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A GENERALIZATION OF MAXIMAL FUNCTIONS
ON COMPACT SEMISIMPLE LIE GROUPS

HENDRA GUNAWAN

Let G be a compact semisimple Lie group with finite centre. For
each positive number s, let u;y denote the Ad(G)-invariant prob-
ability measure carried on the conjugacy class of exp(sH) in G.
With this one-parameter family of measures, we define the maximal
operator .Zy on %(G). We then estimate the Fourier transform
of us;y and of some derived distributions. Our result leads to the
boundedness of .Zy on L7(G), for all p greater than some index
po in (1, 2). This generalizes a recent result of M. Cowling and C.
Meaney [2].

Introduction. Let G be a compact semisimple Lie group of rank /
with finite centre, and with its Haar measure normalized to have total
mass 1. Let g denote its Lie algebra, and let h be a maximal toral
subalgebra of g. We denote by ® the root system of (g, h°), and fix
A={aj:jel},where I ={1,...,[}, to be a base of ® (asin [3,
§10.1]). With respect to A, we write @1 for the set of positive roots,
whose members are of the form

a = Z n j(a)a j
jel
with n;(a) € Z* U{0} forall j €I, and A" for the set of dominant
weights, which parametrizes the dual object of G.

We equip the Lie algebra g with the positive definite inner product
(-, ) derived from the Killing form. For each v € h*, we define
H, €} by

v(H)=(H,, H) VHEeEH.

We also transfer the inner product to h* via
(v,v)=(H,,H,) Vv,V ep*.

The norm on bh* and b, induced by these inner products, will then be
denoted by |- |.

We choose a regular element H € b, for which «(H) # 0 for all
a € &, and fix R > 0 such that exp(sH) is regular in G for any
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s € (0, R). For a continuous function f on G, the maximal function
Ay f is defined by

My f(x)= sup |usg*f(x)| Vx€Gq,

s€(0,R)
where u;y is the Ad(G)-invariant probability measure carried on the
conjugacy class of exp(sH) in G. This definition generalizes one in
the paper of Cowling and Meaney [2], in which H was a particular
regular element of §. Our main results are the following.

THEOREM A. Forall k=0, 1,2, ..., there exist positive constants
Cy = Cy(H) such that
2\*. (1 +JAD* ;
(a) Asa(A)| < Ckm Vse(0,R),A€A™,

where y = minj¢r [{a € ®t: nj(a) > 1}].

It is clear that Theorem A, together with the arguments of [2], imply
the boundedness of .#y on L?(G) forall p > 1+(2y)"!. So we state

THEOREM B. For all p > 1+ (2y)~!, with y as above, there exist
positive constants C, = C,(H) such that

I-2ufllp < Collflly VfeZ(G).

We prove Theorem A by handling first the case when G is sim-
ple, and then extend the result to the semisimple case. Our method
is based on arguments of representation theory, involving formulae
for characters and dimensions, a study of root systems, the theory of
weights, and properties of the Weyl group, all developed in the first
part of this note. The proof of Theorem A will be given in the second
part. It is clear that Theorem A is sharp since the explicit expres-
sion used in [2] for the particular case in which H = H, shows no
improvement is possible. In the third part of this note, we give an
example which shows that Theorem B too is sharp at least in the case
where G = SU(2).

Some related results can be found in M. Christ [1] and C. D. Sogge
and E. M. Stein [5].

Throughout this note, the expressions C, C, and Cy x x, denote
various positive constants which possibly vary from line to line. These
constants may depend on G, and some may also depend on the choice
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of H. When a constant, C say, depends on H, we write C(H) in
place of C.

We are grateful to Professor M. Cowling for his valuable suggestions
during the preparation and the writing of this note. In particular,
we would like to thank him for helpful discussions concerning the
sharpness of the L?-estimate.

