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ASYMPTOTIC BEHAVIOR OF EIGENVALUES
FOR A CLASS OF PSEUDODIFFERENTIAL

OPERATORS ON Rn

JUNICHI ARAMAKI

We consider a pseudodifferential operator P whose symbol has an
asymptotic expansion by quasi homogeneous symbols and the princi-
pal symbol is degenerate on a submanifold. Under appropriate condi-
tions, P has the discrete spectrum. Then we can get the asymptotic
behavior of the counting function of eigenvalues of P with remainder
estimate according to various cases.

0. Introduction. We consider the asymptotic behavior of eigenval-
ues for a class of pseudodifferential operators on Rn containing the
Schrόdinger operator with magnetic field:

(0.1) pw(x,D) = H(a) + V{x)

= tfiwra'(x)ί+V(x)

Throughout this paper we assume that the magnetic potential a(x)
satisfies:

a(x) = (ax(x), a2(x), . . . , an(x)) e C°°(R* Rn)

and the scalar potential V(x) satisfies V(x) e C°°(Rn R). We re-
gard pw(x ,D) as a linear operator in L2(Rn) with domain C^(Rn).
Under appropriate conditions, we shall see that pw(x, D) is essen-
tially self-adjoint in L2(Rn) and its self-adjoint extension P is semi-
bounded from below and has a compact resolvent in L2(Rn). There-
fore the spectrum σ(P) of P is discrete, that is, σ(P) consists only
of eigenvalues of finite multiplicity. Thus we can denote the eigen-
values with repetition according to multiplicity by: λγ < λι < ,
lim^^oo λfc = oo. We consult the asymptotic behavior of the counting
function Np(λ) of eigenvalues:

(0.2)

In the special case a(x) = 0, i.e., pw(x, D) is of the form:

(0.3) pw{x,D) = -A+V(x),
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if V(x) satisfies l i m μ ^ ^ V(x) = oc, then it is well known that

(0.4) NP(λ) = (2π)-n Vol[(x, ξ); \ξ\2 + V(x)

as A —> oo. In particular, Helίfer and Robert [8] have obtained the
asymptotic formula of NP(λ) for a class of quasi elliptic pseudodiffer-
ential operators containing the anharmonic oscillator: V(x) = a\x\2k

in (0.3) (a real > 0, k integer > 2). They have found not only the
first term but also the following several terms of Np(λ). Aramaki [3]
extended the result to the case containing the operator of the form,
for example, V(x) = x\ + x\ + ax\ (a real > 0) in R2 .

For general a(x) and n = 3, under the condition in (0.3), Combes-
Schrader-Seiler [5] had the result

(0.5)

where

M{λ)

NP(λ)

= (2π)-3Vol

= M(λ){\ +o(\t

( 3
J (y ?\ V^ (?

I 7=1

) a s λ -

i-aj(x))

oo

F(JC) < A

In this paper we shall consider a class of pseudodifferential operator
pw(x, D) of the form (0.1) containing the case, for example,

(0.6) α(jc) = (bx%+1,0,0), V{x) = (xf + x\)1 + ax%+1

(a real > 0, b real, / positive integer and k odd integer). For such an
operator, we seek the asymptotic behavior of NP(λ) of more precise
form than (0.5):

(0.7) NP(λ) = M(λ)(l + O(λ~δ))

as λ —• oo for some δ > 0. Thus we consider a pseudodifferential
operator pw(x, Z>) of order m with Weyl symbol p(x9ζ) which has
an asymptotic expansion by the quasi homogeneous functions:

P(x,ξ) ~
7=0

Such operators are treated by [3] in which he considered the case
where pw(x, D) is quasi elliptic, i.e., pm(x, ξ) Φ 0 for (x, ξ) Φ 0.
In the present paper, we treat the case where pm(x, ζ) is degenerate
on some closed submanifold in R2n. Under a suitable hypoelliptic
condition, we shall get the asymptotic formula similar to (0.7).

