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EISENSTEIN-SERIES ON REAL, COMPLEX, AND
QUATERNIONIC HALF-SPACES

ALOYS KRIEG

The real, complex, and quaternionic half-spaces are introduced in
certain analogy with the Siegel half-space. The modified symplec-
tic group acts on the attached half-space in the usual way. At first
properties of these half-spaces considered as symmetric spaces are
derived. Then a fundamental domain with respect to the modified
modular group, which consists of integral modified symplectic matri-
ces, is constructed. The behavior of convergence of the corresponding
Eisenstein-series is determined carefully. The Fourier-coefficients of
the Eisenstein-series are calculated explicitly, whenever the degree is
sufficiently small.

Introduction. The present paper deals with half-spaces, which are
built in analogy with the Siegel half-space, and the corresponding non-
analytic Eisenstein-series. The roots can be traced back to C. L. SiegePs
paper "Die Modulgruppe in einer einfachen involutorischen Algebra"
[30]. A special case of these investigations is considered and contin-
ued by the examination of the Riemannian geometry as well as the
attached Eisenstein-series.

To be more precise, throughout this paper let F stand for R, C or
H, where H is the skew-field of real Hamiltonian quaternions. Just as
in [16] let r = r(F) = d im R F and denote the standard basis of F over
R by 1 = β\,..., er. Given a = £ ) ; = 1 Ujβj e F, aj e R, put Re(ά) := a\
and let a *-+ a = 2 Re(#) - a denote the canonical conjugation in F.
Then A^n\ resp. A e Mat(w F), means that A is an n x n matrix with
entries in F and A! denotes the transpose of A. The letter / is reserved
for the identity matrix and 0 for the zero matrix of appropriate size.
GL(fl F) stands for the group of units in the ring Mat(rc F).

The half-space &(n; F) consists of all Z e Mat(π; F) such that Z+z'
becomes a positive definite Hermitian matrix. Thus i^(n C) equals
the Hermitian half-space, which was investigated by H. Braun [3],
But the remaining cases are related, because X(n H) can always be
embedded into the Hermitian half-space of degree In.

The attached modified symplectic group MSρ(w F) consists of the
automorphs of the symmetric matrix Q = (^Q), / = /W, having the
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signature (n, n) and acts on ^(/i F) in the usual way. The real mod-
ified symplectic group was already investigated by C. L. Siegel [28],
M. Koecher [14], III, §1, and H. Maaβ [23] in different contexts. Con-
sidering the symplectic group

(0.1) Sp(/ι;F) = {M e Mat(2«;F);M'/M = / } ,

as in [16], one has

(0.2) (e^ υjMSp(«;C)ί C21 U J = Sp(/i;C).

MSp(n F) is obviously conjugate to the indefinite unitary group
UW(2«,F) in [34], p. 377, and to O{n9n), U(n,n), resp. Sp(n,n), if
F = R, C, resp. H, in Helgason's notation (cf. [8], p. 340).

Nevertheless the notion of modified symplectic group may be jus-
tified by the connection with C. L. SiegeΓs paper [30]. Consider
F = R, H and an arbitrary R-involution i of Mat(n F). According
to [1], X, Theorem 11, there exists F e GL(rc F) such that F' = ±F
and

ι{X) = FX'F~1 for X e Mat(n F).

In this general situation C. L. Siegel [30] defined the symplectic group
Σ. In our notation we gain

K.
The special case F = H, n = 1, F = (ej) was recently treated by

E. Kahler [10].
The Riemannian geometry and the description of the geodesies can

be pointed out along the lines of SiegeΓs classical work [29], where
the case F = C is due to H. Klingen [12]. If dZ denotes the matrix of
differentials, then

(0.3) Σ = , p

ds2 = \ tmce(Y-ιdZY-ιdZf + dZY-χWY~x\ Y := \{Z + z'),

proves to be a positive definite quadratic differential form. The mod-
ified symplectic transformations become isometries. Thus ^(n F)
endowed with ds2 turns out to be a Riemannian globally symmet-
ric space of the noncompact type, which is irreducible except for
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F = R, n = 1,2 and which fails to be Hermitian, whenever F = R, n Φ
2, resp. F = H, n > 1.

•Γ(l C) equals the right half-plane in C. Moreover Γ(l H) be-
comes a model of the four-dimensional hyperbolic space, which was
recently treated by E. Kahler [10]. Kahler's paper was the starting
point of these investigations. The present paper arose from the at-
tempt of combining Kahler's approach with the investigations of
Eisenstein-series on the three-dimensional hyperbolic space by J.
Elstrodt, F. Grunewald and J. Mennicke [6] as well as with SiegeΓs
methods. Therefore this paper can also be understood as an extension
of [6].

Choosing a special order for F = R, C, H, namely Z, the Gaussian
integers and the quaternions of Hurwitz, the modified modular group
is defined to consist of all integral modified symplectic matrices. By
means of the Euclidean algorithm a simple set of generators of the
modified modular group can be determined. Following the classical
procedure as in the case of the Siegel half-space, a fundamental do-
main is obtained, which has a cusp only at infinity.

The last two paragraphs deal with the corresponding non-analytic
Eisenstein-series. Let Γn denote the modified modular group and Γ£°
the subgroup of all matrices, whose C-block equals 0. Given Z e
β?(n\ F) and M eTn set YM = %{M(Z)+M{Z)'). Then the Eisenstein-
series is given by

E*(Zs)= £ (dctYM)s, Z
M: Γπ-\Γn

and converges locally uniformly in Z and s. The abscissa of absolute
convergence equals Re(s) = ^ d, where d denotes the dimension of
the real vector space of all skew-Hermitian matrices. One can define
a modified Siegel ^-operator and obtains the same result, namely

as known from the classical case.

The investigations of E*( ,s) by H. Maaβ [23] are extended and
partially strengthened. The Eisenstein-series E$(-,s) were also exam-
ined by G. Shimura [27]. But one has to distinguish carefully between
E**(', s) and the analytic Eisenstein-series on the half-space of quater-
nions in [16], since the domains of definition are completely different.
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Moreover coincidences between different classes of symmetric
spaces for "small" values of n (cf. [8], p. 351-353) correspond to iden-
tities between the associated Eisenstein-series. Therefore Eisenstein-
series on the upper half-plane in C as well as Eisenstein-series for
GL(4;Z) (cf. [31]) come to light.

Finally the Fourier-expansions of Eisenstein-series are investigated.
Just as in the case of the Siegel half-space, one cannot expect explicit
formulas for arbitrary degree. But if the degree is sufficiently "small",
the explicit description of the Fourier-coefficients succeeds. As one
can expect from the upper half-plane (cf. [19], [20]), resp. the three-
dimensional hyperbolic space (cf. [6]), resp. from Eisenstein-series for
GL(n; Z) (cf. [31]), the Fourier-coefficients involve the modified Bessel
function and certain weighted divisor sums.

Although a great deal of work can be done along the lines of classical
patterns, one has to be cautious with the analogy. On several occasions
the cases F = R or F = H or even n = 1 have to be treated in a different
way. Thus an explicit description might be useful.

The author would like to express his gratitude to Professor Dr. M.
Koecher for his encouragement and helpful advice, as well as to Pro-
fessor Dr. J. Elstrodt and Professor S. Raghavan for their suggestions.

1. Real, complex, and quaternionic half-space. Considering the sym-
metric matrix

( 0 / \ ,n\

i o) I = I '
we define

MSp(w F) := {M e Mat{2n\F) Ή'QM = Q}

and call MSp(π F) the modified symplectic group of degree n over
F. Given M = (££) e MSp(n F) we always assume A,B,QD e
Mat(n; F). Clearly M e MSp(n; F) is equivalent to Ή' e MSp(«; F) as
well as to

(1.1) AB' + BA' = CD* + DC1 = 0,

In this case one has

(1.2) M-1 =
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The definition contains one trivial case, namely

(1.3) MSp(l;R)=

Again in the general situation we want to describe special elements.
Therefore we need the real vector space

Alψi F) := {X e Mat( ι F); JT* = -X}

of all skew-Hermitian matrices, which has the dimension \rn{n + \ ) -
n. Then the matrices

= ( / ί ) (o /)•
Q L ) , C/eGL(/ι;F),

belong to MSp(π F) in view of (1.1).
Moreover consider the subgroup

MSp(n; F)oo := <M = (^ B J € MSp(n; F); C = 0 I.

