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ON CONSTRUCTIONS SIMILAR TO THE
BURNSIDE RING FOR COMMUTATIVE RINGS

AND PROFINITE GROUPS

C. GREITHER AND D. K. HARRISON

The question of finding all isomorphism classes of finite dimen-
sional commutative semisimple rational algebras is an unsolved one
and is equivalent to the question of finding all number fields. We
feel that this problem may eventually be solved by the Burnside ring
method, where the number fields are related to each other in many
different ways. In this note we generalize the problem to the larger
setting of G-algebras, where G is a finite abelian group. This gives
even more relations—which we investigate. In order to see what is
special about the rationale, we work as long as possible with a com-
mutative ring R.

Separable ring extensions of a commutative ring R correspond by
Galois theory to actions of a profinite group Γ. Hence we work with
either commutative rings or profinite groups. In either case, we use a
"twisting" by a finite abelian group G (more specifically, G cyclic of
prime order). This allows us to form what we call the *-product. In
the ring case, the *-product of i?-algebras A and B is the R-algebra

A *G B =

G\

One more parameter / is needed to get additive inverses in the result-
ing commutative ring with identity. (The addition comes from direct
product in the ring case and from disjoint union in the case of sets
with action of the profinite group.) In the ring case, we call the result-
ing ring W(R, G J). For k a finite field and G cyclic of order /?, we
calculate W(R,G\J) explicitly.

1. General theory. Let R be a commutative ring which is nonzero
(i.e. 1 Φ 0) and which has no idempotents except 0 and 1. Let G
be a finite abelian group. By an (R, G)-algebra (A, θ) we will mean
a commutative, finitely generated, projective, separable R-algebra A
with a group homomorphism θ from G to AΛXXR(A). Let (A, θ) and
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(B, Ψ) be such. We write

(A,Θ)*(B,Ψ)

if there exists an i?-algebra isomorphism f A^B such that

foθ(g) = Ψ(g)of forallgeG.

(A, θ) *G (B, Ψ) (or A*G B for short) will denote the pair

{{ueA®RB\ (θ(g) ® l)(iι) = (1 ® Ψ(#))(w) V# G G}, θ ® 1).

This is again an (R, <7)-algebra. (A, θ) Θ (B, Ψ) (or ̂  θ 5 for short)
will denote the pair

(AxB,θx Ψ).

Let (is, e) denote the pair

(Map(G,i?),β), ε(g){f):h-+f(g-ιh).

Let us write P(R,G) for the set of isomorphism classes of (R, G)-
algebras. (The set-theoretical difficulties here can easily be overcome.)

THEOREM 1.1. © and * (= *Q) induce on P(R, G) the structure of
a commutative semiring with additive cancellation and with neutral
element (E,e) of*.

The proof of this and the following theorems will be given after
Theorem 1.5 in a different setting. (A,θ) will be called indecomposable
if A Φ 0, and

( ^ , ^ ) ^ ( χ ψ 1 ) Θ ( r , Ψ 2 )

implies either X = 0 or Y = 0.

THEOREM 1.2. Every (R, G)-algebra is a direct sum (©) of indecom-
posable ones in a unique way.

Now let K be an abelian extension of R. For a definition, see [2].
If R is a number field, K is just an abelian field extension of R. We
called (A, θ) K-invertible if there exists (B} Ψ) with

(A,θ)*G(B,Ψ) = (E,e)

and
(K®R A,K®Θ)=K(K®R E,K®ε),

where =κ means isomorphism of (K, (?)-algebras.
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THEOREM 1.3. The isomorphism classes of K-invertible (R,G)-
algebras are finite in number. Under *, they form an abelian group
Uχ(R, G) which is naturally isomorphic to Hom(Aut^(AΓ), G).

We call an (R, G)-algebra (A, θ) K hyperbolic if

(A, θ) * (B, Ψ) £ (A, θ) for all (B, Ψ) e UK(R, G).

We call (A, θ) K-reduced if

(A, θ) = (X,Ψj) Θ (Y, Ψ2), (X,Ψi) ^-hyperbolic implies X = 0.

