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SHIFTS OF INTEGER INDEX ON THE
HYPERFINITE Πj FACTOR

GEOFFREY L. PRICE

In this paper we consider shifts on the hyperfinite II i factor arising
as a generalization of a construction of Powers. We determine the
conjugacy classes of certain of these shifts.

1. Introduction. Let R be the hyperfinite II i factor with normalized
trace tr. A shift a on R is an identity-preserving *-endomorphism
which satisfies Πw>i <*m(jR) = Cl. We say that a has shift index n if
the subfactor a(R) has the same index n = [R: a(R)] in R as defined
by Jones, in [2].

In [3] Powers considered shifts of index 2 on R. These were con-
structed using functions σ: Nu{0} —• {—1,1} and sequences {Uj : j E
N} of self-adjoint unitaries satisfying u(Uj = σ(\i - j\)UjUi. If A(σ)
is the *-algebra generated by the {UJ} and tr is the normalized trace
on A(σ) defined by tr(vv) = 0 for any non-trivial word in the w, , the
GNS construction (π t r, Htr, Ω t r) gives rise to the von Neumann algebra
M = πXτ(A(σ))". Different characterizations were given in [3] and [4]
for M to be the hyperfinite factor R. In [4] it was shown this is the
case if and only if the sequence {..., σ(2), σ(l), σ(0), σ(l), σ(2),...} is
aperiodic. For this case, the shift a on M = R defined by the rela-
tions α(πtΓ(tt, )) = πtr(κ/+i) has index 2. In [3] it was shown that the
σ-sequence above is a complete conjugacy invariant for a. (We say
shifts a, β are conjugate if there exists an automorphism γ of R such
that a = γ /? y""1.)

Motivated by [3], Choda in [1] considered shifts of index n, defined
on R by a(Uj) = M/+i, for a sequence of unitaries {uj} generating i?,
and satisfying (w7)

w '= lfU\UJ+\ = σ(j)Uj+\U\9 where σ: N u { 0 } —•
{1, cxp(2πi/n)}. In this setting and under the assumption α(i?)'nl? =
Cl she characterizes the normalizer N(a) of a (see Definition 3.4) and
the unitary α-generators of R.

In this paper we generalize some of the results of [1,3,4]. In §2
we consider, for a fixed n, algebras generated by sequences {UJ} of
unitaries, of order n, and satisfying U\Uj+\ = σ{j)Uj+\U\ for func-
tions σ: N U {0} -» Ωrt, the set of nth roots of unity. We determine
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necessary and sufficient conditions for these algebras, under the GNS
representation for a certain trace, to generate the hyperfinite II i factor
R in the weak closure [Theorem 2.6]. If a is the shift determined
by the equations α(w, ) = Wj +i, then [R: a(R)] = n. If n — 2 or 3 it
follows from [2] that a(R)f n R = Cl. Here we show the somewhat
surprising result that a(R)fΓ\R = Cl regardless of the index (Theorem
3.2), so that Choda's assumption holds automatically. Finally we use
this result to determine N(a) and show how Powers' techniques gen-
eralize to characterize the conjugacy classes of shifts of prime index
n.

2. Factor condition. We begin by considering in more detail the
construction of the last section. Fix an integer n > 1. Let Ωn be
the nth roots of unity, and σ: Z —• Ωn a function with σ(0) = 1
and σ{j)~ι = σ(-j). Consider the sequence {Uj\ j e N} of distinct
unitary operators, each of order n> and satisfying

(1) UiUj = σ{i- j)ujUi.

Then the Uj generate a *-algebra, A(σ), consisting of linear combina-
tions of words w of the form w = u\uι£ w{#. From (1) one observes
that for words w, W in A{σ) there is a λ e Ωn such that ww' = λw'w.