Then (1.1) immediately yields

t/eGL(/ι;F),5eAlt(n;F)|.

Given 0 < j < nv/e define the usual embedding

MSp(;;F) x MSp(« - ; F) -^ MSp(n;F), (Mh M2) ^Mxx M2,

/Ax 0 ^

(I 6) (Aι BΛx (Λl BΛ •= I ° ^2 °
^ * ; IC, flij \C2 D2J' I d 0 A 0

^ 0 C2 0 Z)2

(cf. [16], p. 44). If M = ( £ J ) e MSp(w F) with rank C = , one can
proceed as in the classical situation (cf. [4], 3.12, [16], II. 1.4) in order
to obtain K,Le MSp(n; F)^ such that

(1.7) M = K(QVJ) x I)L,

where j = 0,n can be interpreted unmistakably.
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LEMMA 1.1. (a) The group MSp(n F) is generated by the matrices

Q{2)χI' ( o / ) '

,, UeGL(n F).'Jf 0
u-

(b) Let F = R, n odd, or F = C,H, n > 1. Then MSp(n F) is also
generated by the matrices (1.4).

Proof, (a) Apply (1.7).
(b) If F = C, H, compute

where S = {% J) e Alt(n F), U = {% J) € GL(n F). If F = R, n = 1
use (1.3). In the case F = R, n = 2m + 1, m > 1, compute

* Vvo / A / oJJ Vo c/-1

where 5 = (J°) G Alt(n R), (7 = (JJ) G GL(Λ R), / =

The case F = R has to be treated in a different way. Note that
Sp(ft R) c SL(2rc;R), whereas (1.5) and (1.7) yield the surprising for-
mula

(1.8) detM = (-l)Λ j = rankC

whenever M = (£ J ) G MSp(n R). Thus MSp(π R) n SL(2n;R) be-
comes a normal subgroup of MSp(w R) of index 2. If « is even, this
subgroup is generated by the matrices (1.4).

Combining (0.2) and (0.3) with SiegeΓs procedure [30], it becomes
obvious how the attached half-space has to be defined. Consider the
real vector space

Sym(/*;F) := {X e Mat(n;F);Λ? = X}

of the dimension n + \rn{n - 1) as well as the open subset Pos(w F)
consisting of all positive definite matrices in Sym(/i;F). Then set

(/i;F)=Alt(/i;F) + Pos(/i;F)

We always assume that each Z G / ( « ; F ) is given in the form

Z = X+X JTeAlψi F), 7 G P O S ( « ; F ) .
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DEFINITION. J^(n F) is called the real, complex, resp. quaternionic
half-space of degree n, whenever F = R, C, resp. H.

The definition especially yields

r( l R) = R+ = {y € R y > 0},

H) = I z = £ ZJeJ ZJ e R. * i > 0 1.

Note that in the cases F = R, H there is a decisive difference between
«;F) and the half-space H(n F) denned in [16], p. 46. But there

are also close relations, namely

(1.9) H(n C) = i-β?{n;C) = Sym(n C) + ιPos(«;C).

Given a = £ y = 1 aft} € H define

a = ( axex + a2e2 a3e, + a4e2\ eMat(2;C)

and A = (ώw) € Mat(2n;C) for A = (αw) e Mat(π H) (cf. [16],
p. 14,15, 46). Then (1.9) leads to

(1.10) iZ = ίX + if G H(2n;C), whenever Z = X+Ye JT{n;H).

Note that / and e2 may be identified for F = C. Furthermore (0.2)
implies

(1.11) ('0

7 °^{M;MeMSp(n;H)}^ ty cSp(2n;C),

where / = I^2n\ Moreover we have the obvious relations

(1.12)

MSp(n R) c MSp(n C) c MSp(n H).

We need the abbreviation A[B] := B AB, whenever A is an n x n
and B an n x m matrix, as well as |detΛ| := Idet^l1/2, whenever
A e Mat(n H) (cf. [16], p. 15,1.3.4,1.3.5).

PROPOSITION 1.2. The half-space X(«; F) is an open convex subset of
Mat(«; F), which is contained in GL(n; F). Given Z = X+Y e Jf{n\ F),
one has

|detZ|2 = det Y • det(Y + Y~ι[X]).
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Proof,

I detZ|2 = I detZ| | det z ' | = det Y | det(X + Γ)| | detί-Γ" 1 JΓ + 7)|

The remaining parts are obvious. D

Next we consider the action of the modified symplectic group on
the attached half-space.

THEOREM 1.3. Let L,M = (£ J) e MSp(n F) and Z = X + Y e
\Έ). Then the following hold:

(a) M{Z} :=CZ + De GL(n; F).

(c) yM = Y[M{zyιι γ-1 = Y-'ϊx'd + D1] + Y[c'ι
(d) (LM){Z} = L{M(Z)} M{Z}.

The group MSp(«; F) acts transitively on J?(n; F). Two transformations
Z hβ Λί (Z) β«rf Z H-> L(Z) coincide if and only if

L = pM, where p e centerF, \p\ = 1.

Proof, (a) Apply (1.5), (1.7) and Proposition 1.2.
(b), (c) According to (a) we obtain XM e Alt(Λ F), YM G Sym(«;F)

satisfying M(Z) = XM + YM € Mat(n F). Thus we gain

2YM = M(Z) + M(zf = 2Y[(M{Z})-1]

in view of (1.1). Hence YM £ Pos(π F) follows. The remaining parts
can be derived by easy calculations. D

Clearly the definition yields

(1.13) Ze;T(/f;F)=>Z /e;r(/!;F).

In the cases F = C, n > 2, and F = H, n = 2, additionally

;¥)^Zf e^(n F)

holds. Now we are going to describe the combination of (1.13) with
the action of MSp(>z;F) on ̂ (/i F). Given M = (£ J ) e MSp(«;F)
one easily verifies
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Then a calculation using (1.1) and Theorem 1.3 implies

PROPOSITION 1.4. Given Z,W e β?{n\Έ) and M e MSp(^ F), one
has

(a) M(Zf) = M(Z).

(b) M(Z) + M(Wy = M{Wy {Z+W){M{Z})-\
•/-I

(c) M{Z) - M(W) = M{W'} (Z - W){M{Z})~1

= M{2'}~ (Z - W){M{W})-\

Following C. L. Siegel [30] we obtain a bijection between the half-
space and the set of positive definite modified symplectic matrices.
Put

&>{n\ F) := MSp(tf; F) n Pos(2«; F).

THEOREM 1.5. The map

is bijective and satisfies

for all M e MSp(n; F) and Z e MT{n\ F).

Proof. κ(Z) e ^(n F) follows from (1.1). The surjectivity of K is
obtained by the method of completing squares (cf. [16], 1.3.2). Since
K is obviously injective, the first part is proved.

In order to demonstrate (*) we may confine ourselves to F = H and
to the generators (1.4) of MSp(n H). An explicit calculation using
Theorem 1.3 completes the proof. D

There also exists a bounded domain, which is birationally equivalent
to the half-space. Consider the generalized unit disc

2f{n\Έ) := {W e Maψi F);/ - Ψw e POS(H F ) } .

The generalized Cayley transformation yields that the maps

[jί\F) -> 3f(n\F), Z^+{Z- I)(Z +1)'1,

;F)-+βr(n;F), W ̂  (W + I)(-W + I)~l,

are bijective and inverse to each other.
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As a consequence one obtains a good description of the stabilizer

Stab(Z) := {M e MSp(«; F) M(Z) = Z}, Ze &{n\ F).