We denote the set of all (isomorphism classes of) ^-reduced (R,G)-
algebrasby W(R,G;K).

THEOREM 1.4. Every {RyG)-algebra (A,θ) can be written uniquely
in the form

(A,θ) = (A,θ)r®(A,θ)h,

where (A, θ)r e W{R, G K) and (A, θ)h is K-hyperbolic.

Let x, y e W{R, G K). Define

x + y = (x®y)r,

χ.y = (χ*y)r.

THEOREM 1.5. With + and , W(R, G K) is a commutative ring.

Let ]R be the separable closure of R (see [3]) and let Γ = AVARΪR) be
the profinite Galois group of R over R. Let AlgΛ denote the category
of all commutative finitely generated, projective, separable R-algebras.
Let Setp denote the category of all finite continuous Γ-sets. (A Γ-set
X is continuous if the stabilizer subgroup of every x £ X is open
inΓ.)

The functors

) (AeAlgR),

are (essentially) inverses of each other and establish a duality (= con-
travariant equivalence) of categories between AlgΛ and Setp (see [3]
or [1]). A group homomorphism G —• AutR(A) will correspond to a
group homomorphism

G -• AutΓ(Al gμ,
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Hence we have a contravariant equivalence of categories

A1g(*,G) - Set(Γ,(7)

The latter category (in which we choose to work) is described as fol-
lows:

Γ is a profinite group; G is a finite abelian group. A (Γ, G)-biset is a
finite continuous (Γx G)-set. Equivalently, it is a triple (X,μ,v) where

(i) X is a finite set.
(ii) μ Γ x X - ί X i s a continuous map, and

μ(a, μ(β, x)) = μ(aβ, x), μ(eΓ, x) = x.
(iii) v\ Gx X -> X isa, map, and

i/(σ, i/(τ, *)) = i/(σr, x), v{eG, x) = x.
(iv) μ(a,v(σ,x)) = v(σ,μ(a9x)) VαGΓVσ G G.

From now on, we write ax for μ(a, x) and σx for v(σ, x). An example
is provided by G itself with the obvious G-action, and ax = x for
α G Γ, x e G.

Let X, Y be (Γ,(r)-bisets. Write for (JC,y)eXxY:

x*y = {(σx,σ~ιy) \ σ e G} c X x Y\

X*GY = {x*y\xeX,yeY};

σ(χ * y) = σx * y (= Λ: * σy);

α(jc * y) = αx * αy.

One checks that X*G ^ is a well-defined (Γ, (z)-biset. We write l e y
for the disjoint union X ύ Γ. In a canonical fashion, X θ F is again a
(Γ, (?)-biset. Let P(Γ, G) denote the set of all isomorphism classes of
(Γ, (?)-bisets.

THEOREM 1.6. For Γ a profinite group and G a finite abelian group,
θ and *G induce on P(Γ, G) the structure of a commutative semiring
with additive cancellation.

Proof. All statements except the last one can be checked easily.
The additive cancellation property follows from the fact that every
Γ x G-set has a unique decomposition as a disjoint union of transitive
Γ x G-sets (= orbits). For reference, let us point out this fact as a
theorem:

THEOREM 1.7. Every (Γ,G)-biset is uniquely the disjoint union of
indecomposable ones.



CONSTRUCTIONS FOR RINGS 61

For / G Homc(Γ, G), write Gf for the (Γ, G)-biset G with

μ(α, σ) = f(a) σ, z/(τ, σ) = τσ (σ, τ G G, a e Γ).

One can check that Gf * Gf = Gf.f, and G?i is neutral in P(Γ, (?) un-
der *G.

THEOREM 1.8. The units ofP(Γ, G) are exactly the bisets Gff f e
Homc(Γ,G).

Proof. Let X *G Y be isomorphic to G, via #>. Then Y Φ 0, so take
y € Γ. Let JCI , xι € X. Since Gi is transitive under G, there i s σ e G
such that

xι * y = σ(x2 * y).
Hence there is a τ e G such that (xi,y) = (τσx2fτ~ιy). Therefore
xx = τσx2, so G is transitive on X. Suppose σx = x. Then σ(jc * y) =
Λ: * y, so σ = eg. Now choose XQ € X. For each α G Γ there is exactly
one /(α) G G such that

One checks that / is a homomorphism. Ker(/) is the stabilizer of XQ
in Γ, so it is open in Γ, and / is continuous. We have Gf = X by
σ H-» σx0. On the other hand, Gf is a unit with inverse Gf, f(a) =
(/(α))"1. This proves the theorem.