Define a trace tr on A(σ) by setting tr(l) = 1 and tr(vv) = 0 if w
is a word not a scalar multiple of the identity. Passing to the GNS
construction (π t r, Htr, ΩtΓ) we see that the representation π t r is faithful
(note that for distinct words w{, w2,..., wm, and A = Σ™=x a^i, cii e
C,tr(A*A) = ΣT=X |α/|2) so that we shall identify A{σ) with its image
πtτ(A(σ)) under π t Γ. Let || | |2 be the trace norm on A(σ) given by
\\A\\% = tr(^4*^4). Then we observe that HXr is the space of/2-summable
series Y^l{ ciiδWι, where {w/: / e N} is a sequence consisting of distinct
words in the Uj, 2indδw(wf) = 0 if w*w' φλ\9δw(w') = λ\ϊ w*wf — λ\.
Let A lie in the center of A{σ)", and suppose Aδ\ = ΣciiδWι. Then for
all words w e A(σ),

w*Awδ{ =

Since δ\ is separating for A{σ)" we have wtw = wwi for all / with
α, φ 0. From this relation it follows immediately that A(σ)" has non-
trivial center if and only if there are non-trivial words in the center.
We record this in the following (cf. [3, Theorem 3.9], [4, Theorem
3.4]).
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LEMMA 2.1. Let A(σ) and tr be as above. Then A(σ)n has non-trivial
center if and only if there exists a non-trivial word in A(σ) such that
wfw = ww' for all words w1 in A(σ).

We may uniquely define a *-endomorρhism a on A(σ)" by setting
a(ui) = W/+i. To show a is a shift, let A e f) am(A{σ)")9 with tτ(A) = 0
and \\A\\ < 1. Then given ε > 0 there are positive integers N< M and
a B in the unit ball of the algebra 38 generated by u\,..., uN, (resp.,
C in the unit ball of the algebra 8* generated by UN+\,...,UM) such
that \\{A - B)δι\\ < ε (resp., \\(A - C)δχ\\ < ε). Then there are distinct
non-trivial words w, e ^ (resp., w'j e W) so that

k ί i
5 = bol + ΣbiWi resp., C = col +

V
From |tr(v4 - Jff)| < \\(A- B)δ\\\ < ε we have |6 0 | < ^? and similarly,

|co| < β. Then

< \{{A - 5)(Jb ^ 0 1 + \(Bδu (A - C)δx)\ + \{Bδh Cδλ)\

<ε + ε + |tr(C*J?)| = 2ε + \c^bo\ <2ε + ε2.

Since ε is arbitrary, \\A\\2 = 0, so A = 0. thus f | t t w (i ί(( j f) consists of
scalar multiples of the identity, and we have verified the following.

LEMMA 2.2. Let a be the *-endomorphisrn defined on A{σ)n by a{ui)
= Ui+\. Then a is a shift

DEFINITION 2.3. Let w = λu^ w^, with |A| = 1, kh Φ 0 mod n,
kjt Φ 0mod ft, and j \ < jι < -- < Jι* Then the length of w is
7/ — 7i + 1. If w = Al then w has length 0.

THEOREM 2.4. Suppose n = p where p is prime. Let {aj: j e Z} έ^
α sequence of integers such that a$ = 0, α_y = - α , . Define σ: Z —> Ω p

/?y tj(j) = cχρ(2πiaj/p). Then A(σ)" is the hyperfinite IIi ̂ c tor / / α ^
oft/y //( . . . , α_i, ΛQ, tfi,...) w aperiodic when viewed as a sequence over
Z/pZ.

/ The proof is similar to that of [4, Theorem 2.3]. If A(σ)n Φ R
there is by Lemma 2.1 a non-trivial word w = w j° w^+1 in its center.
If vμ = a(w') for some word wf it is easy to show w1 is also central,
so we may assume /Q φ 0 mod p. We may also assume lm Φ 0 (p)
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and that m + 1 is the minimum length among all central words. If
v = uf'"Uq^+ι is another such word it is apparent using (1) that
v = λwc for some integer c, some λ e C. For let c satisfy clm = qm (p)9

then by (1) one sees that wcv~ι is a central word of shorter length than
w, and must therefore be a scalar multiple of 1.

