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ON RECURSIVE FUNCTIONS AND REGRESSIVE ISOLS

JOSEPH BARBACK AND WILLIAM JACKSON
In memory of Dr. Erik Ellentuck

We are interested in regressive isols, recursive functions, and the
extension to the isols of recursive functions. Qur results in the paper
were motivated by an interest to clarify the nature of the domain in
the regressive isols of the Myhill-Nerode extension to the isols of a
recursive function of one-variable.

In particular, if f is a recursive function, f, the Myhill-Nerode
extension of f to the isols, A the set of isols, and Ar the set of
regressive isols, we give a characterization of the set

Dom f) = (4 € Ar: fa(4) €A),

and then relate f(Dom f,) to agr where o is the range of f and
ar = Ar N a, where o, is the Nerode extension of o to the isols.

1. Notations. Let w be the set of non-negative integers (numbers).
The domain and range of a (partial or total) function g will be denoted
d0g, pg respectively. All functions will be assumed total, i.e., their
domain = w, unless otherwise specified. We will say that a function
g: w — w is increasing if x < y implies g(x) < g(y), and say that
it is eventually increasing if there is a number k such that k < x <y
implies g(x) < g(»).

The following theorem combines two well-known results which are
proved in [1] and [2] respectively.

THEOREM T1. Let f be a recursive and eventually increasing func-
tion. Then f), maps Agr into AR, and if « is the range of f, then

ar = fa(AR).

The primary motivation for this paper is an attempt to understand
the consequences of removing the clause “eventually increasing” from
the above theorem, and the main techniques applied to investigate
those consequences are infinite series of isols, [4], and some of the
fundamental work of E. Ellentuck in [7].

2. Preliminaries. We would like to assume that the reader is famil-
iar with topics and terminology in the theory of isols. In particular,
we will assume a familiarity with techniques involving infinite series
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of isols. Important to our study is a fundamental representation the-
orem of Ellentuck in [7], and also the method of [7] for representing
an extension to the isols of an increasing function as an infinite series
of isols. These topics we shall now review.

It is a well-known result that if the extension to the isols of an
increasing recursive function is evaluated at a regressive isol, then this
value can be expressed as an infinite series of isols. We wish now to
discuss a similar representation due to Ellentuck, but first we must
define the notion <* due to Dekker, [5], and the difference function
Ar of a function r. For functions, ¢, u, define ¢t <* u if there is a partial
recursive function p with pt C dp and p(¢,) =u, forne w. For Y a
regressive isol and u a function, define Y <* u if Y is finite or z is a
regressive function with pt € Y and ¢ <* u. For a function r, define
Ar(n) = r(n+ 1) — r(n). We can now state Ellentuck’s representation,
[7], for extending functions that are increasing but not necessarily
recursive. Let r be any increasing function, and let Y be a regressive
isol. Then the extension of 7, r,, will be a partial function on the isols
defined as follows: if Y is finite, then r,(Y) = r(Y); if Y is infinite
and Y <* Ar, then

ra(Y) =r(0)+ > Ar.
Y

In [7] Ellentuck showed that the value of r,(Y) is equivalent to the
value obtained by taking the Nerode extension, [10], of r to isols.
We note that if r is a recursive increasing function, then Ar is also
recursive, and therefore Y <* Ar for every regressive isol Y. Also, let
us note that when r is an increasing function and Y is a regressive isol
with Y <* Ar orY finite, then the value of r,(Y) is also a regressive
isol. This property is well known; it may be obtained from the infinite
series representation of r,(Y) when Y is infinite, and from knowledge
that r,(Y) is finite when Y is finite.

The following theorem is a basic result for our paper, and it is
proved in [7].

THEOREM T2 (Ellentuck). Let f be a recursive function, and let r be
any increasing function such that the composition for, (for)(n) =
f(r(n)), is also increasing. Let A € Ag with A <* Ar. Then A <*
A(for)and (for)a(A) = fa(ra(A)), and therefore also the isol ry(A)
belongs to Dom f,.
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It turns out that the representation given in this theorem leads to
a characterization of the form of the regressive isols that are in the
domain of f}.