By a (Γ, G)-triple (or just ίπp/e) we mean a triple (Δ, H, t) where Δ
is an open subgroup of Γ, H is a subgroup of (?, and

is a continuous group homomorphism. For α G Γ , (a~ιAa,H, ta) is
again a (Γ, G)-triple, where

t«{δ) = t{aδot-χ).

We call this a conjugate of (A, H,t). Now let X be an indecomposable
(Γ, (?)-biset. Choose xeX. Let

A = {δeΓ\3σeG:δx = σx},

H = {τeG\τx = x},

t(δ) = σH if (5x = σx.

We call this the (Γ, (j)-triple associated to X. One checks that

(Δ,#/ ί)

is the triple associated to X *<? Gy, where
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THEOREM 1.9. The above correspondence sets up a bijection between
the set of all isomorphism classes of indecomposable (Γ, G)-bisets and
the set of all conjugacy classes of(Γ, G)-triples.

Proof The indecomposable (Γ, G)-bisets correspond to transitive
continuous Γ x G-sets, and these in turn correspond to conjugacy
classes of open subgroups of Γ x G. It is easily checked (and to our
knowledge, a part of the mathematical folklore) that open subgroups
of Γ x G can be described by triples as indicated above.

Now let / be a finite subgroup of Homc(Γ, G). For X a (Γ, G)-biset
and / G /, we write Xf for X with the new (Γ, G)-structure

μ(a, x) = f(a) - a x, v(σ, x) = ax.

Note that Xf = X *G Gf. If X = Xx Θ Θ Xm, Xi indecomposable,
then

and the (ΛΓ, )y are indecomposable. Call X J-hyperbolic if

Xf = X for all feJ.

Call X J-reduced if there is no /-hyperbolic Z Φ 0 such that X =
YφZ.

THEOREM 1.10. Every biset X can be uniquely written as

x = xr@xh

with Xr J-reduced and X^ J-hyperbolic.

Proof The only thing to prove is uniqueness. Hence suppose X =
Y Θ Z, Y /-reduced, Z /-hyperbolic. We proceed by induction over
|Z|. If Z = 0, X = Y is /-reduced, so X^ = 0, and we are done. Now
suppose 0jtZ = Z\ϋ- U Zm, Z[ indecomposable. Call Zz associate
of Z\ if Z/ = {Z\)f for some / e /. Let Z c Z b e the disjoint union
of all associates of Z\, and Z = ZOJV. It is easily checked that both
Z and W are /-hyperbolic. Not all indecomposable pieces of Z can
lie in Xf9 since Xr is reduced and Z Φ 0. Therefore, without loss of
generality, Z\ c X^. Since ZΛ is also hyperbolic, all associates of Z\
are in Xh, too. Hence Z a Xh. Now we may cancel Z from both
representations 1 = ^ 9 ^ , 1 = Y Θ Z, and we get Xr = Y and
Xh = Z from the induction hypothesis.

We write
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for the set of all isomorphism classes of /-reduced (Γ, (?)-bisets. For
x, y e W(Γ, G\ J) we define

x + y = (x®y)r,

χ-y = (χ*G y)r

THEOREM 1.11. With these operations, W{T, G\ J) is a commutative
ring.

Proof. Everything except the inverse under addition is a routine
verification (using 1.10). Let x € W(Γ,G;J). Since \JfeJxf *s ̂ "
hyperbolic, the reduced part of y = 0feJ\{\}xf * s ̂ e i n v e r s e of x
under addition.