We need the unitary group

W{n\Y) := {U e Mat(n;F);UfU = ϋV = I}.

Then an explicit calculation yields

PROPOSITION 1.6.

Stab(/) = MSp(«; F) n &(2n; F)

' + BA' = 0,AAf + BBf =} ,A,B

-ί ί ) (o ? ) ( ί "ί
REMARK 1.7. Consider the three-dimensional hyperbolic space

investigated in [6]. Clearly %? becomes a real submanifold of

e3'jr(l;H) = I z ̂ ^zjefizj E R, z3 > 0 1.

In view of (0.3) one easily verifies that the group

! - ( £ »)MSp(l;H,(? 0)"'

contains SL(2; C) as a subgroup. Now one can show that

{M e Σ; M(&) =^} = SL(2; C) U (e3l) - SL(2; C).

The right-hand side proves to be a group by virtue of (e$I) M
(e*/)"1 = M for M G Mat(2;C). Moreover, note that z =

+ Z3^3 ^ ̂  implies

2. The half-space as a symmetric space. One can proceed in the
same way, as C. L. Siegel [29] did in the classical situation, in order
to turn the half-space into a symmetric space.
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Given Z, W e Mat(n F), Z = (zw), zkl = £ ^ = 1 z$ej, z$ e R,
set τ(Z, fF) := ^trace(ZTF' + WZ') and let dZ denote the matrix of
differentials

Now consider the quadratic differential form

whenever Z = X + Y e ;r(/i;F). The case F = C of the following
assertion is due to H. Braun [3].

LEMMA 2.1. The quadratic differential form ds2 is positive definite
in &{rt\ F) and invariant under the maps Z *-+ M(Z), M e MSρ(n; F),
as well as Z ^ z'.

Proof. τ(A,B) = τ(Af, β') yields the invariance under Z ι-̂  z'. Let
M e MSp(/i;F), Z e -T(/ι;F) and set Z{ = M(Z). Then (1.1) and
Proposition 1.4 lead to

dZi =M(Z'}~ dZ{M{Z})-\

Next Y{ = (A/{Z»r-1Λ/{Z} = {M{Z})Y-ιM{Z} follows from
Theorem 1.3 and Proposition 1.4. Finally, the use of [16], IV. 1.1,
yields

τ{Y-χdZx Y~\ dZx) = τ{Y~ιdZY~\ dZ).

ds2 is obviously positive definite in the point Z = I. Since MSp(n; F)
acts transitively, the assertion follows. D

In Helgason's notation [8] we obtain

THEOREM 2.2. ^(n F) endowed with the metric ds2 is a Riemann-
ian globally symmetric space of the noncompact type, which is irre-
ducible except for the cases F = R, n = 1,2.

Proof. The map Z \-+ Q{Z) = Z~ι becomes an involutive isometry,
which possesses / as an isolated fixed point.

With the aid of Proposition 1.6 we determine the associated Lie
algebras, namely

Lie MSp(tf F) = {M e Mat(2n;F);M/Q + QM = 0}

Lie Stab(/) = Lie MSp(n F) n Alt(2n;F).
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Now one easily checks

-1 < _ / - .^ ifF = R >

ifF = C,

' Ou saW 7 /y'./ w w i f F = R

- / // \ - / // lu(/i)xu(/i) ifF = C,
(cf. [8], p. 341). In the case F = H a similar map yields an isomor-
phism between Lie MSp(n H) and sp(n, n) as well as between Lie
Stab(/) and sp(n) xsp(n). Now the assertion follows from Helgason's
classification (cf. [8], IX,§4). D

REMARK 2.3. (a) β?{n\ F) corresponds to BDI for F = R, to AIΠ for
F = C and to CII for F = H in Helgason's classification (cf. [8], p. 354),
where in every case p = q = n. Note that the spaces β?(n;R), nφl,
and r ( i H), n > 1, fail to be Hermitian (cf. [8], p. 354).

(b) In view of [8], p. 353, (x), the space ^Γ(2;R) is isomorphic to
the direct product of two copies of the upper half-plane β^ = {z =
x + iy € C\y > 0} in C. Each Z e ^F(2;R) is uniquely representable
as

i y + x )

Now define the map

χ2: ^(2;R) -»^r x ^ , Z H-» (X + zVdet Y, —{-y + zVdet Y)).

Clearly χ2 becomes a bijection. If χι{Z) = (z, w) and ί7 G GL(2;R)
one easily verifies

)) if det U> 0,

(det U • z, U-ι{w)) i fdetί/<0,
( u , z u ) = ί (det U • z, U~ι(w

I (det U • z, U-ι{w

χ2((Q x 7)(Z)) = (w, z), where Q = Q™, I =

(c) In view of [8], p. 352, (iv), the space ^(3;R) is isomorphic
to the space SPos(4;R) = Pos(4;R) n SL(4;R) (cf. [32]). Given x =
(xι, x2, x^y e R3 we define

/ 0 -x3 x2 \
=l χ3 0 -xι) €Alt(3;R),

V-jc2 x\ 0 /
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which comes from the vector product (cf. [15], p. 205). Now set

Given s e R3, U e GL(3;R) one easily verifies

χ3(U'ZU) = χ3{Z)[U ], where C/* = | det UΓ1'2 ( U

Q

Now we are going to describe the associated invariant volume el-
ement and the Laplace-Beltrami-operator, which was determined by
H. Maaβ [21] in the case of the Siegel half-space. Therefore define the
vector

di = (dz{\\..., dz{\\ dz{ιl..., dz{rl dzfl,.... dz§y

of the length m2. Given Y e POS(H F) there exists Sγ € Pos(rn2;R)
satisfying

(2.1) ds2 = τ{Y-χdZY-\dZ)=Sγ[dι]

in view of Lemma 2.1.

PROPOSITION 2.4. The volume element

k=ϊ1=1j=l

of^(n F) is invariant under the modifiedsymplectic transformations
Z ι-> M(Z), M e MSp(n F), as well asZv-*1?.

Proof. Define d := detSy; then do = d1/2 Ukjj dz<id h a s t h e d e "
sired invariance property due to Lemma 2.1. One calculates d =
(detr)-2"1. •

We compute the effect of differential operators on determinants.
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PROPOSITION 2.5. Let Y e POS(Λ F), Y~ι = (ykι) and s e C. Given
1 <k,l <n, 1 < j <r, one has

kl

Proof. Due to the method of completing squares (cf. [16], 1.3.2), we
may confine ourselves to the case n = 2. Then an explicit calculation
completes the proof. D

In order to get an explicit description of the Laplace-Beltrami-opera-
tor, let d/dZ denote the matrix differential operator

\<k,l<n

THEOREM 2.6. The Laplace-Beltrami-operator Δ is invariant under
the maps Z H-* M{Z), M e MSp(π; F), as well as Z \->"z! and is given
by

Proof. The invariance follows from Lemma 2.1 and [8], X.2.1. Us-
ing (2.1) an elementary but lengthy calculation yields (SV)"1 = Sγ-ι.
Then the definition of Δ leads to

Δ = £ (det YY
\<j,k,l,m<n

l

Now one can use Proposition 2.5 and another lengthy calculation
shows that Δ has the form given above. D

Theorem 2.6 combined with Proposition 2.5 yields

COROLLARY 2.7. Let Z e J^{n;F), M e MSp(n F) ands e C. Then
one has

Δ(det YM)S = ns(s+l- \r{n + lΛ (det YM)\

REMARK 2.8. One can proceed in the same way as C. L. Siegel [29],
resp. H. Klingen [12], in order to derive normal forms for pairs of
points under modified symplectic transformations. As a result one
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obtains that the geodesies in β?(n\Έ) are given by the images of the
curves

/euPι 0

Z(κ) =
Vo

under the transformations Z »-> M(Z), M e MSp(π F). Here
Pι,...,Pn satisfy 0 < p\ < < pn as well as Σ 2 = 1 pi = 1 and u
runs through the interval [0, p]9 where /> denotes the geodesic distance
of the points. On the other hand the geodesies in J?(n;F) coincide
with the solutions of the differential equation

Z = ZYιZ.