1. Representation theoretic arguments. We shall assume throughout
this part that the Lie algebra g is simple.

1.1. We start with some formulae for characters and dimensions of
representations of G. To each A € At , we associate the representa-
tion m,, the set of weights w;,, the character yx;, and the dimension
d; = x;(1). For all A€ A*, we have (see [3, §22])

xa(exp(H)) = Y my()exp(ii'(H)),
Vew,
where m;(1’') € Z* is the multiplicity of A’ in 7, . Accordingly,
dy= Y m().
New,

Let 77" be the Weyl group of (g, h¢), generated by the reflec-
tions o, corresponding to a € A. Introduce the special element
p =43 ,cora. Forall A € A*, the character and dimension for-
mulae of Weyl read (see [3, §24.3])

_ Ygew Get(o) exp(io(A + p)(H))
- [oco: 2isin Ja(H)

x(exp(H))

and

(A+p,a)
d; = AL ety
ag+ (p,a)

1.2. It is well known that g has the root space decomposition (see

[7, p. 273)])
c=go@d,
acd

where g¢ denotes the root subspace of g¢ corresponding to a € ®.

Assuming / > 2, we choose jo € I, and then remove «; from A
to obtain

Ao ={aj: j€ly}, wherelIy=1I\{jo}.

Set ®f = {a € ®*: n; (o) = 0}, and put @y = 7 U D . Clearly
®y = -Py and 0,9 = Py for all 6, (a € Ap). This shows that
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®, is a root system (see [7, p. 370]). Let by be the subspace of b
spanned by H, (a € ®y). Then one may verify that
g5 =h5 o P o
a€d,
is a semisimple subalgebra of g°, with maximal toral subalgebra b
(see [7, Ex. 30 of Ch. 4]). Evidently @ is the root system of (g, b{) ,
Ay is a base of @), and @F is the set of positive roots with respect
to Ag.
Write @, as a disjoint union of irreducible root systems, say

Dy = Dy U--- U Dy,.
Let g € {1, ..., r}. Denote by by, the subspace of hy spanned by
H, (o€ ®y,). Then we find that
86q = H0g @ @ 8a
acd,,
is a simple ideal of g, with maximal toral subalgebra b .- We also
note that
hG = b1 @ - © by,
and
86 = 801 © - © 8-
Now denote by (-, -)o and (-, -)o; the inner products of gg and
8oq respectively. Then we have (see [3, Lemma 5.1])

(-5 *)olgog % 8og = (*5 ")og »
and so
(X> Y)O = (Xl 5 Yl)Ol +- (Xr: Yr)Or
forall X =X+ +X,, Y=Y+ ---+ Y, € gy, with Xg, Yy €004
Further, since g and go, are simple, there exists a positive constant
C, satisfying (see [4, p. 242])

(X,Y)og=Cy(X,Y) VX,Y € go,.

We transfer these inner products to the corresponding dual spaces in
the usual way.

Let A} denote the set of dominant weights with respect to Ag. We
need to determine the set of fundamental dominant weights in A(ﬁ.
Suppose {w;: j € I} is the set of fundamental dominant weights in
A™, for which (see [3, §13.1] for definition)

(@), o) :
2m= ik V],kEI.
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If we now set
@j=w; —projwm(a)j) Viel,

then we have the following facts.
Fact 1. For each jelp, @) € ng whenever o € ng.

Proof. For all j, k € Iy, we have

2((bjsak) =20_)]’ ak) (prijjO(C')j),ak)
(aks ak) (ak9 k) (ak5 ak)
_ 2(wj, a) (@), @) (@, a)
(o, k) (), ;) (o, o)
_ (CL) > k)
= Yo ap 00

Now take j € lp,andlet Q€ {1, ..., r} suchthat o; € hog - Clearly
@; Lhy, Va#0.
Writing @; = @j; +---+ @, with @, € th forall ge{1,...,r},
we find that
ijq =0 Vg 75 Q
We therefore have
@j=®jg € by,
as stated. O

Fact 2. {@j: j € Iy} is the set of fundamental dominant weights in
A+
O -

Proof. Take j, k € Iy. Suppose &; € by, and oy € hz‘)q, for some
q,q9 €{1,...,r}. If g# 4, then clearly (@;, ax)o = 0; otherwise
we have

2(61)1', ar)o (@), ax)og 2(60], ar)

(ak s ax)o (o s @)og (ak, ax)