Now we return to (R, G)-algebras. The contravariant equivalence
Alg(Λ,Γ) — Set(r.σ) preserves the *-product and the direct sum Θ.
Therefore Theorem 1.1 follows from 1.6, and 1.2 follows from 1.7.
The subgroup U^R, G) of the units of P(R, G) corresponds to a sub-
group JQ of P(Γ, G). By [2], U^R, G) and therefore also JQ are finite.
By Theorem 1.8, JQ has the form {Gy | / e /}, / a finite subgroup
of Homc(Γ, G). Then ϋΓ-hyperbolic (R, G)-algebras go to /-hyperbolic
(Γ, G)-sets and vice versa. Now Theorems 1.4 and 1.5 follow from the
corresponding Theorems 1.10 and 1.11, respectively. Note in partic-
ular that W(R, G K) and W(Γ, G J) are isomorphic rings.

2. Functoriality. Let φ: G -> H be a homomorphism of finite
abelian groups. Recall the definitions of the semirings P(Γ, G) and
P(Γ, H) from the first section. We define

P(φ):P(Γ,G)->P(Γ,H)

as follows: P(φ)(X) is the (Γ, i/)-biset H*Q X, where a(h*x) = h*ax
and h!{h * x) = h!h * x for a e Γ, h, h! e H, x e X. One checks that
this is indeed a well-defined (Γ, /ί)-biset.

THEOREM 2.1. P(φ) is a homomorphism of semirings, i.e. P{φ) is
compatible with Θ, preserves the neutral element, and

GY) = P(φ)(X)*HP(φ)(Y)

forallX,YeP(Γ,G).

Proof Routine calculation.
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If / is a finite subgroup of the units of P(Γ, G)9 and / = P(φ)(J),
then P(φ)(X) is /-hyperbolic whenever X is /-hyperbolic. Hence we
get a map

W(φ): W(Γ,G;J)-+W(Γ,H;J),

X » (P(φ)(X))r.

THEOREM 2.2. W(φ) is a ring homomorphism.

Proof. This is essentially a consequence of Theorem 2.1.

THEOREM 2.3. (a) If φ is injective, then P{φ) is injective.
(b) Ifφ is injective, then W{φ) is injective.

Proof, (a) Without loss of generality, φ is an inclusion Gc H. Let
X be a (Γ, G)-biset, and let Y be H *G X, considered as a (Γ, G)-biset
(not as a (Γ,f/>biset).

Claim. Y = X ϋ ύ X([H : G\ copies) as a (Γ, <7)-biset.

Proof of the claim. Let H = \fi=xhiG,n = [H : G\. One checks
that H *G X = X\ ύ ύ Xn as (Γ, G)-bisets where JSΓ/ = {hjg * x | x e
X, g G G}. Moreover, X = X[ by the map x *-+ hi * JC.

Now suppose X and X' are (Γ, φ-bisets such that P{φ)(X) =
P(φ)(Xf). This implies Y = T as (Γ,G)-bisets; therefore l ύ ύ l
(/ι times)= X ; ύ ϋX1 (n times). To infer X = X' from this, use the
uniqueness of the decomposition into indecomposable bisets.

(b) Let x e W(Γ,G;J), x Φ 0. By definition, x is /-reduced.
Suppose W(φ)(x) = 0. This means P(<p)(x) = H*Q X is /-hyperbolic.
This implies P(φ)(x) *H P{ψ){u) = P{ψ){x) for all u e J. By part
(a) and Theorem 2.1, this implies x *Q U = x for all u e /, i.e. Λ: is
/-hyperbolic, a contradiction.

We consider the group Q/Z. Let / be the set of all finite sub-
groups of Q/Z. Let / be a finite subgroup of the character group
Homc(Γ,Q/Z). Then there is a G e I such that / actually lies in
Homc(Γ, G). For H\,H2eI,GcHx c H2, let iGtHj be the inclusion
G c Hj, and IHUH2 the inclusion H\ c H2. Denote P{iG,H){J) by / # .
By 2.3, the map

= W{iHuHl): ^ ( Γ , / / i ; / ^ ) ^ W(Γ,H2;JH2)

is injective. We can take the direct limit over the system {WHltHl) and
define

) = lim W(Γ,H;JH).
HDG
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The concepts of the rest of this section are motivated by the phe-
nomenon of ramification in number fields (with some twist of termi-
nology at the infinite primes).