Thus in the relations

r ( i R) C r ( n C) C &{n;ll)

every half-space becomes a totally geodesic submanifold of the follow-
ing one.

3. The modified modular group. We proceed in the same way as in
[16]. Thus we obtain integral elements by the choice of a special order
(9 = ^(F), namely

^(R) = Z, <?(Q = Zex = Ze2, d?(H) = Zeo + Ze{+Ze2 + Ze3,

where e^ = j{e\ + e2 + e$ + e$). Here < (̂C) of course denotes the
Gaussian integers and ^(H) the quaternions of Hurwitz (cf. [9] or [5],
§91). Then the set of integral modified symplectic matrices

T{n\0) := MSp(n F)

becomes a subgroup of MSp(«;F)? which acts discontinuously on the
half-space

DEFINITION. T{n\&) is called the modified modular group of degree
n.

Clearly, we include the trivial case

(3.1) Γ(l;Z) = {±/,±β}

in view of (1.3). In the case F = C (0.2) implies that

e-jl 0 \ τ*( Λ τ~ i rwΛ \ I e?I 0 \
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equals the Hermitian modular group with respect to the Gaussian
number field (cf. [3]).

Let Alt(n;^) denote the lattice of all integral skew-Hermitian n x n
matrices. GL(n\<9) stands for the group of units in the ring Mat(n; (9).
Thus (1.5) yields

(3.3) Γ(n;^)oo:

Set N(a) := aa e R for a e F. Hence one easily verifies the property:

(3.4) Given a e Alt(l; F) then g e Alt(l;^) exists such that

N(a-g)< 1.

Hence the Euclidean algorithm is valid in (9 as well as in
Thus we can derive a result of L. Kronecker [18]—often cited as Witt's
Theorem [33]—on the generators of the modified modular group. The
proofs in [16], IL2.2 and Π.2.3, can be adapted by the use of (1.1) and
(3.4) in order to obtain

THEOREM 3.1. The modified modular group Γ(/ι; (9) is generated by
the matrices

Q{2)xl (JQ S}, SeAlt(n;d?), (jf ^ _ ^ , UeGL{n;S).

The same arguments that were applied in the proof of Lemma 1.1b
yield that T(n\ff) can also be generated by the matrices

(J * ) ' 'S'eAltί/i n (Jf ^^

except for the case (9 = Z, n even.
Combining this with (1.8) it becomes clear that the group Δ* con-

sidered by H. Maaβ in [23] equals Γ(Λ Z), whenever n is odd, and
Γ(Λ Z) Π SL(2Λ;Z), whenever n is even.

Now we are going to determine a suitable fundamental domain.
Therefore let ^{n\&) denote the fundamental parallelotope of the lat-
tice Alt(π;^) in Alt(n F), which consists of the matrices X = (xki) €
Alt(/i;F) such that

u)ej> ~ 2 x u ] r ι ^ k ι ^ n > x ^ j ^ r >
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where x$ > 0 in the case F = H. Moreover, M{n\Έ) stands for the
set of reduced matrices in Pos(n F) (cf. [16], p. 29). Now let ̂ {n tf)
consist of all matrices Z = X +Y e β?{n;Έ), which satisfy

(ϊ)XeW(n;^),
(ii) Ye^(n F),

(iii) \άt\M{Z}\ > 1, i.e. d e t l ^ < detr, for all M € Γ(n;<?).
Clearly, one has

(3.5)

(3.6) i&~(n;Ze{ + Ze2) =

where &(n; C) denotes the fundamental domain in [3] resp. [16], p. 58.
At first we derive some properties of the domain

PROPOSITION 3.2. There exists a constant p = p(n;F) such that
Y>ρl holds for allZ = X+Ye

Proof. 1 < |det«2 ( 2 ) x I){Z}\2 = N(zn) = y2

n + N(xn) holds
in view of (iii). The definition of ^{n tf) yields N{x\{) < | , hence
y\\>\ Now [16], 1.4.7 and 1.5.1, combined with (ii) imply Y > \βl,
where β only depends on n. D

Let do again denote the invariant volume element (cf. Proposition
2.4). One can apply nearly the same arguments, which were used for
the proof of [16], II.3.2, Π.3.9, in order to obtain

LEMMA 3.3. (a) λl € y ( n ίf) for all λ>l.

(b) Given Z = X+Ye&{n;@), then Zλ := X+λY G?{n;@) holds
forλ> 1.

(c) SF{n\@) is arcwise connected.
(d) vol(y(n;^)) := /^^.^ do <oo except for n=l,& = Z.

Hence the domain &{n\@) fails to be compact. Given a > 0 the
subset f (n;F)[α] of Pos(n F) consists of the matrices

h 0

.0 dn

1

-0 1

where 0<dj < adj+i for 1 < j < n and N(bω) <a2 for I <k< I <n
(cf. [16], p. 33). Then we define the Siegel set

[a] := {Z € βr(n;¥);N(xkl) <a2,Ye &(n;F)[a], 1 < ayn},
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confer [7], p. 90, in the case of the Siegel half-space. Recall the defi-
nition of K from Theorem 1.5 and consider the matrices

Vo = ί .. 1 e GL(n;d?) and Wo = (ζ* °\ e GL(2n;&).
VI 07

LEMMA 3.4. (a) There exists a = α(/i;F) > 0 such that

(b) Given a compact subset & in JT(n; F), there exists β = β(&) > 0
satisfying

WcS>{n;V)[β].

(c) G/ve/i γ > 0 owe cαw ymd J > 0 5 wcΛ

(d) Let γ > 0, ίAen ίAere are only finitely many M G Γ(n f̂) satisfy-
ing

Proof, (a) and (b) The proof is settled in analogy with [16], II. 3.6,
where Proposition 3.2 is applied.

(c) Proceed in the same way as in [16], II.3.7.
(d) The assertion follows from part (c) combined with [16], 1.4.10. D

We take the definition of a fundamental domain from [16], p. 6.

THEOREM 3.5. ^{n\&) is a fundamental domain of&{n\V) with
respect to the action ofT(n\&) except for F = H, n = 1. The do-
main SF{n\&) is arcwise connected and closed in Mat(n F). Moreover

< oo holds except for F = R, n = 1.

Proof. Given Z € βf{n\Έ) we can show in the same way as in [16],
II.3.3, that there exists M e Γ{n;&) satisfying

det Yκ < det YM for all K e Γ(/i; <?).

We may replace M by KM, where K e Γ(n;t?)oo, in order to map Z
into 9~{n\&) by a modified modular transformation.

In view of the definition ^{n\@) is relatively closed in ^(/i F).
Now ί?(n\&) proves to be closed in Mat(π; F) according to Proposition
3.2. By virtue of

M
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where M runs through T(n\ ff), clearly 5?{n\&) contains interior points.
Let M e T{n\<9) and Z e ^(n;0) such that Z and W := M(Z) are

interior points of &{n\0). We obtain (M{Z})~1 = Λ / " 1 ^ } from
Theorem 1.3. Thus \άt\M{Z}\ = \dctM'ι{W}\ = 1 follows. Since
Z and W are interior points, we conclude C = 0. Then (3.3) implies

for appropriate U e GL(n;(?) and *S e Alt(τr,^). Since 7 is an interior
point of $P(Λ;F), whenever Z = Γ̂ + Γ, we conclude £/ = ε/, where
e is a unit in & and belongs to the center of F, if n > 1. Finally we
obtain S = 0, because X lies in the open kernel of &(n;#).