Using Fact 1, the assertion follows. O

jk-

Fact 3. Suppose A =3, njw; € A*. Then A can be rewritten as
A=lo+ A

where lO:ZjeIO nj@; e A (with the same n;’s) and A; =proj, (4).
Jo
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Proof. Noting that @; = 0, we have

A= anwj = an&)j + anprojwjo(wj)

jel jel jeI
(w;, wjo
_anwj-l—z o @) o, w,)
JEl, jel o’ i
_ . jernjo), o))
= Z n;a; (w iy ) Jo
jer, Jo> o
, W)
= njoj+ ———=w,;
- T G e
—anw]-i-prmw (4) =4o+ 41,
JEI,
as claimed. O

REMARK. It is well known that the special element p is a dominant
weight in A*. Indeed, p =}, jer @j (see [3, Lemma 13.3A]). By Fact
3, we may rewrite p = pg + p; where py = Zjelo ®; € Aj and
p1 = proj, (p). But then po = ¥ cq; @, 8iVing p1 = 3 Xoca; @
where @] = ®*\®{ . As another consequence, we also have p; =
cwj for some ¢ > 0. But we know that 2(w; , «;)/(aj , a;) =1,
and so we find ¢ = 2(p1, a;)/(e;,, a; ). Hence we determine w; =
%((ozj0 »aj)/(p1, aj))pr, with py = %EaGCD;' a . This offers a method
of finding the fundamental dominant weight w; forany given jo € /.

Introduce b, = {H € h: a(H) = 0 Va € Ap}. Obviously by is
a subalgebra of h, which is spanned by H, (by the above remark).
Moreover, we have (like Fact 3)

Fact 4. Every H € b can be written as
H = Hy+ H;
where Hy € hy and H; € b; .

REMARK. Hj € ho means that Hy = H, , where vy € span(Aq),
while H; € h; means that H; = H, , where v; = rp; for some r € R.
Thus clearly by L b, and so Fact 4 actually states that h =hy S bh; .

Suppose we are in (gg, hg). To each Ay € A}, we associate the
representation 7; , the set of weights @,,  the character %, , and the
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dimension d; . For all o € A{ and Hp € by, we have
%3, (exp(Ho)) = Y 7y (A') exp(id (Hy))
A’ewlo

and
d,= > my ),
Vew,
with 7, () € Z* being the multiplicity of A’ in 7y, -
Let 7y (or #'[Ag] if necessary) denote the subgroup of 7" gen-
erated by g, (a € Ag). The Weyl formulae then read

2 rew; det(t) exp(it(4o + po)(Ho))
Haeqj 2i sin $a(H)

X, (exp(Hp)) =

and
d, = T] (/lo(;rol)o, @)
acd; ’
We should note that the inner product in the expression above is really
the inner product of g. Indeed, we may calculate
dy, = lim 73, (exp(sHy,))

2 rew, det() exp(it(do + po)(sHp,))

=lim —

5—0 [aew; 2isin za(sH)y )
_ i Zeez, 46D ex0(iTp0(5Hy 1)
T 550 ]‘[aed,; 2isin ya(sHy )

. I.co; 2isin 30(sH; 1)
= 0 [Naco: 2isin 3o(sHp )

=11 *Hgr,) _ ] Yotro- )

o /’o) (Po, @)

aed; aed;

(see [8, p. 106] for clarification).

Allowing 7" to act, one may observe that all the above facts still
hold for the system constituted by c®, (¢ € 7), as well as for that
by ®y. Moreover, the two facts below explain the connection between
one system and another.

Fact 5. o' [Ag]lo~! = #'[6A] forany o € 7.
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Proof. Obvious (see [3, Lemma 9.2] for justification). 0
Fact 6. 73 (exp(Hoy,))) = %, (exp(H, ) forany o € 7.