Now Uj\v = WUJ for all j . Setting 7 = 1, and using (1) repeatedly,
one has

Uiw = uxu\u\ --uι£+ι = σ(θ)louιfuιuιl --uι;

= [σ(O)/oσ(l)/! ' σ{m)lm]wuχ = exp f 2πi

so that Σ ^ 0 ^ Λ ί = ^ (P)- Making similar calculations for UjW = W
one obtains the following homogeneous system over Z/pZ:

loao + hax + l2a2 +•••+ lmam = 0 (p)
- / O β i + /lOo + h&\ + • • • + /mflιw-1 = 0 ( p )

(2)
i lma\ = 0 (p)

Rewriting one has

(3) AL = [0,Q,...]T modp

where L = [l0,..., lm]τ, and

(4)
-a2 - αo

Let A0,A\,... be the rows of Λ. From the symmetry of A it is straight-
forward to observe that for q > m,

M i + hAq-1 + + lmAq-m = [0,0,..., 0],

so that the rank of A (over Z/pZ) coincides with the rank of the
matrix A' consisting of the first m + 1 rows of A. By the argument in
the previous paragraph, central words of minimal length correspond
to solutions K of A'K = [0,0,..., 0] Γ , so the only solutions to this
equation are of the form K = cL,c e Z/pZ. Hence A has a rank m
over Z/pZ.
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From the symmetry of A' one observes A'L = [0,0,..., 0] Γ , where
L = [lm,...,/Q]Γ. Hence L = cL for some c in Z/pZ. Hence if
(AQ)J is the row vector obtained from Aj by reversing the order of
the entries then {A0)j has inner product 0 with L. This fact, and the
property that rows Am+\, Am+2> are in the span of rows A\,...,Am
imply that BL = [0,0, . . . , 0 ] r , where B is a row consisting of any
m + 1 consecutive entries of the sequence (..., α_2> α_i, OQ, a\, aι,...).
Therefore, for any j e Z, if Bj = [Λ,-,..., Λ/+m], -Sj+j = C(Bj), where

" 0 1 0 .. . 0

c = 0 0 1 0 . . . 0

• do clx -" clm-

and c is an integer such clm = - 1 (/?). C is invertible over Z//?Z,
so Cs = / for some s, and therefore 2?,+5 = /?,, all 7 € Z, so that
(..., #_2> Λ-i> ao> a\> a2> ) i s periodic.

Conversely, suppose the sequence is periodic, with period length
m. Consider the homogeneous system AX = [0,0,... ] r , where X =
[xo>Xh-'-iXmΫ and v4 is as above. Using the periodicity aj = α y + m

one observes that the (m + j)th equation coincides with the 7th equa-
tion, for all 7, so the system AX = 0 reduces to m equations in m + 1
unknowns. Let L = [/0,...,/m]Γ be a non-trivial solution. Then re-
peated use of (1) shows that the (non-trivial) word w = w j° w^+1

lies in the center, so that A{σ)" is not a factor. D

COROLLARY 2.5. Suppose n = p r wλere p w prime. Let {aj: 7 e Z}
Z?̂  α sequence of integers such that a$ = 0, <z_7 = - Λ 7 and σ: Z —•

ΩΛ the function defined by σ(j) = exρ(2π/α;//7r). ΓΛen ^4(σ)" w ίΛ^
hyper finite II1 ̂ αcίor z/α«ί/ o^/y //( . . . , α_j, αo, α 1,...) wfl« aperiodic
sequence over Z/pZ.

Proof Suppose Λ(σ)" has non-trivial center. Then there is a non-
trivial word w in the center. Since wpr = λl9 some A G C, we may
assume by replacing w with an appropriate power wpk if necessary,
that w is a non-trivial word such that wp = Al. As in the proof of the
theorem we may assume further that w has minimal length among all
such central words and that

w = w*° 2/"1

where k^φQ mod /?r. Moreover, since w^ is a scalar it follows from
(1) that pr~x divides kj, for all j .
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We have UjW = WUJ for all j e N. Calculating as in the preceding
proof one derives the system

koao + kxax + -- + kmam = 0 (pr)

•- + kmam-{ = 0 (pr)

Let lj = kj/pr~ι, then we obtain the same system as in (3), where
L = [/0,...,lm]τ Hence the sequence (...,a-\,a$,a\,...) is periodic
over Z/pZ, as before.