The remaining assertions follow from Lemma 3.3 and 3.4. D

In the case F = H, n = 1 we observe that the matrices M =
where ε e & = {g e #;N(g) = 1}, induce the identity map on
Pos(l H) = R+. Using [16], 1.1.3, and the considerations above, we
obtain a fundamental domain ^* of •Γ(l H) with respect to the ac-
tion of Γ(\\0)9 where

>X3> 0,x2 > 1*41

But we can simplify the condition (iii) and gain

COROLLARY 3.6. A fundamental domain of^{\;H) with respect to
the action ofΓ(l;t?) is given by

^5> ^2 > ^3 > 0,z2 > \z4\,N(z) > 1 1.

Moreover, besides the obvious cases n = 1, F = R, C (cf. (3.5), (3.6))
the domain 9"(2\ Z) can be described easily.

EXAMPLE 3.7. The fundamental domain ^(2;Z) consists of the
matrices

>y-χ yi

where

l<χ<l,
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REMARK 3.8. Let us replace Γ(/i;Z) by Γ*(n;Z) := Γ(/i;Z) Π
SL(2n;Z). In the corresponding fundamental domain ^*(n;Z) the
condition (iii) is only valid for M e Γ*(w;Z). However ^(n Z) pos-
sesses more than one cusp. As an example observe that

• - * yi

0<2j/ <yx < y2,-\ <x< \,
detZ> 1

In general the diagonal matrix [ j , λ,..., λ] belongs to ^Γ*(n; Z), when-
ever A > 1.

In this special case we can compute the volume of the fundamental
domain explicitly.

PROPOSITION 3.9. vol(^(2;Z)) = π2/9.

Proof. In view of Example 3.7 and Remark 3.8 one has

where

y-χ

Remark 2.3 yields

χ2{β) = 9- x ^ , ^ = {x + iy € C; j; > 0, |JC| < \, \z\ > 1}.

Change of variables leads to

4. Eisenstein-series. We are going to define non-analytic Eisenstein-
series in analogy with the classical case, cf. [19], [20]. Special attention
is devoted to the behavior of convergence, which is investigated after
the model of Eisenstein-series on the Siegel half-space.
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DEFINITION. Given ε > 0 the set

2^(n; F):={Z = X+Y e &{n\ F); Y > εl, ε~2I > Ύ' X)

is called a vertical strip of height ε.

Using (1.9), (1.10), (1.12) as well as the definition of a vertical strip
%{n\F) in H(n F) (cf. [16], p. 148), we obtain

(4.1) 2 ^ ( Λ ; R ) C

(4.2) ι̂ (

(4.3) {/Z Z G 3 ^ ( Λ ; H ) } C %(2/I;C).

PROPOSITION 4.1. Gzwn ε > 0 ίΛ r̂β exwtt c = c(n;ε) > 0 ̂ wc/z

|detM{Z}|>c|detAT{/} |

holds for all Z e V&ί{n;F) and M e MSp(n F).

Proof. In view of (4.1) and (1.12) we may restrict to the case F = H.
Now apply (4.3), (1.11) and [16], V.2.5. D

Analogous arguments using [16], V.2.7, and Theorem 1.3 yield

PROPOSITION 4.2. Given a compact subset & in 3Γ(n;F) there exists
a constant c = c{&) such that allZ = X+XW=U+Ve& and
M eMSp{n;F) satisfy

det YM < c - det VM.

We use the abbreviations

Γπ:=Γ(/i;^) and Γ̂ ° := Γ ^ ^ U

LEMMA 4.3. Let ε e R, ε > 0 and k e R, k > r(n + 1) - 2. Then the
series

MI τ?\τn

converges uniformly for Z e

Proof. In view of (3.3) the definition does not depend on the choice
of the representatives. Hence let 31 denote a fixed set of representa-
tives. According to Proposition 4.1 the series is uniformly majorized
by

|detΛ/{/}Γ*.
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Observe that |det Af{/}|~2 = det 7, whenever M(I) = X + Y. Let
do denote the invariant volume element quoted in Proposition 2.4.
Moreover set

W = {Z = X+Ye &-{n\ ff)\ det Y < c}

for sufficiently large c > 1. Then Ψ becomes a compact subset with
positive volume. Hence the series is majorized by

f
in view of Proposition 4.2. Let / denote the number of neighbors of

;ffi) and set ίί = \JM€aM(&). τ h u s w e obtain

Gk<l ί (det Y)k'2 do.

Now ^ is contained in a fundamental domain oΐ^(n F) with respect
to the action of Γ(n;^)oo. Every Z = X +Y e%? satisfies det Y < c
in virtue of ^ c SF(n',#). According to (3.3) it suffices to check the
convergence of the integral

det Y<c

In view of do = 2 r r t^-1)/2(det Y)~m dXdY it suffices to estimate the
integral

/ (det Y)k/2~™ dY
JY"e#(/!;F), det Y<c

According to [16], 1.5.10, this integral exists, whenever k > r{n + 1) -

2. D

Thus we can easily derive

THEOREM 4.4. The series

Eξ(Z,s):=

converges absolutely and uniformly, whenever Z belongs to a compact
subset of^(n F) and s e C satisfies Re( s) > k, k > \r(n + 1) - 1.
Given Z e βf{n\Έ) the function

is e C Re(s) > ir(/i + 1) - 1 j -> C s ^ Eξ(Z,s),
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becomes holomorphic. Let s e C, Re(s) > \r{n+\) - 1, be fixed Then

(4.4) Eξ(M(Z), s) = Eξ(Zf, s) = Eξ(Z, s)

holds for all Z e &{n\Έ) and M e T{n\&). Given ε > 0 there exists
c> 0 such that

(4.5) \Eξ(Z,s)\ <c

holds for all Z e &(n; F) satisfying Y > εl.

Proof. The definition does not depend on the choice of the repre-
sentatives in view of (3.3). Using det YM = (det Y) | detM{Z} |" 2 the
properties of convergence follow from the previous lemma.

The uniform convergence implies that the function s ι-* E^(Z, s) be-
comes holomorphic. If K then also KM, where M e T{n\0)9 resp. K
(cf. Proposition 1.4), run through sets of representatives of Γ£°\ΓV
Hence (4.4) follows by a rearrangement. In order to prove (4.5), we
may assume Z e ^ ( « ; F ) in virtue of E*{Z + S,s) = Eξ(Z,s) for
S e Alt(n;t?). Then Lemma 4.3 completes the proof. D

DEFINITION. E*(Z,S) is called Eisensteinseries in Z and s.

In virtue of (3.1) the case F = R, n = 1 becomes trivial, namely

(4.6) E?(y,s) = ys + y~s, whenever y e / ( l ; R ) = R+.

Consider the classical non-analytic Eisenstein-series

(4.7) E{z,s) = \

where 5 e C, Re(j) > 1, z = x + iy e C y > 0 (cf. [19], [20]). Then
(3.2) and [16], Π.2.6, imply

(4.8) Ef(z,s) = E(iz,s), ze^(l C).

Consider the Laplace-Beltrami-operator Δ in Theorem 2.6. Corol-
lary 2.7 immediately leads to

COROLLARY 4.5. The Eisenstein-series is an eigenfunction of the
Laplace-Beltrami-operator. More precisely, ifs e C, Re(s) > jr(n + 1)
- 1, then

AEξ{Z,s) = ns(s - \r{n + 1) + l)E*(Z,s).
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According to the classical procedure by H. Braun [2], we can show
that the abscissa of absolute convergence is given by Re(5 ) =
\r(n + 1) - 1 except for the trivial case (4.6), of course. Therefore
some preliminaries are necessary.

A matrix G e Mat(«, m;^), where m > n (resp. n > m), is called
primitive if there exists U e GL(m\&) such that U = (^) (resp. U e

;&) such that U = (G, *)). Clearly if m > n

(4.9) G is primitive if and only if H e Mat(ra, n\@) exists
such that GH = /.

In the cases (9 = Z, Z^i + "Le^ the matrix G proves to be primitive if
and only if the fl-rowed subdeterminants of G are coprime.

Given Af = (£ J ) e MSp(rt F) then (CD) is called the second row
ofM.