Let Γ, Δ be profinite groups. Given ψ\, ψι € Homc(Γ, Δ), we define
ψ\ ~ ψ2 if there exists δ e Δ such that φiiy) = δ~ιφχ(γ)δ for all
γ G Γ. A morphism for Γ to Δ is an equivalence class [φ] with respect
to ~. Let G be a finite abelian group and X a (Δ, (j)-biset, and [φ] a
morphism from Γ to Δ. We define a (Γ, <7)-biset Xφ by

X = χφ as a set;

μ(γ, x) = φ(γ)x, v{σ, x) = σx, (x e X, γ e Γ, σ e G).
The isomorphism class of Xφ depends only on [φ], as is easily checked.
Therefore we have a semiring homomorphism

λ = P([φ],G): P(A,G) -+ P(Γ,G).

Of course, units map to units under λ, and if X is /-hyperbolic, then
λ(x) is Λ(/)-hyperbolic, so a ring homomorphism

W{[φ],G\J): W{Δ9G\J)-+W{T,G\λ{J))

is induced. Here / is a finite subgroup of P(Δ, G), or (which is the
same by Theorem 1.8) a finite subgroup of Homc(Δ, G).

A profinite group Ψ is called procyclic if it has a topological gener-
ator (i.e. it has a cyclic subgroup whose closure is Ψ).

By a procyclic segment of a profinite group Γ we mean a pair (Φ, Λ),
where Φ is a closed normal subgroup of Λ, Λ is a closed subgroup of Γ
containing Φ, and Λ/Φ is procyclic. Let (Φ, Λ) be a procyclic segment
of Γ, and X a finite continuous Γ-set. X is called Φ-unramified, if
γx = x for all γ e Φ, x e X. If X is Φ-unramified, then X is naturally
a Λ/Φ-set (as one easily checks). We may write

x = XιU--υxg.

where the Xj are transitive Λ/Φ-sets. We define

fi = \Xi\, i=l,...,g.

Then μr| = Σf=1 /;. We call X normal if for all a, β eΓ and x e X,
αx = x implies αβx = βx.

THEOREM 2.4. Assume X is transitive, normal, and Φ-unramified.
Then fi = fj for all i, j e {1,..., g}.

Proof. Pick xt e Xh Xj e Xj. For k e {/, j}9 let

Ak = {λeA\λxk=xk}.
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Since X is transitive, there is an a e Γ with <xx, = xj. If λxt = xi9

then λaXi = αx/ by normality; hence λXj = Xj. This implies Λ, = Aj,
so fi = [A: A/] = [A : Λy] = /}, which proves the theorem.

Now let G be a finite abelian group. We write PW(Γ, G) for the set of
those X € P(Γ, G) which are Φ-unramified. PM(Γ, (?) is a subsemiring
ofP(Γ,G). We write

for the natural map.
Let / be a finite subgroup of Homc(Γ, G) with /(Φ) = 1 for all

/ € / . We call / Φ-unramified and identify it in an obvious way
with a subgroup / of Homc(Γ/Φ, G). We restrict this to Λ/Φ to get
/ ' C Homc(Λ/Φ, G). We write WU(Γ, G J) for the set of those X e
PU(Γ, G) which are /-reduced. We define

θ: WU(Γ, G;/) -+ W(A/Φ, G;/;)

by x -+ φ{x)r.

THEOREM 2.5. WU{T, G J) is a subring ofW{Γ, G J). Also, θ is a
ring homomorphism.

Proof. This is easy to check.

Although the properties of this last map are not clear at the moment,
it suggests to examine the special case Γ procyclic more closely.

3. Calculations. As before, let Γ be a profinite group, G a finite
abelian group, / a finite subgroup of Homc(Γ, G). A (Γ, G)-biset X is
called free, if for all x e X and σ e G we have ax = x only for σ = e.
It is easy to see that disjoint union and *-ρroduct of free bisets are
free. This allows us to make the following definitions:

(size ofX=)s{X) = \X/G\(= \X\/\G\) for X free.

Po(Γ, G) = semiring of isomorphism classes of G-free (Γ, G)-bisets.