Conversely, if the sequence is periodic, with period m, we showed
there is a non-trivial solution L to the system AL = 0 (mod;?). Let
kj = ljPr~K Since l0 φ 0 (/?), k0 φ 0 (pr) so that K = [ko,..., km]τ is a
non-trivial solution to the system AK = 0 (mod/?r). It is then straight-
forward to show that the corresponding word w = ι̂ ° w^+1 com-
mutes with the {Uj} so that w is central and A(σ)" is not a factor. D

The corollary allows us to proceed to the general case. Let n have
prime factorization p[ι pr

s

s. Let Ωn be the nth roots of unity. Let

φ: Z/nZ -> Z/p\xZ@ Θ Z/pJ'Z

be the isomorphism given by /: —• {kn\P\, ...,knsPs) where i^ =
n/(Pq) a n d n\,...,ns satisfy ΣnqPq = 1. We denote by 0(fc)^ the
^th entry of φ(k), φ{k)q e Z/pq

q.
As before, let {u}•: j e N} be unitaries, each of order n, satisfying

u(Uj — σ(i - j)UjUi, for some function σ: Z —• Ωn satisfying σ(0) = 1
and σ(j)~{ = σ(—j). For fixed j e N and q e {1,2,.. .ys) set Ujq =

w««^β The following properties are easily verified:

(5.1) Uj =

(5.2) a{uj9) = κ, + u , € N.

Also, using (1) we have the properties

(5.3) UigUjg. = ujqluiq \iqφ q',

(5.4) uiqujq = σ{i - j)M)2ujquiq.

Let A(σ)q, 1 < q < s be the subalgebra of A(σ) generated by the
{ujq:jeN}.
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THEOREM 2.6. A(σ)" is a factor if and only ifA(σ)q is a factor, for
each q.

Proof Suppose A e A(aygonA(a)%o. Then A e A{σ)'q for all q φ q0,
by (5.3). Hence A e A(σ)' Π A{σ)" since the algebras A(σ)q generate
A(σ). So if A is non-trivial, A(σ)" cannot be a factor.

Conversely, suppose A{σ)" is not a factor. Then there is a non-
trivial word w = u!{ - ulm in A(σ), by Lemma 2.1. Using (1) and (5)
there is a λ of modulus 1 such that

Choose #0 s u c h that wQo = Π>=i uιj is non-trivial. Since u^w =
for all k e N, <? ̂  ήr0? it follows from (5.3) that ukgowqo = wqoukqo.
Hence wqo is central in A(σ)qo and A(σ)qo is not a factor. D

REMARK. It is straightforward to show that if each A(σ)q is a factor
then A(σ) = ®^ ̂ (^)^ We omit the proof since we do not require this
result.

THEOREM 2.7. Let {kj\ j e Z} be a sequence in Z/nZ such that
k_j = —kj and σ: Z —• Ωn the function given by σ(j) = cxp(2πikj/n).
Let φ: Z/nZ -> Z/p[[Z ® Θ Z/pr

s

sZ be the mapping defined above.
Then A(σ)" is a factor if and only if for each q, 1 < q < s, the sequence

(..., φ{k_2)q> φ{k-1 ) q , φ(ko)q, φ(k{ ) q , φ(k2)ψ...

is aperiodic over Z/pqZ.

Proof We have, for fixed <?,

1 [nqpqγ

cxp{2πi[kjnc/(pr

cc)])\ uj+lqulq

By Theorem 2.5, therefore, the von Neumann algebra A(σ)q is a fac-
tor if and only if the sequence (...,a-.2>&-ι>Qo>a\>a2>- -) *s aperi-
odic modpq, where aj = φ(kj)q(nqPq). But nqPq is relatively prime
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to pq, so the sequence above is aperiodic over Z/pqZ if and only if
(..., φ{k-\)q, φ{ko)q, φ{k\)q,...) is also. The preceding theorem now
yields the result.

3. A conjugacy invariant for generalized shifts. In what follows we
shall adhere to the following assumptions and notation. Let n > 1
be a fixed integer, and let σ: N u {0} -+ Ωn be a mapping such that
under the trace tr, the algebra A(σ) generated by the words Uj, j e N,
has weak closure A{σ)" isomorphic to R, the hyperfinite \\\ factor. As
before, a is the shift on R determined by the conditions α(w, ) = M/+i.

The following result justifies the terminology shift of index n.

THEOREM 3.1. The subfactor a(R) ofR has index [R: a{R)] = n.

Proof For / = 0,1, . . . ,«- 1, let ^ be the subspace Vι — a(R)u\
in L2(i?,tr). Then the Vt span L2(i?,tr). Moreover, if w, w' are any
words in a(R)9 we have tr([wM{]*[H>;M-{]) = 0 for / Φ j . Since a(R) is
the strong closure of linear combinations of words we see that the V\
are orthogonal subspaces. The rest of the argument follows through
exactly as in the proof of [2, Example 2.3.2]. D

THEOREM 3.2. Let ex be a shift on R constructed as above. Then

Proof Let {w,: i e N} be a sequence of non-trivial words of A(σ)
such that w*wj Φ λ\ for any / Φ j and if w is a non-trivial word of
A(σ) then w = Aw/ for some / and some A of modulus 1.