Proof. For any o € 77", we have (by Fact 5)
i S e o1 4et(7) exp(iT(0 40 + 090) (Ha,))
Xoa, (eXD(Hoy,)) = °Ha€0®; Zisin Sallyy)
S reowin o 4€t(7) €xp(ita (3o + po)(Ha,))
acoay 2isin ja(Hyy))
 Yeewa, det(oto!) exp(iot(do + po)(Hov,))
[acoy 2isin 300(Hyy,)
_ Leewia, det(7) exp(it(do + po)(Hy,))
[Taeqy 2isin so(Hy,)
= XAo(exp(Hy,))),

as stated. 0

2. The proof of the theorem. The outline of the proof is as follows.
We first look for an estimate for all s € (0, R), then examine the
decay for large s, and finally combine the results. The result obtained
is valid under the assumption that G is simple, but then it extends to
every semisimple Lie group G'.

2.1. Forall se (0, R), A€ At, we have (see [2, p. 813])

N _ xa(exp(sH))
Isu(2) = ==—p—.

Using the multiplicity formulae, we write

1or() = 2 vew, Ma(A) exp(id (sH))
:uSH( ) - E,{’wa ml(}./)

Hence, we have

a\" . Y rew, Ma(A)I(85)* exp(id (sH))|
|($> uSH(A)' : 2 iew, Ma(A)
< |H[ |2 = C(H))2IF,

forall k=0,1,2,....
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2.2. By the Weyl formulae, for all s € (0, R), 1 € A, we have

2 gcw det(a) exp(i(4 + p)(sH)) H (2, a)
[Toco+ 2isin ja(sH) G+p, o)

Asu(4A) =

In the case / = 1, one can easily obtain

AN A+ pl*
— <
(5) ann| < el
forall k=0,1, 2,.... So assume, hereafter, that / > 2.
For each 4 € A*, choose jo € I for which (A+p, a; ) is maximal.
As before, we write Ag = A\{e; }, ®f = {a € ®*: nj (a) = 0}, and

= {a € ®*: nj(a) > 1}. (Note that @ = d>+\<I)+, and that
d)f depends on the choice of jj, and so depends on A.) Clearly, if
a€ ®f, then

A+p,a)2(p,a)2C,
and if o € @7, then (by the choice of jj)
(A'+ P a) 2 njo(a)()“ +p, ajo) 2 CM + pl
Moreover,
y = min{a € B*: nj(a) 2 1} < @],
J

Recall that 7 is the subgroup of 77" generated by g, (a € Ay).
For an appropriate . ¢ 7", we write 7" = |J,c 0%, (disjoint
union). We then obtain

() = Z (Z,eydet(ar)exp(lar(l+p )(sH)) H (Ap , a) )

) [Toco+ 2isin 2a(sH) +p,q)

For each reflection g, € 77", we know that det(g,) = —1 , O,00 = —t,
and 0,(®*\{a}) = ®*\{a} (see [3, Lemma 10.2B]). Thus, for any
o€ ,we have

| 1
H 2isin fa(SH) det(o H 2isin 2aa(sH)
acd* acd”
It follows that

Y e det(t) exp(iot(d + p)(sH)) H (p, ) )
(4

o(d) = ;
Aot (4) (f:-;( Meca; 2isin joa(sH) +p,0a)

1 (p, )
8 (ag 2isinloa(sH) A+ P, a)) '

aed;
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Now fix 0 € .. We write H = H,;,, with v = vy + v;, where
yp € span(Ag) and v; = rp; for some r € R. Then put Hy = H,
and H; = H, . Next recall that A{ is the set of dominant weights
corresponding to ®f . For each 1 € A*, we write A = 49+ 4, , where
Ao € Af and Ay = cp; for some c € R*. Hence, for all a € F , we
have (p, a) = (py, @) and (A+ p, a) = (4o + po, a) . Further, for all
aedf,

oa(H) = (oa, ov) = (a, V)

=(a,v+1)=(a,vy) (asvyla)
a(Hy,)) = a(Hy),

and whenever 7 € 7%,

ot(A+ p)(H) = (061(A+ p), ov) = (t(A+ p), V)
= (t(do + po) + (41 + p1), Yo + 1)
= (t(do+ po) + (A1 + p1), o+ v1) (as T € X))
= (1(dg + po), ¥o) + (41 + p1, v1) (by orthogonality)
= 7(Ao + po)(Hy,) + (A1 + p1)(Hy))
= 7(Ao + po)(Ho) + (A1 + p1)(H)).

