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THE ADAMS SPECTRAL SEQUENCE OF THE
REAL PROJECTIVE SPACES

RaLPH L. CoHEN, WEN-HSIUNG LIN AND MARK E. MAHOWALD

In this paper we study the mod 2 Adams spectral sequence for
the infinite real projective space P = RP*,

We recall ([1]) that the spectral sequence starts with
E} = ExtS!(H*(P), Z/2)

and converges to the stable homotopy ,7$(P) = n$(P) where A denotes
the mod 2 Steenrod algebra and H*(P) is the reduced mod 2 coho-
mology of P. We simply write Ext%/(P) for Ext}/(H*(P),Z/2) and
occasionally we abbreviate by ASS for “Adams spectral sequence”.

Roughly, our main results consist of (1) a complete description of
Ext’"(P) for 0 < s < 2 and also for s = 3 modulo indecomposable ele-
ments, (2) the determination of which classes in a substantial portion
of Extk*(P) can detect homotopy elements in 7$(P) (Adams’s Hopf
invariant Theorem solves the problem for Extg'*(P)) and (3) the con-
struction of some infinite families in 7$(P) at low Adams filtrations
analogous to the ones in the 2-adic stable homotopy of spheres ,7$
constructed in [9], [12] and [18], [22].

These Ext calculations were necessary in the work on the Kervaire
invariant in [12]. The results are not surprising, but proving them
is surprisingly difficult. In particular we make use of a calculational
method that may be of independent interest.

To precisely state the results we first recall that the cohomology
Ext;* = Ext;*(Z/2,Z/2) of the Steenrod algebra 4 is a commutative
bigraded algebra over Z/2 and that Ext’;* for 0 < s < 3 is generated
by h; € Ext}? (i > 0) and ¢; € Ext3*"+2"'+2' with relations h;h;, 1 =
0,h} , = hth;\> and h;h?, , = 0 where h; corresponds to the Steenrod
square Sq? € 4. The mod 2 cohomology H *(P) is a polynomial
algebra Z/2[x] in one variable x with degx = 1 on which A acts by
Sq*x’ = (!)x*k. One easily proves that {x%~!|i > 1} is a minimal set
of generators of H*(P) over A. The non-zero class in Ext%*~!(P) =
Z/2 corresponding to x2~! is denoted by 4;. The first part of the
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following theorem is therefore clear but for completeness and for our
computational purpose later we include it in the statement.

THEOREM 1.1. (1) {k;]i > 1} is a Z/2-base for Ext%*(P).
(2) Extz*(P) is generated by h;h; with relations h;h;_, =0 (i > 1).
(3) Ext*(P) is generated by hih;hy and ¢; € Ext}?"+2"+2-1(p)
(i > 0) with the relations coming from Ext’*, the relations implied by
(2) and the relations
hivah? = hiih?, (i 20),
hiohiohi =0 (i >0).
(4) The products hih ihihi, hic j» Cihj in Extj*(P) are subject only to
the relations from Ext’;*, the relations implied by (2) and (3) together
with the following relations:

ili+3hi2hi+3 =0, ili+2hihi2+3 =0,
iz,—c,«=0 fori=j+2andi=j+3,
¢hj=0 fori=j—-3,j—-2jand j+1,
Cihivt = hipici # 0.

THEOREM 1.2. In the Adams spectral sequence for P there are the
Sfollowing differentials.

(1) da(hih;) = hihoh?_, # 0 for i =2,3 and j > 5.

(2) da(hikj) = hi_thohjhi_y # 0 for i > 5,j = 0,i > 6,j = 2 and
i>7,j=3.

(3) da(hihj) = hi_yhohi_yhj + hihoh?_| # O for i,j > 4 with i #
JJ+ 1L

THEOREM 1.3. The following families in Ext’;*(P) survive the Adams
spectm] sequence and 50 detect homotogy elements in ns gP).

(1) hih; (i 2 1) (2) hiby (i 2 3) (3) hoh} (i # 1) (4) hihihy (i 25)
(5) h,‘Cl (l # 3, 4)

We make some remarks on these results.

Theorem 1.2 is a consequence of Theorem 1.1 and Adams’s Hopf
invariant Theorem. Indeed, in the mod 2 ASS for ,7z] in which Ext*
is the E, term there are differentials d,(h;) = hoh? | # 0 for i > 4
([2]) while A4;, for 0 < i < 3, are well known to detect homotopy
elements. Let ¢: P — SO be the standard transfer map from the
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suspension spectrum of P to the sphere spectrum S° ([15], [19]). The
Kahn-Priddy Theorem ([15]) says that the induced map ¢y: 7} (P) —
27 (89 = 27, is epimorphism for k£ > 0. ¢ also induces a map

0. Ext/(P) — ExtV*! = ExtSf A+ (H*(S°) = 2/2,2/2)

in E, terms of the ASS’s such that ¢, (h;) = h; and ¢.(é) = ¢; ([17],
[19]). Since ¢. commutes with d; and Ext3* (P) = Z/2 is generated
by il,'_lhoh,’_l for i > 4 it follows that dz(il,) = ili_lh()h,'_.] # 0 for
I > 4 from which Theorem 1.2 follows.

The non-zero classes /;4 jin Exti,'*(P) not listed in (1.2) or (1.3) are
classified in the following families:

(i) hihj, 5,5 <3 (i) hohs, hsha, hahs.
(iii) hgha, hshs. (iv) hahg, hshy, hshs.
(v) hghs. (vi) kb, i > 6.

The first five of these are known to detect or not to detect homotopy
elements in #$(P) : (i), (ii) and (iii) do while (iv) and (v) do not.
Indeed, (i) is trivial and is well known, (ii) is proved in [19] and (iii)
is a consequence of Kahn-Priddy Theorem and the results in [20], [4]
where hZ, h2 are proved to survive the ASS for S° For (iv), it is
proved in [19] that, in the ASS for P, d3(hsho) # 0 and dy(hshy) # 0
and d4(hshy) # 0. The fact that (v) does not detect a homotopy
class was proved by Mitchell (see [28]). For (vi) we refer to [3] for a
discussion on this particular family.

One should compare Theorem 1.2 with the result in [21] where a
similar situation in the spheres was analyzed.

Finally we remark on Theorem 1.3. In [9], [12], [18] and [22] the
families {h;h;|i > 3}, {h?hy|i > 5}, {h;c,|i > 5} in Ext’}* are shown to
detect homotopy elements in ,75. From Theorem 1.1 we see, under
the map ¢, : Ext’*(P) — Extt'**1, there correspond two families in
Exty"*(P) to each of the families {A;h;}, {lf,-zhz} and {h;c;}. Indeed,
0u(hihy) = u(hih;) = hihy, 9. (hah}) = @u(hibahi) = hhy, 9. (E1hy) =
@«(hic;) = h;c,. By Kahn-Priddy Theorem, homotopy elements in
a7 detected by h;hy (resp. h?hy, hic) lift to elements in z$(P) which
must be detected by ilihl or illh,‘ (resp. ilzhlz or ilihihz, il,‘Cl or élhi),
and in general one does not know which of these two possibilities is
the correct one. The result (1.3) shows that for the families {4;h,}
and {h2h,} both choices are possible and for the family {4;c;} one
has a specific choice. If the strong Kervaire invariant conjecture (see
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[3]) can be shown true then the family {¢,4;} can be easily shown to
detect homotopy elements also. Otherwise we have no answer thus
far about this family.