, G J) = ring of isomorphism classes of /-reduced G-free

(Γ, G)-bisets.

(Here we also used the trivial fact that the /-reduced part of a free
biset is again free.) Note that s(X® Y) = s(X) +s(Y) and s(X*G Y) =
s(X) s(Y) for X,Y free.
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For technical purposes, we define one more notion: A biset X is
called separated if it is free, indecomposable, and the following holds:

Vα E Γ, a G G: ax = ax => ax = x.

One checks that the separated bisets X correspond to the triples
(Δ, e, 1) in the correspondence of Theorem 1.9.

THEOREM 3.1. IfX and Y are separated ofcoprime sizes, then X*g
Y is separated.

Proof. We know that X and Y correspond to triples (Aχ,e, 1) and
(Δ2, ey 1). Therefore, X and Y are isomoφhic to Γ/Δi x G and Γ/Δ2 x G
respectively, with the canonical Γ x G-structure. One verifies:

(Γ/Δ! x G) *c (Γ/Δ2 xG) = (Γ/Δ! x Γ/Δ2) x G,

where Γ operates diagonally on Γ/Δi x Δ2. Since the numbers [Γ :
Δi] = s(X) and [Γ: Δ2] = s(Y) are coprime, the

Γ-set Γ/Δ! x Γ/Δ2

is canonically isomorphic to the Γ-set Γ/Δ! ΠΔ2. Therefore X * G Y
corresponds to (Δi nΔ 2 ,e , 1) and is separated.

For the rest of this section, assume Γ abelian.

THEOREM 3.2. Every separated biset X is uniquely the *-ρroduct of
bisets Xp (p runs over all primes dividing s(X)) which are separated
and whose size is a power of p.

Proof There is an open subgroup Δ c Γ such that X = Γ/Δ x G
as a biset. Let Xp be a biset of the form T/Ap x G, Ap c Γ open, p
running over a finite set of primes. Then X is the *-product of the
Xp if and only if the Γ-sets Γ/Δ and Π Γ/Δp are isomorphic, where Γ
operates diagonally on the latter. If [Γ: Ap] is assumed to be a power
of p, then (as in the last proof)

IJΓ/ΔpΞΓ/p|Δp as Γ-sets.

Therefore the existence of a product representation as in the theorem
is equivalent to the existence of a representation Δ = f)Ap, [Γ : Ap]
a power of p. The same goes for the uniqueness. Since Γ is abelian,
existence and uniqueness of the representation Δ = f)Ap, [Γ : Ap] a
power of /?, follow. This proves the theorem.

Now let G = Cp be cyclic of order p, and let Γ = Z be the "proin-
tegraΓ group. Let / be the finite group Homc(Γ, Cp).
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THEOREM 3.3. (a) Every reduced indecomposable (Γ, G)-set X is free.
(b) For every reduced indecomposable X there is precisely one f eJ

such that X *o Gf is separated.

Proof, (a) Let (Δ, H, t) be the triple associated to X. Suppose H =
G (= Cp). Then for all / e /, the triple associated to X * G Gf is
(Δ, H,f't),andf-t = t (recall t: Δ -> G/H, and G/H is the trivial
group here). Therefore X is /-hyperbolic. Thus H has to be the trivial
group e, and this implies that X is free.

(b) By part (a), X is associated to (Δ, e,t),t a homomorphism Δ —>
G. Suppose that for all / e J we have /(Δ) = 1. Then / t = t
for all / , and X would be /-hyperbolic. Thus there exists an / e /
with /(Δ) Φ 1, i.e. Δ £ pZ. Then one checks that there is an / 0 G
Homc(Γ, G) with / 0 I Δ = ί. Then X* G X,_, is associated to the triple

°
(A,e, 1), whence it is separated. The uniqueness statement in (b) is
easy to check.

Theorem 3.2 motivates the following definition: Let q be a prime.
Wq(Γ, G J) is the set of isomorphism classes of /-reduced bisets X
which satisfy: Every indecomposable component Y of X has size s(Y)
a power of q.

THEOREM 3.4. Wq = Wq(Γ, G J) is α subring ofW(T, G J).