PROPOSITION 4.6. The second rows of the matrices in T{n\&) coin-
cide with the primitive pairs (CD) e MaX(n,2n;<f) satisfying CD* +
DCf = 0.

Proof. If M belongs to Γ(n;&), apply (1.1) and use T{n\&) c
GL(2n\@). Conversely, let such a pair (CD) be given. According
to (4.9) F,Ge Mat(/ι;<?) exist such that CF + DG = I. Now set

M=(A BY A^TJ-T'GC B:=7'-FfGD

and verify M e T(n\@). D

Next we consider Γ(1;^(H)) and compute the number of rf's, when-
ever an odd c is given.

PROPOSITION 4.7. Let c e <?(H) such that N(c) is odd and set I :=
max{m G N ^ C G <?}. Then there exist I N(c) cosets d + cAlt(l;<f)
such that cd + dc = 0.

Proof. We can replace c by εc, ε € ί? = {g E ff\ N(g) = 1}, and may
assume c = Σ ; = 1 c7ey, Cj e Z. Thus / = g.c.d.(ci, C2, c$, c$) holds. Let
q = JV(c), then there are exactly lq3 tuples (d\, d2, d3> d4)' in Z 4 mod^
such that

C\d\ + c2^2 + ̂ 3^3 + Q^4 = 0 πiodq

holds. Hence there are lq3 cosets aί, + ήr^ such that 2Rc(djC) =
0 mod#. Observe that each coset c<9 decomposes into q2 cosets d+qt?
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(cf. [17]). After renumbering we therefore may assume that

lq lQ3

7=1 7=1

Since q is odd, we can choose the representatives such that Re(rf/£) = 0
holds for 1 < j <lq. Hence dj + cAlt(l;^), 1 < j < lq, are the cosets
with the desired property. D

Next it is necessary to compute an integral. The same arguments,
which were used by H. Braun in [2], [3] resp. in [16], V.1.2, yield

LEMMA 4.8. In the case F = R / e / o U e C , Re(s) > n - 3/2. //
F = C,H, let n > 1, s e C, Re(j) > Γ Λ - 1 . Given Z = X+Ye JT(n;F)
the integral

fb(Z):= / \dct(Z+T)\-sdT
JAlt(n F)

exists and satisfies

(4.10) ηs(Z) =

where

A ^ ^ + 1 - rj))
_ -

Note that in the case F = R, i.e. r = 1, several factors on the right-
hand side can be reduced such that the reduced product even exists
for Re(s) > n - 3/2. Here Γ(s) denotes the gamma-function, since
confusion with the modular group is not possible.

The existence of the integral implies the convergence of a series.

COROLLARY 4.9. Let k e R and k > n - 3/2, n > 1 for F = R

resp. k > rn - \, n > I for F = C, H. Given ε > 0 there exists c > 0
such that

c-kηk{Z) < ]Γ I det(Z + T)\~k < ckηk(Z)

holds for allZ = X+Ye JT(n; F) satisfying Y > el.

Proof. The assertion follows from an estimation between
|det(Z+Γ)|-*and

Jvini
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This estimation can be derived by (1.10), (1.11), (1.12) and [16],
V.1.4. D

Now we follow H. Braun [2] in order to determine the abscissa
of convergence of the Eisenstein-series. Hereby the result on real
Eisenstein-series quoted by H. Maaβ [23] can even be strengthened.

THEOREM 4.10. Letn>lforF = R and n > 1 for F = C, H. Then
the Eisenstein-series Eξ(Z,s) does not converge absolutely, whenever

Proof. According to Proposition 4.2 it suffices to show that the series

Eξ(I,k)= Σ |detM{/}Γ2/c, fc = Jr(/i+1)-1,
M:Γ?\ΓH

diverges. Therefore we take second rows (C,D) of matrices M e
T(n\&) such that the cosets Γ^M{[Sj)9S e Mt(n;#)9 are mutually
disjoint. In view of

E*(I,k)> Σ \detM{I}\-2k

"(ίί)
= ]Γ \detC\-2k\det{I + C~ιD + S)\~2k

C,D,S

and Corollary 4.9 it suffices to estimate

CD

In the case F = R, n > 2 choose

o \ n_(dJ -dJG'\ τ _ ( 0 \\
I)' D~\0 0 .I' ^ - U l O)'G

where c G N, d, 1 < d < c, is relatively prime to c and G runs through
a set of representatives of Mat(w - 2,2;Z)/cMat(w - 2,2;Z), which
consists of c2n~4 elements. (C, D) has the desired property. If φ
denotes Euler's ^-function, we obtain k = \[n - 1) and

c4 c=\

But this series diverges.
In the case F = C apply [3], Theorem II.
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In the case F = H let c run through a system of representatives of

where % = {g e &\ N(g) = 1} and p runs through all odd primes. For
every prime p we have p +1 possibilities for c according to [9]. Given
c choose d\,...,dp according to Proposition 4.7 and assume dp = 0.
Hence we may suppose p \ N{dj) for \ < j < p. Set x = (C2,..., cn)

f

and let each Cj run through a set of representatives of @j@c, which
consists of N(c)2 = p 2 elements (cf. [17]). Now set

and observe that (CD) has the desired property. Now we obtain
k = In + 1 and

p>2 prime

This series diverges.

Just as in the case of Siegel modular forms we can define a modified
^-operator. Given a function / : ^(«;F) -> C and s e C, we set

if this limit exists. f\sφ has to be regarded as a constant, if n = 1.
Then ^ is called the modified Siegel ^-operator.

Finally we show that the modified Siegel (^-operator can be applied
to Eisenstein-series just as in the classical case.

THEOREM 4.11. Given s e C, Re^) > \r[n + 1) - 1, then one has

s)\sφ = Eξ_ι(;s) for n>2,

Proof. According to Lemma 4.3 the limit may be distributed through
the infinite series. The case n = 1 becomes clear in view of

lim \M{λ}\-> = lim N(cλ + </)"' = { ^ ?

Let n > 2 and let Γ* denote the set of matrices M eΓn such that
the elements minj* 1 < j < 2n, vanish. Γ* proves to be a subgroup
and one easily verifies that the map



342 ALOYS KRIEG

becomes abijection. Let Zλ := ( Q °λ). Given M e Γ* then | det Af { Z J |
does not depend on λ. Hence we obtain

Given Λf e Γ(/ι;<?) such that Γ£°M Π Γ* = 0 one checks that
| = oc holds. D

The isomorphisms χ2 and χ^ in Remark 2.3 between symmetric
spaces correspond to identities between the associated Eisenstein-
series. Therefore the Eisenstein-series (4.7) and Eisenstein-series for
GL(4; Z), which were investigated by A. Terras [31], appear. Note that
the action of Γ(3; Z)oo corresponds to the action of the parabolic sub-
group P3 j of GL(4;Z) via #3. Consider the attached Eisenstein-series
of the second type in [31]

ESt0(Y):= Σ (detr[P]r,
P: Pr(4,3,Z)/GL(3;Z)

where Y e SPos(4; R) and Pr(4,3, Z) denotes the set of primitive 4 x 3
matrices over Z. Thus an explicit computation yields

LEMMA 4.12. (a) Given

y-χ yi

and s e C with Re(s) > \ one has

Ef{Z,s) = E(x + iVd&tYf2s)+E (—(-y + iVdetΫ),2s\ .

(b) Given Z e ^(3;R) and s eC with Re(s) > 1 one has

5. Fourier-expansion of Eisenstein-series. The Fourier-expansion of
non-analytic Eisenstein-series on the Siegel half-space was investigated
by H. Maaβ [22], §18. G. Shimura [27] dealt with the case F = C,
if we regard (0.2) and (1.9). Some of the following results on real
Eisenstein-series were already obtained by H. Maaβ [23].