The family {izlh,-} in Theorem 1.3 was already proved in [12] to
detect homotopy elements. It is included here for comparison with
{it,-hl} and also serves as a preparatory statement for going on proving
(1.3)(3) as will be seen in §3.

This concludes our remarks.

Our work is therefore to prove Theorem 1.1 and Theorem 1.3. The-
orem 1.1 is proved in §2 and Theorem 1.3 is proved in §3. The proof
of Theorem 1.3 is shorter and one may proceed directly to §3 for the
proof assuming the results in (1.1).

The proof of Theorem 1.1 is rather long. It is purely algebraic of
course and is based on a lot of calculations. As mentioned earlier,
a technical method, which later on is referred to as a “trick”, is in-
troduced to make these calculations tractable. In the beginning of
the proof we give full details of our calculations. As the calculations
progress we will begin omitting many of the details, as by then the
reader should have no difficulty in using the “trick” to fill them in.

2. Proof of Theorem 1.1. Theorem 1.1 is proved by calculating with
the lambda algebra A of Kan et al. ([6]).

We begin by recalling that A is a bigraded differential algebra over
Z/2 generated by 4; € Al (i > 0) with relations

n—j-1
@) Aid2igrn =) ( j >1i+n—j12i+1+j-

Jj20

The differential J is given by

o (k-j-1
o o0 =3 (517 Jauesont

and H(A,J) ~ Ext5**. From (a) we see {A;4;,---4;|2i; > ij;1} is
a Z/2-base for A. Such monomials are said to be admissible.

The class ; € Ext.? is represented by Ay:_; and ¢; € Ext3,2"+2"'+2
is represented by Ay p—1(Ays2—1)?. Thus h;h; for 0 < i < j (resp.
hihjh,0 < i < j < k) is represented by Ay _j4;,_; (resp. Ayi_jdi_y-
Ax_1). Note that we have chosen these representations in the arith-
metic linear ordering of the subscripts. Most of these representations
are inadmissible. They are admissible only in the cases i = j and
I = j = k. One advantage of taking such representations is that
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one recognizes immediately the relations ;4 = 0, h? = h?  h;y,
and hihi2+2 = 0 in the lambda algebra. Indeed, it is easy to see
from (a) that the relations Ay_jAzm_y = 0,43_,_;dpm_y = 43,_, and
A2i—1(A242_1)? = 0 hold in A. Finally note that the representations for
c¢; are admissible.

To compute Ext’;*(P) we take H,(P), the mod 2 homology of P, and

consider A, (P)®A which is bigraded by (H.(P)®A)* = 3,5, Hi(P)®
Ast=%_ H,(P)® A is a differential right A-module with differential §

given by .
—i-1
(c) J(ek)=z< ]-{-1 )ek_j_1®/1j
j=0

where ¢ is the generator of H,(P) =Z/2 (k > 1). Then
HS(H,(P)® A, 0) =Ext®!(P)  ([13]).
Define a filtration {F(i)};> of the differential module H(P)®A
by F(i) = > y<;ex ® A. Clearly F(i)/F(i — 1) = Z'A. This filtration

gives rise to a spectral sequence {E"*'},>; with Yis1 ES' = ExtS/(P)
as a vector space over Z/2 and
(d) Ep =HS(F(i)/F(i - 1)) = Ext}/*~"

For each r > 1 the differential d, of the spectral sequence goes from
E'l:,s,t to Eri—r,s+1,t—1.

Our task is to make calculations with this spectral sequence. We
need only compute the differentials d, : EXS — E7"s+Li-1 for 0 <
s < 2. By (d) we see

{e; =e; ® 1]i > 1} is a Z/2-base for E}0*,
{eihj =e;® h;|li > 1, j > 0} is a Z/2-base for E}'*,
{eihjhili > 1,0 < j < k hjhy # 0} is a Z/2-base for E}2*
and
{eshhichli > 1,0 < j <k <1 hjhchy # 0} Ufercili > 1, j > 0}
is a Z/2-base for E}>*.

We begin with d,: E;%* — E*'*, the simplest differentials.

Note that each integer i > 1 can be expressed in the form i =
2!(2k 4 1) —1 for uniquely determined integers / > 0 and k > 0. Then
we have the following differentials from E}%* to E*!*.

(2.1.1) dr(ey_1)=0 forr>1,1>1.
(212) €2 (2k+1)—-1 €21+1k_1h1 fork>1and!/>0.
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Here “e;x — e;,_,y” means that ¢;x and e;_,y both survive to E;"**
and d,(e;x) = e;_,y; in the case of (2.1.2), x =1 and y = A;.

(2.1.1) is clear since e,_; are cycles in H,(P)® A. It is easy to see,
from (c), that in H,(P) ® A

5(82’(2k+1)—1) = 6‘21+1k_1/12/__1 mod F(21+lk - 2) fork > 1

and this is (2.1.2).

Theorem 1.1 (1) follows from (2.1.1) and (2.1.2); the class h; is
represented by e,._;.

Next we compute d,: E;''"* — E**. By (2.1.2) we need only con-
sider dr(621(2k+1)_1hj) for / < J-

(2.2.1) dr(ey_1hj) =0 forr>1,1<I[<

This is clear since ey_jAy_; € F(2! — 1) projects to ey_;h j €
H*(F(2! - 1)/F(2! - 2)) and is a cycle.

(222) e2’(2k+1)—1hj — ezmk_lh,hj
fori<j—lorl/=jand k> 1.

A direct calculation as that for (2.1.2) proves (2.2.2). Or, this fol-
lows directly from (2.1.2) by the fact that all our differentials are linear
over Ext’*.

It remains to compute d, on classes of the form ey x4 1)-1A141, k 2
1. Let 2k =272k + 1); s0 p > 1, k; > 0. Thus

€2(2k+1)—1Pi+1 = €xrerif 12021 R4y
(2.2.3) If p > 2, then

e21+p+lkl+2l+p+21_lh[+l - e2/+p+lkl+21+p_2[_1h12+1-
(224)If p=1,k; =2"—12>0 then
dr(62/+2k1+2/+1+21_1h1+1 = €2/+2+m__2/_1h1+1) =0 forr > 1.

(225 If p=1,k =292k +29 -1 witha >0, b > 3 and
ki > 1 then

€21v2) 42141421~ hl+l = e21+a+b—]€| 424at2_21_ | h1+1

N { e2’+n+bE,-2l_1hl+1hl+a+2 fora>1

e2,+b;l_2,+,_2,_lh,2+2 for a =0.
(2.2.3) again follows by a direct calculation as that for (2.1.2). How-
ever, in order to see what is really happening, we illustrate the calcu-
lation as follows. The class €;—(our+ik, 1210421 1)A21+1-1 in F (i) projects
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to e;hy, € H*(F(i)/F(i — 1)). We call the former a representation in
F (i) of the latter. From (c) we calculate

0 (621+p+1 ky+204p 421 — llzm -1 )
= Api—1Agmi_y + A
= €lrp+i 421+ — 1A — 1 A1 T €2laprt fo 4 2140 21— 1 A1
mod F(2H7+1ky 4 2/+p — 2! _2)
= ezl+p+|kl+2l+p_2l_IA%M_I mod F(21+p+1k1 + 21+p - 21 - 2)

since Ay_jAyi_; = 01in A. This proves (2.2.3). Note that here the con-
dition p > 2 is needed in order to have the term eyipwig, 4 omr— 1A
present in the expansion of J(€ypiig, +2140421-1)-

To show (2.2.4) we note the equation

(224)* 5(62/+2+m+21_1) = 82/+2+m_1/121_1 + 621+2+m_2/_1/{21+1_1
mod F(2+2+m 2l _2),

Since the second term on the right side of the equation represents
eyiem_ni_1 .y and the first term is a cycle in H.(P) ® A it follows
that eyn2m_y_1hy4y is an infinite cycle in the spectral sequence. This
proves (2.2.4).