3. On the isols in Dom f,. Let f: @ — w denote any recursive
function. It is known, from results in [1], that if f is not eventu-
ally increasing, then there will be some infinite regressive isols that
f) does not map into the isols. However, in contrast to the above,
there will always be some infinite regressive isols that are in the do-
main of f,, i.e., that are mapped by f, into the isols. Actually much
more is known with respect to the existence of isols that lie within,
and without, the domain of f,. In [11] A. Nerode showed that there
are infinite regressive isols that belong to Dom f, for every recursive
function f. In [7] E. Ellentuck called such isols recursively strongly
torre and studied some of their properties. Ellentuck, in [7], also in-
troduced a class of regressive isols called recursively strongly universal.
If such an isol belongs to Dom f, for a recursive function f, thenf is
eventually increasing.

It is well known that if A4 is a regressive isol and f,(A4) € A, then
fa(A) € Ag. It follows from this property that Dom f, may be ex-
pressed as:

Dom f), = (4 € Ar: fa(A) € A) = (4 € Ar: fa(A4) € AR).

If d: w — w is any function, then we shall sometimes write d, for
d(n). We would now like to state a property about certain infinite
series of isols.

Let u: w — w and v: @ — w be any functions, and let 4 be any
infinite regressive isol. Assume that 4 <* u, A <* v, and also that

(1) Zu=Zv.
1 1

Because A is an infinite regressive isol, it is then possible to verify that
there will be infinitely many numbers d such that

u0)+---+u(d)=v0)+---+v(d).

Furthermore, there is a variety of other properties that follow from
(1), and we shall state these properties in the following lemma.

LEMMA L1. Let u: w — w and v: w — @ be any functions, and let
A be any infinite regressive isol. Assume that A <* u, A <* v, and also

that
Zu = Zv.
4 A
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Then there is a strictly increasing function d : w — w with
u0)+---+u(d;) =v0)+---+v(d;)

for every number i € w. Moreover, the function d has the following
additional properties. (i) Let a: w — w be any regressive function that
ranges over a set in A. Set b(n) = a(d,), for each number n € w. Then
b will be a regressive function. (ii) Let B = (by,by,...) and let B be
the regressive isol with B € B. Then B < A. (iii) Define the function p
by

p(0) =1+4d(0),
p(n+1)=d(n+1)-d(n).

A=Zp.
B

Proof. Let a be a regressive function with pa € A. Then

Then B <* p and

(1) (j(aoao)""aj(ao’uo - 1),j(al’0):'--3j(al>ul - 1):"')

is a representative of ) , u with the understanding that the sequence
j(a;,0),...,j(ai,u; — 1) is empty if u; = 0. Likewise, a representative
of ), vis

(2) (j(aOaO)’“-:j(aOaUO - 1),j(al,0),---,j(a1,'l)1 - 1)’)

Denote the set (1) by a, and the set (2) by a,. Since }_ ,u =3 ,v,
there is a one-one partial recursive function p with a,, C dp, a, C pp,
and p(ay) = ay. We wish to show the existence of a strictly increasing
function d: w — w with u(0)+---+u(d;) = v(0)+- - -+v(d;) for every
i € w. To accomplish this, we begin by considering the set

y=(x:u0)+ -+ ulx)=v0)+---+v(x)).
Suppose 7 is finite. Then there is a number k such that
(3) x>k—-u0)+---+ulx)#v0)+---+v(x).

Let ag, ay, ..., a; be given. Since pa € A and a <* u, we can effectively
find ug, uy,...,u;, and hence we can form the set

ak = (j(ap,0),...,j(ag, ug — 1),...,j(@,0),...,j(ax ux — 1)).
Since 4 <* v, we can likewise form the set

ok = (j(ap,0),...,j(a,vo—1),...,j(@,0),...,j(ave — 1)).
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However, since card of = u(0) + - -- + u(k) and cardoX = v(0) + --- +
v(k), by (3) we have card ok # cardak. If cardoX > card ok, we can
use p to produce an element j(ay,y) € a, with x > k. If card a’; <
card aﬁ, we can use p~! to produce an element j(ay,y) € a, with
x > k. In either case, we can effectively find an a;(;) with k(1) > k.
As above, since a is a regressive function, 4 <* u, and 4 <* v, we can
effectively form the sets

k . . . .
ax) = (j(a0,0),..., j (@0, uop = 1), .-, j(@k(1), 0)s - - -» J(@k(1)» U1y — 1))

and

k . . . )
a‘v(l) = (.](a()s 0)3 oo 9J(a03 Vo — 1)5 oo a](ak(l),o)a oo >J(ak(l)avk(1) - 1))