Suppose A e a{R)' Π i?, then we have Aδ\ = aoδ\ + ΣaiδWi, for
some α, € C, as in the discussion preceding Lemma 2.1. Then for
w e a(R),

ao<>w + Σ diδWiW = Awδγ = wAδγ = aoδw + ^ aiδWWi.

Since δ\ is separating for R there are non-trivial words in a(R)' Π R
if A is non-trivial.

Assuming a(R)f Π R is non-trivial, and arguing as in Corollary 2.5,
there exists a non-trivial word w e a(R)f n R such that wp = Al for
some prime p dividing [R: a(R)]. Since a(R) is a factor, w g a(R),
so w has the form uf^u^ w^+1 with k0 Φ 0 mod n. Moreover, we
may assume that m + 1 is the minimal length among all words w in
a{R)' Π R such that wp is a scalar multiple of 1.

Since wp = Al it follows from (1), then, that n/p divides each kj.

Hence w lies in the subalgebra A of A(σ) generated by u[n/pr>j and its
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shifts, where pr is the largest power of p dividing n. By Theorem 2.6,
A" is a subfactor of A(σ)"9 and by hypothesis, w e a(A)f Π A". Set
vj = u[n/pr\ and v/+i = αy'(vi). From the preceding paragraph, we
have w = vf° v^+1, where #y = kjpr/n. Let σ': N U {0} -> Ωpr be
the function satisfying v/V/ = σ'(|/ - 7|)v/V;, and let {α7: 7 G N u {0}}
be integers such that

σ'{j) = cxp{2πiaj/pr).

Since ^4" is a factor, the sequence (..., -a2, -a\,a§,a\,a2,...) is ape-
riodic mod/?, by Corollary 2.5.

From V\w φ wv\, VjW = wvJf j > 2, we obtain, as in Corollary 2.5,
the following system of equations over Z/prZ:

I- + qmam Φ 0 {pr)

- 0 o « i + Q\θo + ••• + qmam-\ = 0 (Pr)

-Q0O2 - ί i ^ H f- Qmam-2 = 0 (^ r)

Since p r ~ ' divides each #7 we obtain the system

loaQ + liai + • • • + lmam φθ{p)

(6) - / o α i + / i α o + + /mίim_i = 0 (p)

by setting lj = qj/pr~ι.
Define a new sequence z\,... of unitaries of order p satisfying

ZiZj = σ"(|/ - j\)zjzi9 where σ"(./) = exp(2πiaj/p). From Corollary
2.5 the z ; generate a factor M under the usual trace representation,
with shift β satisfying β(zi) = z/ +i and [M: β{M)] = p. By [1, The-
orem 3.7] ^(Λf); n M is trivial. But (6) implies that z[° z^ + 1 lies
in β(MyoM9 a contradiction. Hence (6) cannot hold, and α(i?)'ni?
is trivial. D

DEFINITION 3.3. Let a, β be shifts on R. Then a and /? are conjugate
if there is a γ e Aut(i?) such that a = γ β γ~ι.

The preceding definition appears in [3], where it is shown, [3, The-
orem 3.6], that for shifts of index 2 the corresponding functions σ =
σ α : N u {0} —> {—1,1} are a complete conjugacy invariant (cf. also
[1]). Using techniques essentially the same as Powers' we prove an
analogue for more general shifts.
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We need the following definition.

DEFINITION 3.4. Let a be a shift of index n of R. The normalizer
N(a) is the subset of unitary elements V of R such that Vak(R)V* =
ak(R) for all A:.

THEOREM 3.5. A unitary V e R lies in N(a) if and only ifV is a
scalar multiple of a word in A(σ).

Proof It is obvious that words lie in N(a). Suppose V G N[a). Let
θ e Aut(i?) be defined by θ(ux) = ζux, where ζ = exp(2π//w), and
θ(Uj) = Uj for j > 1 (see [1, Corollary 3.8]). It is straightforward to
show that a(R) is the fixed point algebra of θ. We show that Θ(V) =
ζkV for some k.