The proof of (2.2.5) is a little harder and is postponed.

Now we conclude Theorem 1.1 (2) from the above differentials.
From (2.1.2) and (2.2.1) we see hh; # 0 in Ext}{*(P) for 1 </ <
J. (2.1.2) shows that, for / > j + 1, ex_,h; is a boundary in the
spectral sequence, but it does not necessarily follow that iz,h j 1s zero
in Ext'*(P). It only implies that //h; has filtration less than 2/ — 1. In
fact, for / > j + 1, the equation (2.2.4)* shows that hih ; has filtration
2! —2J — 1 and there it projects to

ey—z-1hjr1 € H*(F(2' -2/ — 1)/F(2F - 27 - 2));

in particular 4;h; is non-zero in Ext}*(P). This fails for / = j + 1.
Indeed, in H.(P)® A

0(€2i+142i-1) = €2+1-142i-1.

Thus 4,1k = 0. By (2.2.2), (2.2.3) and (2.2.5) there are no other
surviving elements in EX%!*. This proves Theorem 1.1(2).

It is not easy to see the differentials (2.2.5) by direct calculations as
that for (2.2.3). To tackle (2.2.5) we will introduce a method which
not only gives a quick proof for these differentials but is also efficient
in recognizing more complicated differentials later.
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Recall that the set of all the admissible monomials in the A4;’s is
a Z/2-base for A. Define an increasing filtration {A(Z)};>o of the
differential algebra A by A(i) = {4;, ---4;|(i1,..., is) admissible and
iy < i}. Each A(i) is indeed closed under ¢ ([6]). There is a short
exact sequence

0 Al-1)5A>6) B TAQ2I) =0
where e is the inclusion map and / is given by
h(lillizv--lis)z{Aiz'“li: T.fl‘l=l,
0 if i} <.
Thus A({)/A(i — 1) = ZIA(2i) as a cham complex. This filtration

gives rise to a spectral sequence {E,” },>1 with 375 E ”t = Ext ! as
a vector space over Z/2 and

EV' = H'(AG)/AG — 1)) = HY I (A(2i)).
For each r > 1 the differential d, of the spectral sequence goes from

==i,8,t w=i—rs+1,t—1
E” to E, .
The following is the basis of the to-be-introduced method.

THEOREM 2.3. There is a chain map ¢: A — H,(P) ® A (but not a
differential A-map) such that

(1) ¢(A(i)) C F(i) forall i > 0.

(2) #(Aidi,---A;) = €, ® 4y, -+ A;, mod F(iy — 1) for (iy,iz,...,1s)
admissible and i, > 1.

This result is actually proved in [17] except that it is not stated in
this context there. We will recall the proof at the end of this section.
It follows from (2.3) that the chain map ¢ induces a map of the

spectral sequences {¢,: E-*' — E'>'} where
¢1: E ’” ~ fst— I(A(zl)) __)Elst ~ fSt- I(A) NExtst+s i

is just the 1nduced map of the inclusion A(2i) — A. It is easy to see
that HS'~{(A(2i)) = H5'~{(A) if t — i < 2i — 1; so in this range ¢, is
an isomorphism. We call this range the “stable range”.

Now we prove (2.2.5). Recall that we want to compute

dy (e21+a+bzl+2/+a+z —2i—1 h1+ 1 )
where a > 0, b > 3 and k; > 1. Let i = 2/+a+bf, 4 2l+a+2 _ 2l _ |
Then 2/+! — 1 < 2i — 1, and so we may consider
Aihiyy € H*(A(D)/A(i - 1)).
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Our method of computing d, (e;A;, ;) is to compute d,(A;hy,,) and then
apply the equation

dr(eihyy) = ¢r3r(/1ihl+1)~

Clearly A;A.1_; € A(i) is a representation of 4;4;,;. The key point
of the method is that the inadmissible monomial
A1 A

l+arbl, 4 2l+ar2 |

is also a representation in A(7) of A;h;,, because

)»21_1). = l,’ﬂzm_l mod A(l - l)

Ql+arbl 4 2l+a+2 |

(recall i = 2M*a+bk, 4 2/+a+2 _ 2l _ 1), and it is easier to see the
differential d,(4;h;, ) from this representation. In fact, we have

d (}'2’ -1 A’Zl+a+bEl 420+at2_ ] )
= A2 1A g, A2rvar—1
_ { }'2“‘”1’7(.[—2’—1121“—1'12”“2‘1 mod A(21+a+bE1 - 21 - 2), a>1

/12,”,;'_2,“_2,_1 ()»214,2_1)2 mod A(21+bE1 R 2l — 2),
a=0

Thus
] +a+ ’ 2> ’
Aihyy, — { Ai_ 2hl+1§ll+a+2 az1
i_21+z_21+|h1+2, a=0.
So
| +a+ s > ’
el — { ey 2hl+lfl+a+2 a2l
e,-_2/+z_2l+.h1+2, a=0.
This proves (2.2.5).

We proceed to compute d,: EF** — E}3*, the last set of differen-
tials. By (2.2.2) we need only consider dy(€(24+1)-1#;h) for [ < j.
By (2.2.3) and (2.2.5) we may impose some other restrictions on the
subscripts of these elements when / = j —1 or j —2. These restrictions
will be recalled at proper time.

To prove Theorem 1.1(3) it suffices to know which of these non-
boundary elements are infinite cycles.

PROPOSITION 2.4. The following elements in the first column are in-
finite cycles and form a Z/2-base for EX>*; they represent the elements



36 RALPH L. COHEN, WEN-HSIUNG LIN AND MARK E. MAHOWALD

in Ext%*(P) listed in the second column.

(1) e2,_1hjhk « > illhjhk,
1<I<jand j<k—-1lorj=k
(2) €21+|+2j_1h12-+2 -_— éj: Jj=0

3) em_p_1h? ———— huh?,, j>land j+2<m.

j-v
(4) e2m_2]—l._lhjhk — hmhj_]hk,
j>2land j+1<m<kj<k-1
(5)  emi—am_si-i—1hjhmitr— hmichj—1hm,
j2Lt>2and j+1<m.

We prove (2.4) excluding “they form a Z/2-base for EX2*” which
will be clear after we compute non-trivial differentials on the remain-
ing elements later.

First of all, a check against (2.2.2), (2.2.3) and (2.2.5) shows that
the elements in the first column of (2.4) are non-boundary elements.