The plan of this paper is as follows. In § 1, we give the precise defi-
nition of the operators mentioned as above and give some hypotheses.
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In §2, we construct the parametrices of P - ζl for some ζ e C where
/ denotes the identity operator in L2(Rn). Section 3 is devoted to the
construction of complex powers Pz ( Z G C ) of P . If the real part
Re z of z is negative and sufficiently small, Pz is of trace class and
the trace Tr[Pz] has a meromorphic extension Zp(z) to C. Thus §4
is devoted to the study of the singularity of ZP(z). In §5 we examine
asymptotic behavior of eigenvalues with the remainder using the tech-
nique of Aramaki [4]. Finally §6 gives an example which illustrates
our theory.

1. Definitions of operators and some hypotheses. In this section we
introduce some classes of pseudodifferential operators on R" and give
our hypotheses.

Throughout this paper, fix a multi-index (h, k) = (hi, h2, ... , hn ,
kι, k2 , . . . , kn) such that hj , kj > 1, hj+kj > T for j = 1, 2, . . . , n
and put

T = the least common multiple of {hi, h2, . . . , hn , kι, k2, . . . , kn},

r(x,ξ) = J=ι

for (x, ξ) = (xι, x2, . . . , xn , ξ{, ξ2, ... , ξn) e R2n . Then we con-
sider a symbol p(x, ξ) e C°°(Rn x Rn) satisfying:

(1.1) There exists a sequence of functions {pm-jτ/2(χ, £)}./=o,i,...
where pm-jτβ(χ, ζ) are C°° functions in R2"\0 and quasi homo-
geneous of degree m - jT/2 of type (h, k) such that

oo

p(χ, ξ) ~ΣPm-jm(χ, £)•

Here the quasi homogeneity of pm-jτ/2 of degree m — 7Γ/2 of
type (h, k) means that:

Pm-jT/2(λh -X,λk-ξ)= λj-mT/2pm-jT/2(x , ξ)

for all λ > 0 and (x, ξ) e R2"\0 where

λ h x = ( λ h > X ι , . . . , λ h ' X n ) a n d λ k - ξ = ( λ k ' ξ i , . . . , λ k ' ξn).

Then the meaning of the asymptotic sum in (1.1) is as follows: For
any integer iV > 1 and multi-indices a, β, there exists a constant
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N-\

P(x9ζ)-
7=0

> 0 such that

DiD*

for all (x,ξ)e R2n such that r(x, ξ) > 1 where (a,h) = Σ"=ι <*jhj
for multi-indices a = (cq, α 2 , . . . , α r t) and h = (h\9 Ii29 ... 9 hn) as
above (cf. Robert [9]).

Next we define a pseudodifferential operator P with the Weyl sym-
bol p(x9ξ) as above:

(1.2) pw(x,D)u(x)

= (2π)~n J J e* u{y) d y d ξ ?

for all u e S(Rn) which denotes the totality of rapidly decreasing C°°
functions and x -ξ = Σy=i ^ ^

Our first assumption is:

(H.I) p(x9ξ) is a real valued function on R2n .

Then it is well known that the operator pw(x, D) defined by (1.2)
is formally self-adjoint, i.e., for all u, v e S(Rn),

where (M, I;) denotes the usual inner product of u and t? in L2(Rn).
Now we shall consider the operator pw (x, D) whose principal sym-

bol pm(x -> ζ) is non-negative and degenerate on some submanifold in
R 2 w \0. In order to do so, let Σi and Σ2 be smooth closed quasi conic
submanifolds of codimension d\ and dι in R2"\0 respectively such
that d\ + dι < 2n . Here quasi conicity of Σ/ means that (x, ξ) £ Σ/
implies (λh x, λk -ξ) e Σz for any λ > 0.

The second assumption is:

(H.2) Σ! and Σ 2 intersect transversally. That is to say, Σ = Σi n
Σ2 is a closed quasi conic submanifold such that for every p e Σ,
the tangent space TPΣ of Σ at p is the intersection of TpΣi (i =
l,2):TpΣ=TpΣιnTpΣ2.

Then the normal space JV̂ Σ of Σ at p is identified with the direct
sum of NpΣi (ι = l , 2 ) : NPΣ = TpR

2n/TpΣ = NPΣX Θ ̂ Σ 2 (direct
sum).
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DEFINITION 1.1. Let m be a positive number, / positive integer
and M non-negative integer. Then the space S ^ ' ^ Λ is the set of all
symbols p(x, ξ) having an asymptotic expansion of type (1.1) and
satisfying the following (1.3) and (1.4):

(1.3) Σ = {(x, ξ) e R2"\0;pm{x,ξ) = 0}.