Again, using (3) and k(1) > k, we have cardas") # cardoas") and

by repeating the above argument, we can effectively find an a; ;) with
k(2) > k(1). By iterating the above construction, we effectively pro-
duce an infinite recursively enumerable subset of pa. But this con-
tradicts pa € A being an isol. Thus, y = (x: u(0) + --- + u(x) =
v(0) + --- + v(x)) is infinite. If we now let dy = least member of
y=(ux) (x €y)and d;;; = (ux) (x € y and x > d;), then d will be a
strictly increasing function with

u(0) + -+ + u(d;) = v(0) + - + v(d;)

for every i € w.

Turning our attention to (i), we let a: w — w and d: w — w be as
above, and define b, = a(d,). To establish (i), we need to show that
from b,,,, we can effectively find b,. Let b, = a(d,,) be given.
Since a is a regressive function, we can effectively find

(4) a(dp —1),...,a(dy),...,ay
and

(5) dpi1—1,...,dy,...,0.
From (4), 4 <* u, and 4 <* v, we can find

(6) u(d,—1),...,u(dy),...,up
and

(7) v(dp —1),...,v(dy),..., 0.

From (6) and (7), we can find the largest number x from (5) for which
u(0) + -+ u(x) =v(0) + - -- + v(x). By the definition of d, we have
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d, = x. From d, and (4), we can find a(d,) = b,, and therefore, (i)
is established.

If we let B = (bg, by, by, ...), then to establish (ii), we need to show
that # and pa — B are separated. To this end, let x € pa. Since a is a
regressive function, we can effectively find the j such that x = q; and
in the process we can produce the list

(8) aj,a;_1,...,49.

From (8), 4 <* u, and A <* v we can effectively find uy,...,u;, and
g, ...,vj. Then by the definition of #, we have x € g if and only if
U+ -+Uj=v9+--+;.

Our first step in establishing (iii) is to show that B <* p. Thus, from
b, = a(d,), we need to effectively find p,. Recall that a,b: v — @
are regressive functions. Now, given b,, we can effectively find n. If
n = 0, then from by = a(dy) we can effectively obtain dj, and then
po =1+dy. If n > 0, we can effectively find b,_,. From b,,b,_;, we
can obtain d,,d,,_ in an effective manner, and then p, =d, — d,_;.

To finish the proof of (ii1), and of the lemma, we need to show that
A =) pp. That is, we need to show that a representative of A:

(9) (ag,a,az,...),
and a representative of ) p:

(10) (j(b()’O)a---’j(bOspO - 1)"--3j(bn’0)9°'-aj(bn9pn - l)a-”)s

are recursively equivalent. To accomplish this it suffices to show that
the mappings a, — ¢, and ¢, — a, have effective extensions where
t: w — w is the function ranging over the set in (10). We thus need
an explicit definition of . We define:

th = j(bo,n) for0<n<py—1,
= j(bxy1,n — (Do + -+ Dx))
forpo+---+pr <n<po+---+ Dk +Dry — L

Since b, is one-to-one and p;, > 0 for every k, t is a well-defined
one-one function from w onto the set in (10).

Let a, be given. Since dy is a strictly increasing function, either
n <djord, <n<d, foraunique k € w. Since ay is a regressive
function, we can effectively find ag, a,,...,a,. In addition, since d
ranges over

y=(X:tup+--+ux=v9+ - +x),
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A<*u,A<*v,and ), u =) ,v, wecan use the technique employed
at the beginning of this proof to effectively produce

ap, ... ,ad(o) or ap,.. .ad(k+1)

depending on whether n < dj or d; < n < d;| respectively.