(2.4)(1) is clear. By a direct calculation we see d (e2j+.+2,_125,+2_1) =
0in A.(P)® A. Let ¢; = {eymi42-143,._,} € ExtE?7+27+2-1(p),
Then é; projects to e3,+14.2/_1h 12 o in the spectral sequence. This proves
(2.4)(2). (2.4)(4) follows from the equation

O(eamy2i-1-1421)
= €ym_pi-1-1A2i—1Ak_1 + €ym_1A2i-1_1Ax_; mod F(2m -2/ 2).

To prove (2.4)(3) and (5) we use the “trick” that we tackled with
(2.2.5). Note that in both cases we are in the stable range.
For (2.4)(3) consider the equation

12/"_2]_[}»%_,_1 = A%j-—]_llzm_l mOd A(Zm — 2'1 - 2)
in A. Since Extj* is commutative there exists K € A such that
J(K) = 12"’—1)'%1—1—1 + '1%1—!—1)*2"'—1-

Thus Azn_z_1A3,_; + 6(K) = Apm_143,.,_, mod A(2™ — 2/ —2). Note
that both (2”7 —-2/—-1,2/-1,2/—1) and (2" —1,2/-1-1,2/-1-1) are
admissible. Applying the chain map ¢ in Theorem 2.3 to this equation
we get

eym_3i_1A3,_| +0(¢(K)) = emm_ 143,  mod F(2" -2/ - 2).

This proves (2.4)(3).
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For (2.4)(5) consider the equations

22m+1_2m_21-|_112;_112»&1_1 = /12/—1_1)»2»1“_2”._112»1“_1 .
mod A(2"m+ —2m — 271 _2)

and
O(Ay-1-1Agmuyam_1) +6(K')
= iZj—l_IAZMH_Zm_lAzmH_l + lzmu_lﬂ.zj—l_l/lzm_l
mod A(2" —2m — 2/~ _3)
where
6(K') = 12,-1_1/12»:“_1/12»:_1 + lzmw_l/lzj—x_llzm_l.
So

6(A2j—l_ll2m+t+2m_l) + 5(K,)
= Apmui_gm_2-1_ 1Ay _1Agmei_1 + Agme_1Agi—1_1Agm_y
mod A(2m+ —2m —2/-1 _ 2,

Again this implies

0(¢(A2-1-1dzmisam_1)) + 6(0(K"))
= €ymii_gm_2-1_1A2 _1Aami1_1 + €xmei_1A2-1_1Adm_
mod F(2"+ —2m _2i-1_2)

This proves (2.4)(5).
To complete the proof of Theorem 1.1(3) (assuming the whole (2.4))
it remains to show the relations

hisah? = hiy b}, and  hiahiohi =0

in Extﬁ'*(P). As suggested by (2.2.2) we get these relations by the
equations

— 2 2
5(6‘2”2.,.2:_12.2:'_1) + 5(€2i+1+2:_1/12i+1+2:_1) = 821+2_1).2,-_1 + €2i+1_1};2,+1_1

and
5(€2i+2+21_1121+2__1) = 62/+2_112:_M.2.+2_1
in H,(P) ® A. This proves Theorem 1.1(3).

The most difficult part of the work is to compute the differentials
on the remaining non-boundary elements ey (2,4 1)1/ where [ < j.
There are 16 sets of non-trivial differentials on these elements. We
will first state them. Proofs will be given later. These differentials will
be needed in the proof of Theorem 1.1(4).
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First assume j = k. In this case there are 8 sets of non-trivial
differentials. We state these differentials in the cases / = j, [ = j — 1,
| =j—-2and ! < j— 3. Some of these cases will be divided into
subcases.

(2.5.1) If Il = j =0 then ez,,hg — ez,,_lhg, n>1.
(2.5.2)If /= j>1and n+1is odd, say n = 27n then
ezf(2n+1)—1h,2- = 6’21+Zﬁ+2!-1h,2- — €25 2i+1-2i-1-1Cj—-1, n21

(253)Ifl=j>1,n+1=4n+2 then

ezf(2n+1)—1h,2- = ezf+37i+2f+2—2f—1h,2' — eyusipri_p_2-1-1H j-lh]2'+2'
n>1

(254)Ifl=j>1,n+1=2%b742% g>2and b > 1, then

e21(2n+l)-—lh]2' = 321+a+b+lﬁ+2/+a+r—2f—1h,2' - eZJ+"+b+"r7—2!—lh12'h j+a+ls
n>1

Suppose / = j — 1 > 0. Then by (2.2.3) we need only consider
n = 27. In this case we have the following.

(255) 621"(2n+1)—1h]2' = €2j+|ﬁ+21—|_1h]2- — e2,+.ﬁ_2,--._1h]3., n2>1.

Suppose / = j— 2 > 0. Then by (2.2.5) we need only consider
n=2n+1orn=4n.

(2.5.6)Ifl =j—2,n=2n+1 then

921-2(2n+1)—1h,2' = e2,ﬁ+2,-.+2,-_2_1h} — €25-1€j-2 nx1l
(25.7)If [ = j—2,n=4n then
921—2(2n+1)—1h,2' = 921+"r7+2/-2—1h12’ - ezf+'ﬁ—21+21—2—lh}» n2l
(2.5.8) If ] < j — 3 then
6’21(2,”.1)__1}1]2- — €21+1n_1hlh12-, n>1.

Next we state the remaining 8 sets of differentials for the case j <
k-1.

(2.5.9) If | = j then
e21(2n+l)-lhjhk - ezj+ln—1}l]2~hk, n>1.

Suppose / = j — 1 > 0. Then by (2.2.5) we need only consider »
such that

2-12n4+1) =2"*17 4+ 2™ - 2/7! where j <m <k and 7 > 0.
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The case 77 = 0 is already covered by (2.4); so can assume 7 > 1. Let
ni=2"129+1),p>1,q>0. Then
2712n4+ 1) =1 =22""2q 4+ 1) +2m - 2771 — 1,
The next 6 differentials are stated for the case / = j — 1 depending on

various conditions on j, m, k, p and q.
(2.5.10) If m = j then

ex-12n+1)-11jhx = €200 2g41)+2-1-1h g
- e2”+1(2q+1)—2!—‘—1h12'hk: p=>14g2>0.

251)If j+1<m<k—-1lorifk=m> j+ 3 then
€2-12n41)-11jRK = €xpem2gs1)12m—2-1-1 Ry

- { e2p+m(2q+l)__21—l_.1hjhmhk form>j+2, p=>1

e2p+m(2q+l)_21+l+2)—l_1h12'+lhk for m = ] +1, qg>0.

(25.12)If j+1<m=k -1 and p > 2 then

€i-12n+1)-1hjhi = €xpemagi1yram—2i-1 1A jhm+1

. { €2p+m(2q+1)_2m_21—|._1hjh,2n+l form > j+2,
€20+s+1(2g+1)—2i+2—-2/-1-1Cj form=j+1 ¢g>0.

(2.5.13)If j+1<m=k—-1,p=1and 2¢+ 1 =2'g+2""1 -1,
t>3,q>1 then

eZJ—I(2n+l)_lhjhk = 62m+1+l'q'+2m+1_2m__2/—l__lhjhm+1
— 62m+t+la_2m_21—l_1hjhm+1hm+t.