It turns out that

2 ew, det(7) exp(iot(2 + p)(sH))
[aco; 2isin zoa(sH)

(p, )
ag,; (A+p,a)
e, det(7) exp(it(do + po)(sHo))

= exp(i(h + p1) (s H) =
acd; 2

¥ H,
— exp(ilh + m)(sHl»i‘f—X;—“ﬁ
/10
3 ” i 21’6@0 ﬁ’lio(l’) exp(id' (sHp))
- exp(l( 1 + pl)(s l)) Za'ewlo ﬁ'li.o(j")

Yrea, M,(X) exp(i(2 + A1+ p1)(sH))
- Sirea, Mi¥)

(by orthogonality).

So we have
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e M () exp(i(A + Ay + py)(sH
fepr(A) = Z (Z,le ; min; (A7) exp(i( 1+ p1)(s )))

= Liew, Mz, ()
< TI 1 oa(sH) (p,a)
op- 00(H) 2isin joa(sH) (A +p, ) |
Forall k=0,1,2,..., we have the estimates
kD yew My (A)exp(i(d + 41 + p1)(sH))
m |(5) T i < |HFa+pl¥,
s s, M, F)

8 \* 1 k—|®7|

@) (%) I] oatst™!| < s,
acd,

< C, (by Leibniz’ rule),

) (%>k H oa(sH) <

ep 2isin loa(sH)
1

(4) H ((p,—a) < Cla+ p|~1®i

Atp,a)

(as (A+p, a) > C|A+ p| for all a € ®F).

Therefore, by Leibniz’ rule for the derivatives of products, we obtain

(%)kﬂmwl

<> N Ck, .k, .k,

kl
(’58‘) (1st term)|
0ES k +k,+k,=k §

8\~ a\k
(5—s> (2nd term) <%) (3rd term)

<SS Gk i EDIHA L+ plfisTR(s]A + p|) 1]
o€ ki +k,+k,=k

X |4th term|

k_ A+ plf :
< Cy(H)(1 + |H|)f——"——= (provided s|A + p| > 1)
(s1A + p)!®!
A+ plf
<Gt @y <o),

forall k=0,1,2,..., asdesired.
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Combining this with the previous estimate, we obtain the result.

2.3. We shall now extend our result to every semisimple Lie group
G . The key is to prove that Fact 2 in §1.2 is still valid.
Let us write @ as a disjoint union of irreducible root systems
O=0Vy...ud
and split A into
A=ADy...uA®
with A = AN®(™) being a base of ®™) foreach me {1, ..., n}.
The Lie algebra g° is now a direct sum of simple ideals
gc — g(l)c @ e @ g(n)c‘
As before, we choose jp € I and remove «; from A to obtain
Ao = A\{e; }.
But a; € AM) for some M € {1, ..., n}, and so
AO:—_A(I)U...UAéM)U...UA(")’

with 43’” )= AM\{a; }. The Lie algebra go (as in §1.2) then decom-
poses into

98=g(l)c@...@géM)c@...@g(’l)c,
(M)e

where g, is the Lie subalgebra corresponding to AE)M ). Now let
K, Ky, K™ | and K(()M) denote the Killing forms of g, go, g™,
and ggM) respectively. Then, for each me{1,...,n}, m# M, we
have

Kolg(m)xgm) = K(m) = Klg""’xg‘”";

while for m = M, the connection between K@) and K(()M ) is ex-
plained in §1.2. We therefore find that Fact 2 still holds, and thus the
extension is clear.

3. An example: The sharpness of the estimate. We shall here con-
sider an example concerning the sharpness of the LP-estimate.

Let G = SU(2), the Lie group consisting of 2x 2 complex matrices

of the form
(% =)

with |a|? + |B]2> = 1. Its Lie algebra g then contains all matrices of
the form
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with ae R, b€ C. Here y =1 and the special element is

i 0
m=(30):
In g, one may define the norm |- | by

l(i% ——bia)i = (a*+|b|*)'/? VaeR,beC.