First, suppose n < dy. Then, as noted above, we can effectively find
ag(0) = bo, and hence also dy and pg = 1 + dp. Since n < dp = po — 1,
we have effectively found ¢, = j(bo, n).

Now, suppose d;y < n < d;,;. Again, we can effectively find
Ag(k+1) = bry1. Since by is a regressive function, we effectively ob-
tain

biy1 = Ad(k+1)s - b = aq(0)
from by, and hence also
(11) dis1s---,do.
From (11), we can calculate
(12)  pry1=diy1—dis..., pr=di—do, po=do+1

Using (12) and our assumption that d; < n < d;,, we obtain
Pe+-+po—1<n<pe+---+po— L

Hence, we have effectively found

th = j(bgs1,n— (Do + -+ + Di)),
so that the mapping a, — ¢, has an effective extension.
We have left to show that from ¢, we can effectively produce a,.
Thus, let ¢, be given. Now, ¢, = j(x,y) with x = b;..
If ' = 0 then x = by = a4 = ap()-1, and therefore we can
effectively find

(13) Ap(0)—15- -+ 40,

since a, is a regressive function. Also, since x = by, n = y and
0 <y <pg-— 1. Thus, from (13) we can find a,.

If k' > 0, then x = by, = by, withk >0andy = n—(po+---+px) =
n — (dy + 1). Since b, is a regressive function, we can effectively find

(14) brs1 = Qagks1)s  br = aagkys - -5 bo = aq(0).-
Since a, is a regressive function, we can, from (14), effectively find d
and
Ad(k+1)> Ad(k+1)—15- -+ > Ad(k)-
Thus, since y and d are known, we have found a, = Q4 (k)+y+1- Thus,
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from ¢, we can effectively produce a, thereby completing the proof of
the lemma.

THEOREM T3. Let f: w — w be any recursive function, and let A
be any regressive isol. Then A € Dom f, if and only if there is an
increasing function r and a regressive isol E such that for is increasing,
E <* Ar, and A = r\(E).

Proof. In view of Theorem T2 one only need verify one direction of
the theorem. Let us assume 4 € Dom f,. Then we wish to show that
there is a function r and a regressive isol E with the desired properties.
Assume that f,(4) =Y.

If A is finite, then we may set r(n) = A, for all numbers n, and let
E =0. Then r,(E) = r(0) = 4 and f or is a constant function. Also
E <* Ar, since E is a finite number. This gives the desired result in
the case A is finite.

Assume now that A is infinite. Let f* and f~ be recursive increasing
functions such thatf(n) = f*(n)— f~(n), for all numbers n. One may
select f* and f~ as the positive and negative combinatorial parts that
are associated with f. We will write f for (f*),, and f,_ for (f7)a.
Then, it follows that f(4) = f,/ (4) — f; (4), and therefore also,

(1) INCOENNCIEDE

If we express each of the extensions f;(4) and f, (4) in (1) as an
infinite series, we may then, from (1), also obtain

) FHO) + Y Af = f(0)+ YA +Y.
A A

In (2) we would like to attach the value of f*(0) to the infinite series
next to it, and similarly with the value f~(0) to the series next to it.
Let us modify Af* by making Af*(0) be f*(0)+Af*(0), and making
Af~(0) be f~(0) + Af~(0). Then (2) may be written as

(3) Y Aft=>Af+Y.
A A

We recall that Y will be a regressive isol. Also, by the work of J.
Gersting in [8], it follows from (3) that Y can also be expressed as an
infinite series. In particular, as

Y=Ec,
A
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where 4 <* ¢, and 0 < ¢(n) < Af*(n), for each number n. Then, by
[9, Lemma 17.18], the summands of the series representations of the
right side of (3) may be combined so as to obtain,

(4) Y ASF =Y (Af +o),
A A

where A <* Af* since Af* is recursive, and 4 <* (Af~+c) since Af~
is recursive and 4 <* ¢. To equation (4) we now apply Lemma L1,
treating A as itself, Af* as u, and (Af~ +c) as v. Let the functions d
and p, and the regressive isol B, be as introduced in Lemma L1.