There exists a constant C > 0 such that

for j = 0, i, ... , M where

2\ Ί l>2

1 = 1,2 and

We assume the following regular degeneracy of the principal symbol:

(H.3) There exists a constant C > 0 such that

pm{x,ξ)>Cr{x,ξ)mdΣ{x,ζ)M.

Now for every p e Σ and j = 0, 1, . . . , M, we can define multi-
linear forms pm-jτ/2{p) o n NPΣ which may be identified with R^ x
IK: For Xu ... , XM_j eNpΣ9

i ^ ~

Pm-jTll(P){X\ ? ? ^M-7") = / ^ _ 7Λf(^l ' ' ' XM-jPm-jTI2){p)

where Xj is a vector field extending Xj to a neighborhood of p . Then

it is clear from (1.4) that pm-jτ/2(p) is independent of the choice of

extension Xj of Xj . Furthermore we define

Pm-jTβ(P > X) = Pm-JT/2(P)(X ,... ,X).

If we write ΛΓ = (ΛΓi, X2) e NPΣ = NpΣχ@NpΣ2 , then it follows from
(1.4) that

Pm-jτ,2(P, X)=



24 JUNICHIARAMAKI

Thus we define a form p(p, X) on NPΣ and the set Γ^ (p e Σ) as
follows:

M

p(p , X) = ΣPm-jT/liP , X) ,
7=0

Γp = {p(p9X)9XeNpΣ}.

If we note that p[λp, X) = λm-MTl2p{p, A ^ 2 ^ , AΓ/(2/)χ2) for A >
0, we see that Γ λ p = λm~MT'2Γp (cf. Helffer [6]).

Moreover we assume the following:

(H.4) For all p e Σ, Γ^ does not meet the origin, i.e., Γpn{0} = 0.

(H.5) m>MT/2.

Under the above hypotheses (H.I) ~ (H.4), pw(x, D) is hypoel-
liptic with loss of MT/2 derivatives. Therefore if we define an op-
erator Po on L2(Rn) with definition domain D(P0) = S(Rn) so that
pou = pw(x, D)u for u e D(P0), then Po is essentially self-adjoint.
If we also assume (H.5) in addition to (H.I) ~ (H.4), then the clo-
sure P of PQ has a compact resolvent and the spectrum consisting
only of eigenvalues of finite multiplicity. Here we note that the defi-
nition domain of P is D{P) = {u e L2{Rn) pw{x, D)u e L2(Rn)} .
Moreover by (H.3), P is semi-bounded from below, i.e., there exists
a real number C such that for all u e D{P), ((/> + C)u9 u) > 0.
Let λ\ < λ2 < - - - , lim^oo λfc = oc, be the sequence of eigenvalues
with repetition according to multiplicity and NP(λ) be the counting
function of eigenvalues as in the introduction.

Finally, in our arguments, we may assume:

(H.6) P is positively definite, i.e., λ\ > 0.
Now let p € Σ. Then we can choose a local coordinate system w =

(u\, U2, v, r) in a quasi conic neighborhood W of p where U\ =
( κ n , . . . , κ l έ / i ) , u 2 = ( u 2 \ , . . . 9 U 2 d 2 ) , v = ( v ι 9 . . . 9 υ 2 n - d ι - d 2 - \ )
such that M/y (/ = 1, . . . , dι•, i = 1,2) and ^ (A: = 1, . . . , 2n -

d\-d2-\) are quasi homogeneous functions of degree 0 with dutj ,

dvk being linearly independent and Σz = {un = = uid = 0 }

( ί = l , 2 ) . J 1
Then we must define a micro-local symbol class containing S^ ' ^ n .

DEFINITION 1.2. Let m, ¥ G R , H7, W be as above. Then the
space S™>fΊ)(W, Σ) is the set of all a(w) eC°°(W) satisfying: For
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any integer p > 0 and multi-indices (a\, α 2 , β), there exists a con-
stant C > 0 such that

(TΓT f / T ( |Ύ ίίV *0») ^ Cr-^-10'1-^'/7

\duχj \du2j \dv) \dr) v y r λ

where /?χ = (d\ + r " 7 ) 1 / 2 . Note that the symbol class is the Frechet
space with the usual semi-norms.