For any y € G, X € g, one may observe that
X' =yXyleg,

with |X’| = |X|. Conversely, for any X, X’ € g with |X| = |X’|, one
can find y € G such that X' =yXy~!.

Denote by By(m) the ball in g which has centre 0 and radius 7. It
is then evident that the map exp: By(n) — G is injective. Indeed, for
each x € G, there exists a unique X € By(n) for which x = exp(X).
Diagonalizing such an X, one has

x =yexp(wH,)y™!, where w=|X]|,

for some y € G. It is seen here that trace(x) =2cosw.
As suggested in [6], let us consider the function f: G — Rt given
by
[X|?
f(exp(X)) = { log |X|~1"

0, otherwise.

if0<|X| <14,

One may observe that f € L?(G), whenever 1 < p < 3. On the other
hand, regarding the maximal function .Z f = %H,, f, we claim that
Mf(x)=o00 forall xeG.

Before verifying our claim, we remark that

f(—exp(X)) = f(exp(X"))
where |X'| = n —|X|. Moreover, f(yxy~!)= f(x) forall x,yeG.

In fact, for all x, y € G, we have

Sxy™") = f(yexp(X)y~')  (for some X € g)
= f(exp(yXy™'))
= f(exp(X’))  (where |X'| = |X])
= f(exp(X)) = f(x).
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Similarly, we observe that .Z f(yxy~!) = # f(x) forall x,y € G.
To be precise, for all x, y € G, we have

M f(yxy~ 1)—sesup /f(yxy gexp(sHy)g™')dg

= sup / f(xy~'gexp(sH,)g 'y)dg
s€(0, )

= sup / f(xg exp(sH,)g'"")dg' = 4 f(x).

se(0,n)
We shall now verify our claim. First, for x = +1, we have

A f(+1) = sup / f(gexp(sH,)g ") dg

= sup f(xexp(sHy))dg = sup f(Lexp(sH)))
s€(0,7) JG 5€(0, )

SG(O, _;_) logS_l
Next, for x # £1, we may assume that x = exp(5H,) for some
0 <t < 2m, and hence

M f(x) = M f(exp(5H)))

= S / f(exp({H,)gexp(sH,)g ') dg
Se Tl

> fG f(exp(4H,)g exp(4H,)g ™) dg.

Writing each g € G as g = hgkyhgy , where hy = exp(§H,) and k,
is the matrix of rotation with angle %3 , we have (see [9, pp. 99-100])

2n
25092 10y [ [T [Shibakshohi_gk_shg)sing dododo
2n
16”2/ / / f(hhokshik_sh_g)singdpd6 de’
2n
= E/(; /0 S (hehokyhik_sh_g)singpdpdo
1 2n pm .
= E[) /0 f(h—ohth0k¢hzk_¢) sm¢d¢d0
1 2n pm )
= | [ ftheshie gy sing g o
1 [ .
= 5/0 Sf(hikghik_y4) sin ¢ d .
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Let us now investigate the integrand. Multiplying out, we get

. .5 . '
htk¢htk_¢=( eztc032%+sm %5 COS%SIH%(I_eH)>.

—cos $sin2(1 —e ) e~ cos? % +sin? 4
As seen before, this matrix is similar to exp(wH,), where
w = cos™! (sin2 ¢ + cos® § cos t) :

By observation (thanks to John Cornwall for making it easier), there
exists a constant C = C; € (0, 1) such that

cos(m — @) < sin? % + cos? %cost <cosC(n—¢) Voe(n— %, m),
and accordingly
0<C(r-¢)<w<n—-9¢<

Hence we find that

S(hikghik_g) = f(exp(wH))) =

D=
<C
©-
m
N
|
DI —
)

02 (@-¢)
logo~T = Tog{C(m - $)} "~

forall ¢ € (m— 1, m). It therefore follows that

1 [ -2
AT 23 | og(Cla— gy nPa?
L ()

23 )1 og(Clr -1 %

c2 -l o0
:l/ ¢——ld¢=l/ d_wzoo3
4/o loge 4 Jog2/C) ¥

as claimed.
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