We note that, from the definition of d, it follows that for all

numbers #,
d(n)

d(n)
STALHE) = Y (AF +0)).
0 0

Also,
d(n)

fHdm)+1)=Y_Af*(i), and
0

d(n)
frdm)+1) =Y Af(3),
0

for each number ». It therefore also follows,

d(n)
(5) fdm)+1) =" (i),

0

for each number n. Let the function r be defined by, r(n) = d(n) + 1,
for n € w. In view of (5), we see that the composition function for
is increasing. Also, we note that r(0) = p(0) and Ar(n) = p(n + 1),
where p is the function obtained from Lemma L1. In addition, also
by Lemma L1, one has B <* p and

(6) A=Zp.
B

Because B <* p and Ar(n) = p(n + 1), it follows that B — 1 <* Ar.
Combining this property with r(0) = p(0), we may then obtain from
(6) the following representations for the isol A4,

A=p0)+ Z Ar
B-1

=r(0)+ ) Ar=r\(B-1).
B-1



218 JOSEPH BARBACK AND WILLIAM JACKSON

If we now set E = B — 1 then the desired representation for the isol
A is obtained. This completes our proof.

4. On the extension of recursively enumerable sets to the isols. Let
a be a non-empty recursively enumerable (RE) set, and let oy be the
extension of a to the isols. Let ag = Ag Na,. Let f be any recursive
function that has range equal to «. In this section we wish to study
some properties related to the two collections f (Dom f)) and ag.

To begin, we will introduce some terminology to enable us to de-
scribe the representation of ay that is obtained in [3]. Assume r: @ —
w is a strictly increasing function. We will say that r is the principal
function for the set of numbers that is the range of r. We also define

Domry, = (A€ Ag: A <* Ar).

Let § be any set of numbers. We define a collection of isols ds in the
following way. If ¢ is a finite set, then dy = J. If J is an infinite set,
then

oy =rp(Domr,),

where r is the principal function that has range . Based on our earlier
comments we note that all the elements of ds are regressive isols.

REMARK R1. The collections Jy were first introduced in [3]. In [3]
their definition is made a little differently than here, but the two are
readily shown to be equivalent. We would like to verify that fact here.
In [3], d5 is defined in the following way. If ¢ is finite then dy = 4. If
o is infinite, let r be its principal function, and let the function 4 be
defined by, d(0) = r(0), and d(n + 1) = r(n+1) —r(n). In[3], d is
called the e-difference function of r, and Js is defined by

Jzz(Zd:AGAR,AZI and As*d).
A

To show that the two definitions of Js are equivalent, we may as-
sume that J is an infinite set. Let the functions r and d be as in-
troduced in the preceding paragraph, and note that, d(0) = r(0), and
d(n + 1) = Ar(n). Then, from the characterization of Jy given in [3]
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and noted above, we have

Oy = (Zd:AeAR,ASI,AS*d)
A

= (r(O)+ZAr: A€AR, A>1, A-1 S*Ar)
A-1
=(rp(A—-1): A€Ag, A>21, A-1<*Ar)
= (rA(B): B € AR, B <* Ar) = rp(Domr,),
and the desired equivalence follows.

To represent a union among sets we shall write ). The following
result is proved in [3].

ProPOSITION P1. Let o be any recursively enumerable set. Then

QR = Zaz

From Proposition P1 it follows that for any RE set a one has a C
ag. Also if both o and g are RE sets, then a C f implies ag C fkr.
These properties are actually true for the extension to the isols for
any sets of numbers, and can be obtained from the earlier work of A.
Nerode in [10]. We also want to observe two additional properties,
and they will be presented in the following lemma.

LEMMA L2. Let a and B be any RE sets, and let f and g be any
recursive functions. Then,

(a) If o and B differ by only a finite set, and Y is an infinite isol,
then Y € ag if and only if Y € Bkg.

(b) If k is a finite number, and if f(x) = g(x) for all numbers x > k,
then fo(A) = gp(A) for all isols A with A > k.

Proof. Property (a) follows from Lemma 1 in [3]. Property (b) was
already used in the proof of Theorem T3. It is a well-known property
and it may be verified in the following way. Assume k£ € w and that
x > k implies f(x) = g(x). Then the equation f(x+k) = g(x +k) is
valid for all x € w, and therefore, by the Myhill-Nerode metatheorem,
the equation fj (X + k) = go(X + k) is valid for all isols X. This gives
the desired result, and completes the proof.