Throughout this paragraph let s e C be fixed such that Re(s) >
^r(n + 1) - 1 holds. In order to describe the Fourier-development, we
have to determine the dual lattice. Therefore set

F = R,C,

Z(ex + e2) + Z{ex + e3) + Z(ex + e4)



EISENSTEIN-SERIES 343

(cf. [16], p. 12). Using the definition of τ in §2 we derive

A\tτ(n;&) := {T e Mt{n;F);τ(T,S) € Z for all S e Alt(/i;^)}

= {T = {hi) e Alt(/i;F); tkk e <f, 2tkl e @* for k φ /}.

Since the Eisenstein-series is invariant under the transformations
Z *-» Z + S, S e Alt(π;^), we obtain

Eξ{Z, s)= Σ c ( 7 ; T)e2πiχ(χ>τ\ Z = X+Ye Mr{n\ F).

The use of Eξ(Z[U],s) = E*(z',s) = J?J(Z,^) according to (4.4) as
well as the uniqueness of the Fourier-coefficients yield

c(Y[U]; T) = c{Y; T[ϋ'])f c(Y; T) = c(7; -Γ)

It is convenient to decompose the Eisenstein-series into n +1 partial
series. Given 0 < j < n we set

M: r
rankC=y

The definition leads to the obvious relations

(5.1) E
7=0

(5.2) J?ϊo(Z;5)

Set Pr(/i,m;^) := {G e Mat(n,m;(?);G primitive}. Following
H. Maaβ [22], §11, the same arguments yield

LEMMA 5.1. Given 0 < j < n let P run through a set of repre-
sentatives of¥r{n,j\@)/GL(j\@). Each P is completed to a matrix
U = (P,*) e GL{n\&) in exactly one way. Let M\ run through
the subset of representatives c?/Γ^°\Γ7, where |detCΊ| Φ 0. Then

(M\ x I)(u

0 Jίi) runs through the subset of representatives o/Γ^°\ΓΛ,
where rank C = j .

Thus we easily compute

COROLLARY 5.2. Given 0 < j < n one has

(det r)'(det Y[P]ΓsEjj(Z[Pl s).
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Given S e Pos(w R),0 < j < n, and ω eC satisfying Re(ω) > \n,
we can define the Dirichlet-series

ζj(S,ω):= £ (detS[P]

A related series was investigated by M. Koecher [13]. ζχ(S, ω) proves
to be the quotient of the corresponding Epstein-zeta-function over
the Riemann-zeta-function 2£(2ω). In view of (5.1), (5.2), (4.6) and
Corollary 5.2 we gain

(5.3) Elx{Z)s) = {άt\Yγζι{X2s\

whenever n > 2.
In view of the corollary the problem is reduced to the investigation

of Eln(Z,s). Set F Q = Q^i + + Qer. The matrices in Mat(n;FQ)
are called rational.

LEMMA 5.3. Let M = (^ #) r u n through the subset of representatives
of Γ™\Γn, where rankC = n. Then each R e AH(H FQ) is represented
in the form R = C~ιD exactly once. Moreover

becomes well-defined and satisfies

for

If<f = Z, Ze\ +Z^2, then u(R) coincides with the absolute value of the
product of the denominators of the reduced elementary divisors of R.

Proof. Given R e AU(Λ FQ) choose U,V e GL{n\&) such that

URV = [qx,..., qn\ qj E F Q , qj+ι e 0qj$

according to [16], 1.2.3. Each qj possesses a representation qj =
c~ιdj, Cj Φ 0, Cj, dj G 0, where Cj and dj are relatively left-prime. De-
fine C o = [cι,...,cn], Do = [dι,...,dn], t h e n ( C o , D o ) b e c o m e s p r i m -
itive (cf. [16], 1.1.11). Hence (CD) := (C0U,D0V-1) proves to be
primitive and satisfies rank C = n as well as

Now {CD) turns out to be the second row of a matrix in T(n\&)
according to Proposition 4.6. If (9 = Z, Ze\ + Z^2 ? moreover | det C\
equals the absolute value of the product of the denominators of the
reduced elementary divisors of R.
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Clearly, the representation R = C~ιD and |detC| do not depend
on the choice of the representative in the coset Γ£°Λf in view of (3.3).
Now suppose that M = (£%) and Mi = (£| J|) belong to Γ(/i; <?) and
fulfill rankC = rankQ = n as well as C"1/) = C f ^ i = i?. Then
R* = -/? yields CZ)Ί + ZiC^ = 0. Hence (1.2) implies MΛ/f1 € Γ£°,
i.e. T™M = Γ~Mi. Replacing M by M(Jf ),S e Alt(/i;^), yields

D

In the case ^ = Z w e obtain information about the elementary
divisor normal form of the C-block in a matrix M e Γ(/i; Z).

COROLLARY 5.4. C?/ve/ι Af = {^D)
 € ^(«;Z) ί̂ «̂ ίÂ  elementary

divisor matrix ofC has the form

[chchc2,c2,...,cm,cm,0,...,0], if rankC = 2m,

[l,Ci,Ci,c2,c2,...,cw,cm,0,...,0], // rankC = 2m+ I,

i,..., cm e N swcA ίAαί Cj \ cj+\.

r. We may assume rankC = n. Then a combination of [25],
Theorem IV. 1, with Lemma 5.3 yields the assertion. D

Replacing M by a product of M and Q a corresponding result is
true for each other block of the matrix M e Γ(n Z).

Furthermore, Lemma 5.3 immediately yields

(5.4) Eξ>n{Z,s) = (detΓ)s ^ i/(i?)"25|det(Z + R)\~2s.
ReA\t(n;¥Q)

In view of u{R + S) = u(R) for S e Alt(/i;*f), the partial series
Eξj(Z,s) possesses a Fourier-expansion, too. Let R modi indicate
that R runs through a set of representatives of Alt(«;FQ)/Alt(«;^).
Given T e A\tτ(n\(?) and Y e Pos(w F), we define

ru (T\ — V * u(Ί?λ~2s/>2πiτ(R,T)
WsK1 ) •— l ^ ^K1^) * >

R modi

βs{Y; T) := / I det(7 + χ)\^se-2πiτ(x,τ) d χ

Given U e GL(n\@) we immediately obtain

(5.5) as(T[U]) = as(-T^= as(T),

βs(Y; T[U]) = βs{Y[V]; T), βs(Y\ T) = βs(Y; -Γ).

Hence Lemma 5.3 and the definition of the Fourier-coefficients imply
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L E M M A 5.5.

ι ]Γ (det Y)sas(T)βs(Y;

Combining this result with (5.1) and Corollary 5.2, we gain

COROLLARY 5.6.

Σ
7=1 P T€AhxU&)

where cj = \o\Ψ{j\(f) andP: Pr(/ι, j\0)/GL{j\0)

As a consequence we observe that in the Fourier-expansion of
E*j(Z,s) all the coefficients of matrices T e Altτ(«;^) vanish, when-
ever rank T> j .

Lemma 4.8 yields

(5.6) βs(Y;0) = ( d e t y ) ^ 1 ) / 2 " 1 - 2 ^ ^ .

REMARK 5.7. It is possible to reduce the computation of βs{Y\ T)
to the case | det T\ φ 0 by aid of (5.5). Therefore let

Tx = T[m\

Then one obtains

(det Y

n? Γ(2s+l-jr(n

In general the evaluation of the integral βs{Y\ T) leads to general-
ized confluent hypergeometric functions, where the case F = C was
treated by G. Shimura [26]. On the other hand it might be possible
to investigate as(T) in analogy with Y. Kitaoka's procedure [11] in
the case of the Siegel half-space. But it seems to be plausible that the
Fourier-coefficients of the Eisenstein-series can only be expressed by
well-known functions, whenever the degree n is "sufficiently small".
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Therefore let us consider the case n = 1. Now F = R becomes trivial
in view of (4.6). Dealing with F = C we observe the connection (4.8)
with the classical Eisenstein-series and obtain the Fourier-expansion
from [19], p. 46, or [20].