514 Ifj+1<m=k-1,p=1,29g+1=4g+1,g> 1 then

€2i-12n+1)- 11k = €misgiomiiiom_2i-1_1hjhma
— gmerg_gmei_gm_g-1_tHjhp .
(2.5.15) If m =k = j+ 2 then
ex-12n+1)-1Rjhi = €xprsz2g1) 4222~ 1hjhj 2
— exre2(2g41)-241 -2 —2-1 11342, p214¢20
Finally we have the following.

(2.5.16) If I < j — 2 then

eZ’(2n+1)—lhjhk — €21+|n_1h1hjhk, n>1.
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This completes the statements of the 16 sets of non-trivial differen-
tials d,: E}>* — EF3*.

It is not difficult to check that the elements €5, 1)-1// consid-
ered in (2.5.1) through (2.5.16) together with those listed in Proposi-
tion 2.4 form a complete set of non-boundary elements. Also, distinct
elements in the domain of (2.5.1) through (2.5.16) have distinct val-
ues. This proves the second conclusion of Proposition 2.4.

Some of these differentials are straightforward as (2.2.2) or (2.2.3).
They are (2.5.1), (2.5.5), (2.5.6), (2.5.7), (2.5.8), (2.5.9) and (2.5.16).

For the rest, we need the “trick” in the proof of (2.2.5) to handle
them. We are not going to do all the calculations. Rather, we just do
for two of these. One of them is the hardest of all, and the calculation
for the other is very typical for doing the remaining 7 differentials
which we leave to the reader.

First, the easy one which we choose to be (2.5.2). Consider e,-l%,_ 1
where i = 2/+2714+ 2/ — 1, a representation in F (i) of e;43. Since 77 > 1,
we are in the stable range. The “trick” is to replace e by 4, that is, to
consider A;43, _,, a representation in A(i) of 4;47 € H*(A(i)/A(i - 1))
and then consider the equation

Ai}'%f—l = /1%/—1_1'11421 mOd A(l - 1)

which shows 43,_,4,,» is also a representation in A(i) of A;42. We
have

O(A3m_1Airar) = A3 1 Agsrmeainici
T S WY
= 121—1_1/121+2ﬁ—21+1+21—l_li%jﬂ_l (since A,_1Azm—1 = 0)
= 12,+zﬂ—2j+u_2j—l-1121+21-'—1’1%f+‘—1 (since '12'—1/1%’“_1 =0
mod A(2/+27 — 2741 —27-1 — ),

This implies

Aih} — Aysam_gim_g-i-1¢jo1  (in the spectral sequence {E,™"})
and therefore

eih} — eyem_gm_-1-1¢j-1  (by applying ¢ in Theorem 2.3).

This proves (2.5.2).
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Next we do the calculation for the hard one which is (2.5.3). We
directly begin with 4;43,_, and the equation

Aid3,_ =13, 1Ay mod A(i — 1)
where i = 2/t37 +2/t2 _ 2/ — 1,7 > 1. As above we compute

5()-%1-1—1/1142/ = /131—'—1/121+3ﬁ+21+2—1)
= l%,q_llzjﬂﬁ_llz”z_]
= Ay-i-1dawm_p-— 1A 1A
= Jpiiio21- 1451 Adiaml = Apsiop—1A3m
where the equivalence “=” is yet to be determined. We pause at this
point because the calculation seems to suggest
e,-h} — e,'_2;+zh;+l.

However, by (2.5.5), e;_»,::h j 1 is already hit in the spectral sequence

by an element of lower filtration, namely e,~_2,+1h12- +1- So we have

to take into account this differential also in order to get the correct
answer. We need to pick up some other terms of lower filtration when
we move Ay,-1_1 across 4,,.37_2,-1—; in the calculation above. Note that
in A, Ay, 1Ay = Apwiya_1Apm—1. The calculation now continues
as follows.
6 (A3-1_1Apmmaniant)
= Ay-i-1Ayen_g-i_1Ap—142mg
= Ay 143
+ Apesnop—p-im1Au - 1A 1A -
+ Agres_pmi_ 1A _ 1A _1 A2y
+ Apesp_gmi—g i tAum -~ 1A2m - 1A -1
mod A(2/+37 — 2741 — 27 —2/-1 _2),
We have the identities
Apga-i-1dynga 1 =0
and
Apeigaigami—1 A1 Azno = Ag-121A3,0
in A. As suggested by (2.5.5) we find

5().2”3;,'_’_2;_11%“,_1) + 0(Apsz_pivryns—1A2s2 2w 1 A2smi 1)
= Apssar 1A, mod A3 — 27%1 _2i _ 21 _ ),
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It is easy to see that

6(12/4-35_2/4—1_112/+l+21.—1i2]+2__1) = Azﬁriﬁ_z/q—l_1221+l__1121_1121+2_]
mod A(2/3m — 27+t — 2/ — 2771 ),

From these equations and identities we get
(*) O(LA+ A3 Agmsmyamc1) = Apsioami—gi—2-11Ap-12143,0_
mod A(2/H37 — 27+ — 2/ — 2771 _2)
where
L= dpramsp—14m -y

+ /12;+3ﬁ_2,+2+2j_ 1/12,+2+2,+‘ —1Ai_g
+ }-21+3ﬁ_21+l — 1}-2/+l+2]_1121+2_1.

Since L € A(l—l) (recall I= 2j+3ﬁ+2j+2—2j— l), L+A%J_,__1}.2/‘+aﬁ+2,+z_l
is also a representation in A(i) of A,-hf. From (*) we thus see

A‘Ihf — )«21+3'ﬁ__2;+l_21_2/—-1_1hj_1h]2'+2.
So

2 2
e,‘hj — ez;+3ﬁ_2;+l__2j._2/—-l_lhj_lhj+2.

This proves (2.5.3).
We proceed to the proof of Theorem 1.1(4).

PROPOSITION 2.6. The following elements in the first column are in-
finite cycles and are linearly independent in E:3>*; they represent the
elements of Exti’*(P) listed in the second column.

(1) ex_ycj < hicj, 0<i<j+1.
(2) ex—pmpm_poiCipr e hic;,  0<j<i-4
(3) €2i+|+2:_1hi2+2hj —_— éihj, 0<i<j-—-4
(4) €2.+|+2:_21_1hj+1hi2+2 > élhj, 0 S _] S i—‘ 2

PROPOSITION 2.7. The following elements in the first column are in-
finite cycles and are linearly independent in E%}*; they represent the
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elements of Exti*(P) listed in the second column.

(1) e_th? « - hih},

(2) ex—1h2hy « » hih2hy,
(3) ezi_hjh} < > hih b,
(4) ezi_ hjhihy < > hihjhihy,

3 h.h3
(5) 821_2,+|_2j_1hj+1 - hihj,

(6) €2/‘+3_21+|_1h12-+1h1 - ]’:lj+3h]2'hl’

(7) ezi_21+1_1h]2-+1h[ ilih]zhl’
(8) ezi_21_21+|_1h]2'+1hl+1 ‘_—_—'hihlz'hl’
(9) exi—pi—1hj1hf ¢ hihjhi,

(10) e2i_2k+l_2j_1hj+lh]%+l <——->il,’hjh,%,
(11) ez—ps-1hjr1hkh) ————— hih;hihy,

hihjhhy,

(12) ex—o—p1hjr1hes by

(13) ex_p—ge_ g 1hjpihg s hppy — hih by,

1<i<j-1
1<i<j<il-2
1<i<j<k-2
1<i<j<k-1
<l-2
0<j<i-3
0<j<i-4
0<j<i-4<I-4
0<j<Il-3<i-5
0<j<i-2<5k-2
j<k-4.
0<j<k-3<i-5
0<j<i-2<k-2
j<k-3<Il-5
0<j<k-2<i-4
<l-4, k<l-2.
0<j<k-2
<l-4<i-6.