Let us now consider the two sets f,(Dom f)) and ag, when f is a
recursive function and « is its range. We note that by Theorem T1 it
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follows that if f is an increasing function, then f)(Dom f) = ax. In
general, we have f,(Dom f,) C ag, yet the inclusion can be proper,
even when « is a recursive set. Also, if a is any non-empty RE set,
then there exist recursive functions f that have range «, and with
fa(Dom f,) = ag. Some recursive functions that are related to a in
this fashion are called complete for o, and are introduced below. We
would now like to verify these properties. It is helpful for the following
presentation to first reflect on a special feature of some infinite series
of isols.

Let u: w — o be any function and let 4 be any infinite regressive
isol with 4 <* u. Let

Y = Z u,
4

and assume Y is infinite. It follows that there will be infinitely many
numbers m for which u(m) is positive. Let ¢ = (x: u(x) > 0), and let
s be the principal function of ¢. Let a be any regressive function that
ranges over a set in 4. Set b(n) = a(s(n)), and let B be the isol that
contains the range of b. Since a is a regressive function and 4 <* u,
it is readily seen that b is also a regressive function and B <* uos. In
addition, B < A and
Y = Z uos.
B

It is this representation of Y that is useful for us to observe. It is
applied in the proof of the following theorem.

THEOREM T4. Let a be a non-empty recursively enumerable set and
let f be a recursive function that has range a. Then, f,(Dom f,) C ag.

Proof. Let Y € fy(Dom f,). Then Y = f,(A4), and by Theorem T3,
we may write A = ry(B) where r and f o r are increasing functions,
and B <* Ar. Applying Theorem T2 also yields ¥ = (f o r),(B), with
B <*A(for), and

(1) Y=(for)(0)+ Y A(for).
B
We will now consider three cases.

Case 1. B is finite. From (1) it then follows that Y is also finite and
Y = (for)(B) = f(r(B)), and therefore Y € a. Hence also Y € ag.
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Case 2. B is infinite and Y is finite. Then from (1) it follows that
there will be a number k such that A(f o r)(m) = 0 for all numbers
m > k. Then

k
=(for)0) + Y _A(for)(i)=(for)(k+1).

i=0
In this case then Y = f(r(k + 1)) € o, and therefore Y € ag.

Case 3. B is infinite and Y is infinite. Then A is infinite. Let g
be defined by, g(x) = 0 for x < r(0), and g(x) = f(x) for x > r(0).
Then Y = f5(A4) = ga(A) by Lemma L2(b). Let A be the range of the
function g. Then A and « differ by only a finite set, and hence Y € ag
if and only if Y € Ag, by Lemma L2(a). It therefore suffices for us to
show Y € Ag. Let us note that one also has that g o r is an increasing
function, and B <* A(g or). We then have

(2) Y=3 Agor),
B

since (g or)(0) = 0. Combining (2) and the fact that Y is infinite,
it follows by our earlier observation that there will exist a strictly
increasing function s and an infinite regressive isol U such that, s
ranges over the set (x: A(gor)(x)>0),and U <*A(gor)os, and

(3) Y =) (A(gor))os.
U

Let the function p be defined by,
p(0)=0, and

p(m+1)=(A(gor)os)(0)+---+ (A(gor)os)(m).
Then p is strictly increasing, and Ap = (A(gor))os. Since U <*
A(g or)os then also U € Domp,, and therefore from (3) it follows
that
(4) Y = pa(U).
Let us note that p(0) = 0, and

p(m+1)= }:(A(gor )(s(i) ZA(gor)(l

i=0 i=0
= (gor)(s(m)+1) = g(r(s(m) + 1)),
where the second equality follows from the fact A(gor)(¢) = 0 for any
t with t < s(m) and ¢ ¢ (s(0),...,s(m)), and the third equality follows
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because (g o r)(0) = 0. Thus it follows that p is a strictly increasing
function that ranges over a subset of the range of g. If p ranges over
J, then § C A, and, in view of (4), Y € ds. Therefore ¥ € Az and
then, as previously noted, Y € ag. This completes our proof.