In order to deal with the case F = H, it is more convenient to
introduce the subring Λ := Ze{ + Ze2 + Ze3 + Ze4 of ^(H) . Given
0 Φ c e Λ define the greatest rational divisor of c in Λ by

p(c) :=max{/ E N / ^ C G Λ }

and set p{0) := 0. Note that Alt(l;<?) = Alt τ(l;^) = Z e 2 + Z e 3 + Z e 4 c
Λ.

Given S e Pos(τz R) and s eC with Re(s) > \n, the Epstein-zeta-
function associated with S is defined by

ζ(S;s):=

Especially one has for / = 1^ and s eC with Re(s) > 2

where ζ denotes the Riemann-zeta-function. Given t,t* E
the Fourier-expansion involves the function

σs{t,n .=

ct=t*c

Clearly σs{t, t*) = 0 unless N{t) = N(t*). The structure of σs(t, t*) is
elucidated by

PROPOSITION 5.8. Let t,t* e Alt(l;<?) with N{t) = N{t*) φ 0 and
s eC with Rφ) > 1. Then there exists S e Pos(2;Z) such that

Proof. Let

7=2 7=2

Then c = X)j=1 c7 ̂  satisfies c/ = t*c if and only if (c1.C2.C3.C4)'
belongs to the kernel of the matrix

t2-t*2 0 u + t*4

0 ί2-ί2 ^3-^3

t* u + n 0 -h-t\
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which has the rank 2. Hence σs(t, t) = ζ(S s) holds for an appropri-
ate S € Pos(2;Z). If tι φ t2 the kernel over Q is spanned by a =
(t4 +1%, t3 - ί*, -t2 + t\, 0)' and b = (ί3 + ίj, - ί 4 + ίj, 0, ί2 - φ ' H e n c e

we have

det S = ̂ xfrπl G =
where ^(G) denotes the second determinantal divisor of G (cf. [25],
p. 25). An elementary computation yields det^'G) = 4(ί2 - tl)2N{t)
and δ2(G) = (ί2 - ί2)gcd(/?(ί + ί*),p(ί - ί*)). In the case t2 = t2

analogous arguments complete the proof. D

If Ks denotes the modified Bessel-function, the Fourier-expansion
is given by

THEOREM 5.9.

Ef{z, s)= Σ c{y; t

where z = x + ] / 6 / ( l ; H ) and with I =

c(y0) = y> + x
Γ(s)ζ(I;s)ζ(2s-2)

zπ Γ(s)ζ(I;s)ζ(2s-2)

• \tΓ*l2yzl2Ks_V2{2π\t\y)

Ze3 + Ze4.

Proof. At first (5.6) yields

Given 0 Φ t € Ze2 + Ze$ + Ze4 we use an orthogonal transformation
and apply [24], p. 85, in the following calculation

\y + x\~2se
Alt(l H)
r+oo r+oo r+oo

= y3~2s / / / (1 + x2 + x\ + χ$)-se-2πiyMχ> dxx dx2 dx,
J—oo J—oo J—oo
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Next observe that the representatives of Γf°\Γi may be chosen in
Mat(2;Λ). Given 0 Φ c e Λ let &{c) denote a set of representatives
of the cosets d + cAlt(l;^), d € Λ, satisfying cd + dc = 0. In analogy
with Proposition 4.7 one can show that 3l[c) consists of p(c)N{c)
elements. Moreover we use the abbreviation

y(c,ί):=

for t € Ze2 + Ze3 + Ze4 and obtain

as(t) =
mod 1

= 777^ Σ *

where I = I^\ Especially we have

Now let ί / 0. A standard argument (cf. [6], 4.5) shows that
N^C) i f Rβ(«-^2) € Z for all <* e Λ(c),

0 otherwise.

Given c = c2c\, where ci, c2 e Λ, N(c2) = 2W, m e No, iV(^i) odd, we
gain

- S
" " i

Using the isomorphism between Λ//Λ and Mat(2; Z//Z) for odd / e N
(cf. [9], Vorlesung 8, resp. [17]) and a direct computation for c2y one
can show that Re(c~ιdϊ) e Z holds for all d e &{c) if and only if

p(c)\ρ(t) and etc"1 e t + 2p{c)Aλ\{\\0).

Thus we calculate

*>w = ππ Σ Σ >3~2ί Σ
leKl\p(t) ί 6Alt(l;ίf) 0#c€Λ,/>(c)=l

Σ ^ Σ
Hence the assertion follows from Lemma 5.5. D

Note that the sum over t* in the formula above is finite.
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In the case F = R we are able to give the Fourier-expansions explic-
itly for n = 2,3. Given t e N and s e C let

σs(ή := Σ I

denote the divisor sum. Then the application of Remark 2.3 and [19],
p. 46, resp. [20] leads to

COROLLARY 5.10. One has

Ef(Z,s) = Σ,c(Y; ήe2πixt, Z = xJ + Ye <r(2;R)
tez

where

c(Y; O) = (det Y)s + (det Y)sζ{ (X2s)

Γ(2s-l/2)ζ(4s-l)ι/2_s
V Γ(2y) ζ(4s) l e i j

c{Y;t) =

Note that the Fourier-coefficients c{Y\i) for / φ 0 only depend on
det Y and 5.

Let n > 3 and fix a set of representatives P: Pr(/if 2;Z)/GL(2;Z).
Then each Γ E Altτ(/2;Z) with rankΓ = 2 possesses a unique repre-
sentation

_
where 0 ^ t eZ and where β(2Γ) = |ί| is the greatest common divisor
of the entries of 2T e Alt(«; Z). Now observe that

holds. Hence we can combine the Corollaries 5.2 and 5.10 in order to
gain

(5.7) EUZs) = ^ V ) t V ( d e t K ) f o {ΐ2S ϊ

ΓGAltτ(«;Z)
rank Γ=2



EISENSTEIN-SERIES 351

Now let n = 3. We compute

in view of (5.6) and Lemma 4.8. Let 0 Φ T e Altτ(3;Z) and Y e
Pos(3;R). We choose V e GL(3;R) such that Y = V'V. Change of
variables yields

βs(Y; T) = / (det(7 + χ))-*e-
2πiτW dX

./Alt(3;R)

= (det YYls f (det(7 + X[V-l])y2se-2*i<x'T) dX
^Alt(3;R)

= (det Γ) 1 " 2 5 / (det(7 + χ))-^e-2nh{x,τ[V']) d χ

^Alt(3;R)
/»oo z oo roo

= (det Γ) ι~2s / / / (1 + x\ + xl + x| )e- 2 j t / ω x ' ί/jd Λc2

by the use of an orthogonal transformation, where

ω = (2τ(T[V], T[V'])χl2 = (2τ(Γ'y7; 7))1/2.

The same calculations as in the proof of Theorem 5.9 show that

βs(Y; T) = 2π2sψ^(2t(T'YT, Y)γ-V\det Y)ι~2s

•K2s_y2(2πV2τ(ΓYT,Y)).

Given 0 φ R e Alt(3;Q) note that u{R) = I2, where / € N, if and
only if R = l~xT, where T e Alt(3;Z) and ε(T) = 1. Denoting the
number of elements of a set <9" by #S", we calculate

Λmodl

ί #{g €Z3 ; 1 < ̂  < l,g.c.d.g=

- 3)

Given 0 # Γ e Altτ(3;Z) we may restrict to the case

Γ = χ - t O O ) , t = ε(2T),

Vo 0 0/
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in view of (5.5). Hence we calculate

as{T)=
Λmodl

« oo 3 /
A

A combination of (5.2), (5.3), (5.7) and Lemma 5.5 yields the final

COROLLARY 5.11.

Ef{Z,s) = Σ c{Y;
Γ€Altτ(3;Z)

where

c{Y; 0) = (det Y)s + (det Y)sζx (X2s)

c(Y; T) = 2 π 2 ^ ^ ^ ^ ( d e t YY(2τ(T'YT,

xK2s-i/2(2πy/2τ(T'YT,Y))

Γ φ 0.
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