PROPOSITION 2.8. In Exti‘*(P) there are the following relations.

(1) i1i+3hi2hi+3 =0,i20.
(2) hiyahih? =0, i 2 0.
(3) hic;=0,0<i=j+2 j+3.

(4) éh;=0,0<i=j-3,j—2 jorj+1.

(5) éihis1 = hiy1c; #0, i > 0.

It is not difficult to check the following. (1) The elements listed in
the first columns of (2.6) and (2.7) are not boundaries in the spectral
sequence and are linearly independent. (2) Theorem 1.1(4) follows
from Propositions 2.6, 2.7 and 2.8. The conclusion (1) is of course
based on the above work on (2.5.1) through (2.5.16).

For the proofs of (2.6) and (2.7) we first note that 2.6(1) and 2.7(1)
through 2.7(4) are obvious. Some of the rest follow directly from
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Proposition 2.4 by the linearity of the spectral sequence over Ext’;*:
2.6(3) follows from 2.4(2), 2.7(6) and 2.7(7) follow from 2.4(3), 2.7(9)
and 2.7(11) follow from 2.4(4), and 2.7(12) follows from 2.4(5).

What remain are 2.6(2), 2.6(4), 2.7(5), 2.7(8), 2.7(10) and 2.7(13).
Except 2.6(4), these have a pattern in common, namely the subscripts
of the factors hjhih; or c; in the first columns of these rows each
decreases by one when we go to the corresponding elements in the
second columns. The proof for these cases is exactly the same as
that for 2.4(3); one just twists one more factor in the lambda algebra
representations. Note that the filtration subscripts in these cases are
large enough compared to those of the attached factors 4 ;hih or ¢;
so that we are in the stable range and so that we can use the “trick”.
We leave the proof to the reader.

There is only one case left—2.6(4). The calculation for this case is
also straightforward. We have the equation

5(621+I+21+2/~ll%,+2_1 +€2,+1+2:_1K)
= 821+|+2:_1/1%,+2_112;_1 + 82:+|+2:_2;_112;+1_1/1%,+2__1
mod F(2'*1 + 27 -2/ - 2)
where K € A is an element such that
6(K) = )»21_1}»%:+2_1 +A%I+2__1/12/—1-

This proves 2.6(4) since ey42.-143,.._, represents ¢;.

Finally we prove Proposition 2.8. We have to show that appropriate
cycle representations of the classes in (2.8) are boundaries in the dif-
ferential module H,(P)® A. Most of the cases in (2.8) are not difficult
to work out. Only two cases are rather tedious. Anyway, we will write
down all the boundary homomorphism formulas, the details of which
we leave to the reader to check. These formulas are derived from the
differentials (2.5.1) through (2.5.16).

The case (2.8)(4) for i = j — 3 is the simplest one since

€2i+|+21_11%,+2_1/121+3_1 =0.
Next we have the following formulas according to the case.

(282)* 6(6’21+2+21_1).%,+3_1) = €21+2_1).2,_ lﬂ.%ﬁg,_l.

(2.8.3);_'_2 6(e21+2+2/+l+21_1/1%j+2_1) = e21+2_1).2;+1+2;_ll%,+2_1.

(284) ;_2 5(€2j+2;—2_1)»2/—1_1)»2,“__1) = 62,-1_‘_2,-2_12%,-__1).2,_1.
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(2.8.4)% 8(e2m112:-1K0) = €2in142/-1A502_1 A2iy
where Ky = /12,'+z_1).21+2+2j_1 + ).2j+2+2j_12.2]+2_1.

(285)* §(€zl+1+21_1/12i+2_1/12i+2+2i+1_1)
= @14 i 12-%”2_ 1)'2'“ —1+ i (Agriggi_ 11%,42_ 1

5
(2.8.1)* 0 ZAk =€2i+3_1/1%,-__1/12.+3_1
k=1

where
A] = €2n+3+2._1'12i_1/12:+3_1,
Ay = €2i+3_2f_1)»2i+1+2i_]/12,+3_1,
A3 = €2,+3+2i+1_1)v%i+2_1,
Ay = €2:+z+2:_1).2,+z+2i__112i+3_1,
A5 = 62;+z_1/12i+2+2i+1_.11.2143_1.
For 2.8(4), i = j+1 and 2.8(3), i = j+ 3 we have only calculated the
following.
(2.8.4);_‘_1 5(€2j+1+2j+|_1K1 + €2j+2+21+|+2j_1).2:+3_1)
= €2j+2+2j+|_1ﬂ%,+3_1/12,_1 + €021 Ly
where
K= 12;+3+2,_1).21+3_1 + /121+3_1/121+3+2j_1

and

L, = 12,+1+21_1/‘|.%j+3_1 + Ay 1 Kj.

6
(283);+3 o ZBk = €2;+3_1].2,+1+2;_1 A'%Hz—l + e+ L,
k=1

where L, € A32"*~2'-3 and

By = ey 1A50 )

Bz = 621+3+2;_112,“__1/12”3_1,

B3 = €240 1A 142y,
B4 = er+2+2/+l__]A'2j+3+21_]A2/+2__1,
B5 = 621+2+2;+1_1).21+3_1).2,+2+2;_1,
B6 = €2j+2+2j+|_13.21+3+2/+2_1/12j_1.
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It is clear from these two equations that 6(L;) = 0in A, i = 1,2.
Since Ext¥"“+¥"+2 = 0 and Ext}?"'~% = 0 it follows that L;, and
therefore e,,.:_;L;, are boundaries and we are done.

This completes the proof of Proposition 2.8 and the whole of The-
orem 1.1.

The last piece of work in this section is to prove Theorem 2.3. The
chain map

¢:A— H,(P)®A

is constructed as follows.

#(1) = 0. For an admissible monomial A; = A;4;,---4;, define
d(Ao) =0and ¢(4;,) =e;, fori; > 1if s =1. If s > 2 then ¢(4;) =0
for i; = 0 (which implies i, = 0 for u > 2) and ¢(4;) for i} > 1 is of
the form

(*) e, Ar + Z €j,w)Ar ()
14

where I' = (i, ..., i) and the second sum is described as follows. First
we require each J'(v) = (j(v),..., js(v)) be admissible and J(v) =
(j1(), j2(v),..., js(v)) be inadmissible. Secondly, choose any large
integer m (compared to i; and s) and let

Jw,m)= (2" + ji(v), 2(V), ..., Js(¥))

which is admissible. Then e;,(,)A;.(,) appears in the second sum of
(*) if and only if, for some ¢ > 2, 4;(,,») appears in the admissible
expansion of

Ry Ay iy am iy - Ay

ig—1 A

It is proved in [17] that the second sum of (*) is independent of
the large integer m chosen and that the map ¢ defined above is a
chain map. To complete the proof of Theorem 2.3 it suffices to show
J1(v) < iy for each v. In the proof for Lemma 3.2 in [17] the following
identity is obtained:

W) =ig—igy = =iy~ fgy—Pg2— — 1 —g+1
for some non-negative integers x;. Thus

hWw)<ig—ig1—---—i1—q+1
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Since (i, 1y,...,14) is admissible, ij > 20, ip > 2i3,...,05—1 > 2i,
which imply i; > i5/2971, iy > ig/2972, ..., ig—1 > ig/2. Then

h—jg@)2ii—(lg—ig-1— " —hh—ii—q+1)
= Qit+ iyt A igoy) —ig+q—1
>iq( Lo Ly ! +-~+1)—i+q—1
= 9\2¢-2 " 29-2 " 243 2 d
—ig—igtq-1=g—-1>1>0

since g > 2. This proves Theorem 2.3.