Let W e a{R)9 then V*WV e a(R), so V*WV = Θ{V*WV) =
Θ(V*)WΘ{V). Hence VΘ(V*) e a(R)'nR. Therefore V = λθ{V), by
the preceding theorem. Since θn = id, V = θn{V) = λθn~x{V)
λnV, so λ is an nth root of unity, i.e., Θ(V) = ζkχ V for some k\.

Let Zx = u~kιV, then θ(Zλ) = Zu so Zi € α(i?), and there is a

Fi G i? such that α(K0 = Zx. Hence F = u\ιa{Vx). Also ^ G 7V(α),

so that for some k2, Θ{VX) = ζk'V{. Hence Z 2 = u[klVx lies in α(7?).

There is then a V2in R such that α(V2) = Z 2, and therefore,

F = M{»Z! = u\'α{Vx) = uk'α{uklZ2) = ukiuk2α2{V2).

Continuing in this fashion we find that for any m there are constants
kj and a unitary Vm+X such that

Let 5 = sup{m: kmφ0 mod «}. We shall show that s is finite.
To do so, we make the following observation (cf. [3, Lemma 3.3]).

If w is a non-trivial word generated by ux,...,uq and w' is any word
in i?, then tr(wal(w')) = 0, for I > q. Since any A G R is a strong limit
of linear combinations of words in 7? then tτ(waι(A)) = 0, for / > q.

Given ε > 0 there is a # G N and words w, in the algebra generated
by ux,...,ug such that | | F - F 0 | | 2 < ε, where Fo = Σ/=i ̂ W L e t

m > ^ be an integer such that kmφ0 mod «, then

β > | t r ( F * [ F - F 0 ] ) |

= | l - t r ( α w + 1 ( ^ + 1 ) i | - * - . ^ K 0 ) | = lf

a contradiction if ε < 1. This yields the result.
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Using the preceding characterization of the elements of N(ά), we
may obtain the following results on the conjugacy classes of shifts of
prime index.

COROLLARY 3.6. Let a be a shift of prime index p constructed as
above. Let u, v be a-generators ofR. Then u = μvk for some k relatively
prime to p, and some μ in Ω,p.

Proof Since u and v are α-generators, and since each is an ele-
ment of N(a), then by Theorem 3.5, u = μvk°a(ukι)- am(vkm)9 and
v = ι/utoa(utι) - - am(utm), for some m e N, μ, v e Ω^, and integers
tj, kj,j= 1,2,..., m. Substituting the latter expression for v into the
first equation, we obtain u = ζuq°a(uqι) alm{u)q2m, for some ζ e Ω p,
where qj = kjto + kj-\ t\ H hkotj modulo (p). An argument similar
to the proof of [3, Theorem 3.4] shows that qj = 0 modulo (/?), for
j > 1. If tr is the last non-zero exponent in the expression for v, then
starting with the expression for qm+r and working backwards to qr+\,
one observes successively that km = km-\ = •• = k\ = 0. Hence
u = //v̂ °. α

REMARK. The result above does not hold for shifts of general index.
Taking n = 4, for example, one checks that if u is an α-generator, then
so is v = ua(u2), since u = μva(v2), some μ e Ω4.

We omit the proof of the following result, which is virtually identi-
cal to the proof of [3, Theorem 3.6].

COROLLARY 3.7. Let a,β be shifts of prime index p on R, con-
structed as above. Then a and β are conjugate if and only if they
correspond to the same σ-function σ: N U {0} -+ Ωp.

COROLLARY 3.8. There are an uncountable number of non-conjugate
shifts ofR of prime index p constructed as above.

Proof This follows immediately since there are uncountably many
functions σ satisfying the statement of Theorem 2.7. D

In [3] Powers introduced the notion of outer conjugacy for shifts.
We say that shifts a and β are outer conjugate if there are a γ e Aut(i?)
and a unitary U € R such that a e Ad{U) = γ β γ~K The index
of a shift is an outer conjugacy invariant, and so is the first positive
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m (m G {2, 3 , . . . } U {oo}, by Theorem 3.2) such that am(R) has non-
trivial relative commutant. It is not known if this condition is also
sufficient, even in the case of shifts of index 2 (cf. [3]).
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