on B. Then the following assertions are equivalent:

(a) f(Jp* + q*z) is a &,-measurable function of z.

(b) f(z) isa VW -measurable function of z.

(©) f(x + ) isa &, X ,-measurable function of x and y.

(@) f(px + qp) is a &, X ¥, -measurable function of x and y.
If any one (and hence all) of (a)—(d) holds, then

[+ ¢z an(2) = [ 1(z) dvia(z)

= BXBf(x +y) d(”p X7,)(x, )

S et @)l n)(e)

*
where = means that the existence of one side implies that of the other with
the equality.

Proof. (i) The equivalence of (a) and (b): Define a transformation
T fivg: (B, B(B),v)) > (B, B(B),v /i) by T [ 2(2) = /p*+ q%z.
Then T /7, and T /7,7~ are Borel measurable and », o T g
Vi Vg T—l‘/pz_‘_qz-l = »;. Hence by Lemma 3.1, for any Borel
set G in the complex plane C, T—‘/lm(f"l(G)) is in #(B)" =&, if
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and only if f~Y(G) is in Z(B) B)VP +4’ VW Therefore, (a) and (b) are
equivalent and the corresponding integration formula follows from the
fact that v, o T ‘/;2 TF = V/prg On 5”‘/;,—;—‘1‘ and the change of variable
theorem ([5], p. 163)

(i1) The equivalence (b) and (c): Let G be a Borel set in C and 7 the
transformation defined in Lemma 4.3, (ii). Then by Lemma 4.3, (ii),
4G 1s 1n YW if and only if T°}(f YG)) = (f°T) XG) is in
S, X ,9’ . Hence (b) and (c) are equivalent and the corresponding
1ntegrat10n formula follows from the fact that », X » o T~ 1= V/i+q: O
SPW and the change of variable theorem.

(ii1) The equivalence of (c) and (d): Let G be a Borel set in C and T
the transformation defined in Lemma 4.3, (ii). Then by Lemma 4.3, (iii),
(T, X T) (T (fMG))=(feT°T,x T) (G) is in &, xy”‘x”* if
and only if T UG) =(fT) 1(G) is my X, »*"2 Hence (c) and
(d) are equivalent and the corresponding mtegrauon formula follows from
the fact that »; X »; (7T, X Tq)_1 = v, X v, and the change of variable
theorem.

Let B(ZF) (L(F), £ (F),a > 0) denote the class of all
complex-valued functions which are defined on a Borel measurable
(scale-invariant measurable, %, -measurable, resp.) subset of B and which
are measurable with respect to the o-algebra #(B) (%, %, resp.). The
extensions to the abstract Wiener space setting of all the results contained
in §4 of [6] can be shown to hold by using the same arguments as given in
[6]. For brevity, we omit these statements and refer the reader to [6].
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