3. Proof of Theorem 1.3. We begin by recalling the following result
proved in [12].

(3.1)  For each i > 0 there is a stable map f;: S — P such
that in the mapping cone X = PUy, e2"'*1 the Steenrod
operation

Sq*"': HY(X)=12/2 - H¥*'t\(X)=Z/2
is non-zero.

This is Theorem 1.3(1). We will infer from this Theorem 1.3(3).
Let @, ; be the secondary cohomology operation associated with the
Adem relation

i—1
Sa”Sq* +)_Sq”""%'Sq* +8q*S¢”"* =0, ix2
k=2
®; ; is defined on any cohomology class of a space on which the Steen-

rod operations Sq’ are zero for / > 4. From (3.1) and Adams’s Hopf
invariant Theorem ([2]) we have the following.

(3.2) ®;;: H*(X) =2Z/2 — H*"*(X) = Z/2 is non-zero for i > 3.

ProPOSITION 3.3. There is a stable map f: XP — P such that
f*: H*+Y(P) = Z/2 — H?*+1(TP) = H?**(P) = Z/2 is an isomor-
phism, k > 1.

There are several ways to see this. Perhaps, the simplest way now
is the following. Let CP = CP® be the infinite complex projective
space. It is proved in [23] that there is a stable map g: XCP — P such
that g*: H*(P) — H*(ZCP) is onto. Let n: P — CP be the standard
map. Then f = go(Zn): ZP — P has the property in (3.3).
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Taking the composite ¢; = foXf;: 2" — P of the maps in (3.1)
and (3.3) we see from (3.2) the following.

(3.4)  In the mapping cone Y = P U,, e¥"'*2 the secondary
cohomology operation

O, H3(Y)=2Z/2 - H*"'+2(Y)=2/2

is non-zero for i > 3.
In the Adams spectral sequence setting this means that ¢; is detected
by fzzh,? € Extﬁ'*(P). This proves Theorem 1.3(3) for i > 3. The case
i = 2 is trivial.

The following theorem is the main topological result of the paper
from which the remaining cases of Theorem 1.3 are proved. To state
it, let B(k) be the kth 2-primary Brown-Gitler spectrum ([7]). Re-
call H*(B(k)) = A/A{x(Sq’)|i > k} which has {y(Sa)|I = (i1, ..., is)
admissible, i; < k} a Z/2-base where y: A — A is the canonical anti-
automorphism of the Steenrod algebra 4. In particular H/(B(2/)) = 0
for /> 2i*1 — 1 and

(2) Sq': H*"~3(B(2)=2/2— H*"~!(B(2")) = Z/2
is non-zero.
THEOREM 3.5. For each i > 1 there is a stable map f;: * B(2'™1)

— P such that f: H*"'-Y(P) = Z/2 — H*"-\(Z¥B(2-1)) = Z/2 is
non-zero and is zero in other dimensions.

We prove this later. To prove (1.3)(2), (4) and (5) we derive from
(3.5) a corollary and recall some results from [12], [18] and [22].
S qaie2
Let X; = [}:2'3(2’-1)] , 7i = filX; and ¥; = P U; CX;. Then
there is a short exact sequence
0—H*(P) L H*(Y;)) £ H* (2X;) — 0

where j: P — Y; is the inclusion map and ¢g: Y; — XX; is the pinching
map. Recall H*(P) = Z/2[x]. Since j* is isomorphism in dimensions
< 2i, H¥-1(Y;) = Z/2 is generated by x¥~!. Let y; € H"'~1(Y;) be
the image of the non-zero class in H2"'~1(£X;) = Z/2 under ¢*.

COROLLARY 3.6. In H*(Y;), Sq% (x2~1) = y; for i > 3.

This follows from (a), Theorem 3.5 and Adams’s differentials
dz(h,'.H) = h;h;hg, i > 3 in the ASS for P.
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We recall the following:

(3.7) ([22]) There is a map g;: S¥" — X2 B(2/~1) for each i > 1
such that

Sq2: H¥*'-1 (ZZ'B (21'—1> U, e2'+1+1)
=Z7/2 — H?"'+! (Zz'B (2f-1) U, ez’*'H) =Z/2

is non-zero.

(3.8) ([12]) There is a map g: S¥"'*+! — X, for each i > 1 such that

Sq*: H>"'~2(X; Ug, €2 "'2)
=7Z/2 - H*"'*2(X; Ug, 272 = Z)2

iS non-zero.

(3.9) ([18]) There is a map g3: S2"' +18 — 2’ B(2/~1) for each i > 1
such that the composite

S2+18 8 32 p(oi=1y B, 32 p(oi-1y ¥, ~ g2

is detected by ¢, € Exti’* in the Adams spectral sequence for ,7s.
It follows from (3.5), (3.6), (3.7), (3.8) and (3.9) that the maps

fiog:8* - P
7;’ ©82: s§¥ 1 p

and _
f;' o g3: S2H-18 _ R
are detected respectively by hihy (i > 3), hihihy (i > 5) and hicy
(i # 3,4). This proves Theorem 1.3.
To prove Theorem 3.5, consider the double loop space Q2S3. There
is a 2-primary stable decomposition

Q253 ~ SZ I“B ([%D :

This is due to Brown-Peterson, Mahowald and Snaith ([8], [22], [26])
(odd primary analogues are proved in [11]). We will consider a com-
posite

(b) f:Q28* L BOSBOR2)LPxPLP
of stable maps and show that for each i > 1, f; = f|Z? B(2'7!) is the
map we want. Here BO(n) is the classifying space for the orthogonal



50 RALPH L. COHEN, WEN-HSIUNG LIN AND MARK E. MAHOWALD

group O(n), O = O(c0). Note that P = BO(1). The four maps y, o, ¢
and 7 are described as follows.

y and © are maps of spaces. 7« is the first factor projection map (any
factor will do). To describe », let n: S! — BO be a map representing
the generator of n,(BO) = Z/2. BO is an infinite loop space. In
particular, BO = Q2X for some space X. Let n*: S3 — X be the
adjoint of #. Then y = Q25*: Q283 — Q2X = BO.

V. P. Snaith shows in [27] that there is a stable decomposition

Y BO(2n)
Y BO(2n -2)

Then o: BO — BO(2) is the projection to the first wedge summand
BO(2). t: BO(2) — BO(1) x BO(1) = P x P is the Becker-Gottlieb
transfer map to the fibration 0(2)/0(1) x O(1) — BO(1) x BO(1) &
BO(2) ([5]). Note that o and ¢ are defined only as stable maps.