Proof G\ e Wq since s{G\) = 1. Wq is trivially closed under addi-
tion. Let X, Y eWq. We may suppose they are indecomposable and
even separated (use 3.3b) and the fact that Gf e Wq for all / e /.
Thus X and Y are isomorphic to Γ/Δi x G and Γ/Δ2 x (? respectively,
where Δi, Δ2 are open subgroups of Γ with indices qeχ and ^β 2

? respec-
tively. Hence X *G Y = (Γ/Δj x Γ/Δ2) x G, Γ operating diagonally
on Γ/Δi x Γ/Δ2. One checks that Γ/Δi x Γ/Δ2 is Γ-isomorphic to the
disjoint union of |Γ/ΔiΔ2 | copies of Γ/Δi ΠΔ 2 . Since the index of
Δi Π Δ2 in Γ is again a power of q, this proves X *G Y eWq.

THEOREM 3.5. Recall Γ was Z and G was Cp. The ring W(Γ, G J)
is canonically isomorphic to

(g) wq(r,σ,j),
q prime^/7

where the tensor product is taken over the ring

S = Zj/\Σf)=Z[ζp].
1 V/e/ J

{The module structure is given by f • X = X * Gf).
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Proof. First claim. W — W(T, G\ J) is S-free on the separated
bisets.

Proof of first claim. By 3.3(b), every indecomposable reduced X has
the form / Y, with Y separated and / E / . One verifies that the
annihilator of Y in Z / is precisely C C / € / / ) . (Note φfeJf Y is
/-hyperbolic.)

Second claim. Wp is S-free on the separated bisets whose size is a
power of q.

Proof of second claim. Similar to the first one.

Now we can write down all separated bisets X: Xn = Γ/Δ x G with
Δ = nZ, n e N. Note s(Xn) = n. On the proof of 3.3(b) we saw that
Xn is /-hyperbolic if p | /?, so we only take n prime to p. Therefore
W has an S-basis

, {p,n) =

Wq has an 5-basis

{Xqe \eeN}

y φ p. There is a canonical ring homomorphism

Vs 6?) Wq-+W (® over S).

We claim it is an isomorphism. As in the proof of 3.4, one works out
the multiplication rule

Xm'Xn= gcd(m, ή) Xicm(m,n)

Using the given 5-bases of Wp and W, it is straightforward to check
that V is an isomorphism.

To finish this section, we give an explicit description of the ring

q = Wg(Z, CP\J). To this end, we define a subring Tq of the ring
of infinite sequences in S (addition and multiplication via com-

ponents). Recall S = Z[ζp], ζp a primitive pth root of unity.

N ί x» = ^iz-imod^ for all v > 1,

I (xv) eventually constant.
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One can define special elements ze eTq (e e N) as follows:

z o = ( l , 1 , 1 , 1 , . . . )

z\ = (0,q,q,q,...)

z2 = (0,0,q2,q2,...)

Then the ze form an S-basis of Tq. We can define an isomorphism of
/S-modules

φ{Xqe) = ze.

The multiplication table for the Xqe is as follows: For e < / , Xqe -Xqf =
qe - Xqf. It is easy to see that for e < f, we also have ze Zf = qe Zf.
Therefore we conclude:

THEOREM 3.6. φ: H^ -* Tq is a ring isomorphism.

We add some remarks about the ring Tq, omitting the (not very
difficult) proofs.

1. Tq is connected.
2. If 'q c S is a prime over #, then 7^ has exactly one prime ideal

Q = (qf e\, eitβs, ) over ^, and this is maximal.
3. If p c 5 is a prime not over q (including the case ~p = 0), then

there is an infinity of primes φo> Φi > %> , ̂ Poo over ~p. They
are defined as follows:

(π/ : Tq-+S is the /th projection),

= {(xγ) e Tq I lim(xy) G /?}.

(The lim makes sense since (x7) is eventually constant.) These
are minimal primes with residue class ring = S if ~p = 0, max-
imal primes with residue class ring = £//? otherwise.

Since the absolute Galois group Γ of a finite field k is isomorphic to
Z, this calculation also applies to the ring W{k9 Cp\ K), where K is the
unique field extension of degree p over k.
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