We would like to illustrate in the following example a setting where
the inclusion obtained in Theorem T4 may be proper. This may even
be true when the range of the function f is a recursive set.

ExaMPLE E1. Let f be the recursive permutation defined by, f(2n)
=2n+1and f(2n+1) = 2n. Then the range of f is w, and it is known
that wg = Ag. We would like to show that f,(Dom f,) is a proper
subset of Ag. Because f is not eventually increasing, it follows from
the main result of [1] that there exists some Y € Ag with f,(Y) ¢ A.
Equivalently, this means Y € Ag—Dom f,. But then it will also follow
that Y ¢ fy(Dom f,). For if there is some 4 € Ag with Y = f,(A4),
then, since f(f(x)) = x is always true in w, one would have

A = fA(fa(4)) = fa(Y),
which would imply Y is in the domain of fy,. Hence ¥ € Ap —
Sa(Dom f).

Let a be any non-empty RE set. While for some recursive functions
f that range over o one may have, as in Example E1, f,(Dom f,) #
aR, it turns out to always be possible to choose a recursive function f
with range o for which the two corresponding sets are the same.

DEerFINITION D1. Let a be a non-empty recursively enumerable set.
A recursive function f is called complete for a, if (1) the range of f
is a, and (2) every infinite subset of « is the range of f upon a set of
numbers where f is strictly increasing.

It is easy to see that every non-empty RE set has a recursive function
that is complete for it; for example, any recursive function that ranges
over the set and takes on every value in the range infinitely often will
be complete for the set. We note that if « is infinite and recursive,
then the strictly increasing recursive function that has range a will be
complete for a.

THEOREM T5. Let a be a non-empty recursively enumerable set, and
let f be a recursive function that is complete for a. Then fy(Dom f)) =

QaR.

Proof. In view of Theorem T4, we need only verify the property
ar C fa(Dom fy).
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Let Y € ag. If Y is finite, then Y € a so that there is a finite number
a with Y = f(a) = fy(a). Thus, since @ C Dom f,, Y € f,(Dom f}).

If o is a finite set, then ag = a so that every member of ay is finite.
Thus, ag C fy(Dom f,) follows from the preceding paragraph.

Let us now assume that « is an infinite set, and that Y is an infinite
isol with Y € ag. By Proposition P1, it follows that there will be a
subset d of « such that Y € dx. Since Y is an infinite isol,  will be
an infinite set. Let r be the principal function of . Then there will
be an infinite regressive isol 4 with 4 <* Ar and Y = r,(A4). Let the
function ¢ be defined by

1(0) = (us)(f(s) =r(0)),
t(m+1) = (us)(s > t(m) and f(s) =r(m+1)).

Because r is a strictly increasing function that ranges over a subset of
a, and f is a recursive function which is complete for «, it follows
that ¢ is a well-defined and increasing function, with f(z(n)) = r(n),
for all numbers n € w. In addition, because 4 <* Ar, it will also be
true that 4 <* A(f ot) and 4 <* At. By Theorem T2 one may then
obtain

IA(IA(A)) = (fo)a(A4) =rp(4) = Y.
Let B = t5(A), and note that B € Ar. Then also B € Dom f,, since

fa(B) =Y € Ag. Hence, Y € fy(Dom f,), and this completes our
proof.

CoRrROLLARY Cl. Let a be a recursively enumerable set and let f be
an increasing recursive function. Then fy(ag) = f(a)r.

Proof. If a = &, then the result is close at hand, because all of the
sets involved are also empty. Let us assume then that « is non-empty.
Let g be a recursive function that is complete for a. Let us observe
that the composition function f o g is complete for the recursively
enumerable set f(a). Furthermore, since f is an increasing function,
Dom(f o g), = Dom g,. Now, since (f o g)p = fa o g for recursive
functions f and g, one may use Theorem TS5 to obtain:

Salar) = fa(ga(Dom gy))
= faoga(Domgy) = (f o g)a(Domg,)
= (fog)a(Dom(fog)n)=(fog(w))r = fla)r,

and this is the desired result.
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