To take the composite f in (b) we stabilize y and 7 also.

Recall that H,.(QZS3) =Z/2[&1,8, ..., |E| = 2K = 1 ([10]). Assign
to each monomial ¢;' - -&ln the filtration X k2 k=1 Then the wedge
summand X% B(2! ”‘) of Q253 has the set of all monomials of filtration
2! as a Z/2-base for its homology H, (X% B(2/~!)) ([24]). In particular,
Hyin_»(2? B(2i~1)) = Z/2 is generated by ¢? and Hy._y(Z? B(2'71))
= Z/2 is generated by &;,;. It suffices to show the following.

PROPOSITION 3.10. (1) fi = mutu0ups: Ho(Q2S3) = Z/2[&1,6,.. ]
— H,(P) is zero on monomials of length > 3.

(2) £ =0.

(3) fildiv1) = €2y

To prove this we recall some facts about the mod 2 cohomology
and homology of BO and BO(2).

First, H*(BO) = Z/2[w;,w,,...] and H*(BO(2)) = Z/2[w;, w5]
where w; are the universal Stiefel-Whitney classes. If j: BO(2) — BO
is the inclusion map then j*(w;) = 0 for i > 3 and j*(w;) = w; for
i = 1,2. In particular, j* is onto. Induced by the loop multiplication
u: BOxBO — BO is the diagonal A = u* in the Hopf algebra H*(BO)
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with A(W,’) = 2;c=0 W @ w;_i (wg = 1). Let e; € H;(BO) be dual to
w! in the monomial basis of H*(BO). Then H,(BO) = Z/2[é,,e,,...].
If H.(BO(2)) is identified with j.H.(BO(2)) C H.(BO) then
H,(BO(2)) = Z/2-submodule generated by monomials in the €;’s of
length < 2. The following is easy to prove; it will be needed in the
proof of 3.10(2) and 3.10(3) later. ’

(3.11) (&%_,, W) = 0 for any mpnomial W € H.(BO(2)) except
W = w21, in which case (¢},_,,w ') = 1.

Snaith shows in [27] the following.

(3.12) The induced map o.: H.(BO) = Z/2[e;e;...] —
H,.(BO(2)) of the stable map o: BO — BO(2) is the identity map
on H,(BO(2)) and is zero on any monomial of length > 3.

This implies 3.10(1) since y.: H,(Q%S3) — H,(BO) is a ring homo-
morphism.
In

H(Q?S?) =Z/2[£,&,...], &=0I71g =<%z:—'i%»él

for i > 1 where Q,: H;(Q2S3) — H,;,{(Q2S3) is the Dyer-Lashof
operation ([10]). By the construction of y, y.(&) = €,. Since y is a
double loop map it follows that 7.(&) = 7.(Qi7'¢;) = O !'5.(&) =
Qi~'g;. Kochman proves in [16] the following.

(3.13) (1) 7(&) = Qi~'e, € Hy_(BO) is the element dual to wy_
in the monomial basis of H*(BO) = Z/2[w, w,,...] fori > 1.

(2) 7+(&) = Qi 'e; = €y_; + decomposables, i > 1. (3.12) and
(3.13)(2) imply the following.

(3.14) anE)=e_, il
Recall that H*(P) = Z/2[x] and H*(P x P) = Z/2[x;, x;]. Then
n*(x2"'=2) = x2"' =2 and n*(x?*'~!) = x»"'~1. Feshbach shows in [14]

that the induced map p*t*: H*(P x P) — H*(P x P) of the composite

P xP=BO(1)xBO(1) 5 BO(2) L P x P
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maps x> % to xZ"' 72 + x2"'~2 and xZ"' ! to x¥"'~1 4+ x2"'~1. The
ring homomorphism p*: H*(BO(2)) = Z/2[w;,w] — H*(P x P) =
Z/2[x;, x;] mapping w; to x; + x and w, to x;x; is monomorphic
with im p* = the subring consisting of all the symmetric polynomials
in x; and x,. One calculates then the following.

i-1
(315) (1) t*n*(xz'“—Z) — Z W12’+l—2k+2+2W22k+l_2_

i—1
(2) t*n*(xzzﬂ_l) — w12:+1_l + Wl w224_1 + Z W121+l_2k+l+1W22k—1,
k=0

Note that the monomial w22"‘1 does not appear in the expansion of
t*n*(x2™'~2) in (3.15)(1). Thus from (3.11) and (3.14) we see fi(¢?) =
0. This proves 3.10(2).
To prove 3.10(3) we note that the result is trivially true for i = 0.

So assume i > 1. We will show the following.
3.16) (1) y*a*(w¥"'"H=0.

(2) 7*a*(wmiwy ~1) #0.

(3) y*o* (W W) =0 for1<k<i-1.

This together with (3.15)(2) implies f*(x2"'~!) # 0 in
HZM_I (22‘B(2i—1))

and this is 3.10(3).
To show (3.16)(2) and (3) we recall that in H*(BO(2)),Sq'w, =
wiw,. Then
Sq!(wi'™!) = wiwj !
and

Sql(W%[+l—2k+lW§k—l) — w12:+l_2k+l+1w§k_l for l S k S l _ 1‘

By (3.11) and (3.14), y*a*(w¥~!) # 0 and y*o*(w¥"'~2"'wZ~!) = 0
for 1<k<i-1in H*'(Z¥B(2I"Y)) =2/2. Smce

Sa': H¥"'~2 (2B (21))
=7/2 — H?"-! (Zz'B (2"-1)) =7/2
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is non-zero it follows that y*o*(w; w%'“‘) # 0 and
yro*(wi WXl =0 for1<k<i-1.
This proves 3.16(2) and (3). 4

We prove 3.16(1) by contradiction. Suppose y*a*(w?"'~1) # 0.
By (3.12) o*(wZ"'~1) = w¥"'~1 4 ¥°,5 | W, where each W is a2 mono-
mial in ker j*, the ideal of H*(BO) generated by w3, wy,.... Since
yra*(w¥' 1) # 0 in H2"'-1(Z¥B(2'-1)) = Z/2, by 3.13(1) we see
one of the monomials ¥, must be wy.i_; (since 2+ — 1 > 3), say
Wi = wyui_1. Thus o*(w?"'~1) = wZ™' =1 + wpui_; + X5, W) where,
for [ > 2, m 75 Woisi_1.

Recall that in H*(BO), Sq'wy, = Wy, + wiwy, (n > 1) and
Sq'Wyup1 = Wiwany (n > 0). In particular, Sq'w?"'~! = w2"' and
Sq'wysi_; = wiwan_;. Also, for any monomial W € H?*'~1(BO)
other than wy..i_;, w; Wy does not appear in the expansion of Sq' W
as sum of monomials. So

Sa'a* (w2 ) = wi + wiwp_ +8q' | DO W | £ Wi
>2
On the other hand, since ¢* commutes with the Steenrod operations,
we see
Sq'o*(wi" ") = o*(Sq'w{" 1) = a* (W)

=0*(Sq*Sq*" -+ Sq’Sq'wy)
=8q”Sq”" ---Sq’Sq'a* (W)
=8q¥Sq* ™" ---Sq*Sqlw; = wi™'.

This contradiction proves 3.16(1).

This completes the proof of Proposition 3.10 and therefore of The-
orem 3.5.
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