The following five propositions follow from routine considerations
and so we omit the proofs (cf. Aramaki [2], [3] and Helffer-Nourrigat
[7]).

PROPOSITION 1.3. Let X be a vector field with C°° coefficients which
are quasi homogeneous of degree 0 on T*Rn . Then we have:

(i) X is a continuous linear mapping from STί'^jΛW, Σ) to

(ii) If X is tangent to Σ\, then X is a continuous linear mapping

from S™>f;l)(W,Σ) to S^l(W,Σ).

(iii) If X is tangent to Σ\ and Σ2, then X is a continuous linear

mapping from S^;l)(W9Σ) to S^;l)(W9Σ).

PROPOSITION 1.4. We have an inclusion: For any q > 0,

PROPOSITION 1.5. If M is a non-negative integer, then we have

PROPOSITION 1.6. If

for i = 1, 2, then we have

Pι#P2^S{h

ι

k;^
 1 2(W,Σ)

where

oo (_]\\β\

(1.5) Pι#P2~Σ2~k Σ -^Tdi
fc=0 \a+β\=k ' P '
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PROPOSITION 1.7. Assume that p e S^9^Ί)(W9 Σ) satisfies \p\ >
QγmpM j n ff/ for a consιant C > 0. Then we have

P eS(h,k;l) (^> Σ )

2 Construction of parametrices. In this section we shall construct
the parametrices of pw (x, D) — ζl for some ζ £ C. For this purpose,
let p G Σ. As in § 1, we can choose a local coordinate system w =
(u\, U2, v, r) in a quasi conic neighborhood W of p where U\ =
( u n 9 . . . , u l d ι ) , u2 = ( u 2 i , . . . , U 2 d 2 ) , v = ( v ι , . . . , υ 2 n - d ι - d 2 - i )
such that Uij (i = 1, . . . , dι , i — 1, 2) and vk {k = 1, 2, . . . , In -
d\—d2 — \) are quasi homogeneous functions of degree 0 with duij ,
dvk being linearly independent and Σ, = {un = = uid = 0},
(/ = 1, 2). In order to construct parametrices for pw(x, Z>) - ζl, we
must also define a symbol class with a parameter ζ .

DEFINITION 2.1. Let p e Σ, fF be a quasi conic neighborhood of
/? having a local coordinate system (u\9u2,v9r) as above and Λ
an open set in the complex plane C and s, t e R. Then the class
Ss

{^k;l)(W,Σ9A) is the set of all C°° functions a(w 9 ζ) on WxA
satisfying the following (i), (ii) and (iii):

(i) For any ζ e A,

(ii) For any w €ίW, a(w , ζ) is holomoφhic in Λ.
(iii) For any (αj, ai, β, p), there exists a constant C =

C{at\, OL2 , β, p) > 0 (independent of ζ G Λ) such that

ICI

< Crm+S~pt ̂

for all (w9 ζ) e WxA.

Since (h, k /) is fixed throughout this paper, we omit the subscript
of symbol classes S^ί^.ΛW 9Σ) and Sfy^.^W9Σ9 A) and we de-
note the class of pseudodiίferential operators defined by (1.2) with the
Weyl symbols with support contained in W in Sm>M{W, Σ , Λ) by
OPSm>M(W,Σ,A).

By the Taylor theorem we can write, for j < M

Pm-jT/2 = Σ tfV2J(«l > "2 ,
|α.|+|α2|//=M-y
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in W and we note that p^{x ,ξ) is equivalent to

If we identify X = (Xx, X2) e NPΣ = NPΣ{ ® NPΣ2 with (u{, M2)
and p G Σ with (0, 0, v , r ) , we can write

7=0 |α,|+|<*2|//=M-7

PROPOSITION 2.2. i*br everv p e Σ, ί/zere exwίί α ̂ wαί/ con/c
borhood W of p having a local coordinate system (u\, u2, v, r) as
above and qι{ζ) = qt(ζ x, ξ) € S~m ~M(W, Σ, Λ), i = 1, 2, wAere
Λ is the union of an open cone in C having the vertex with the origin
containing the negative real line and a set {ζ e C; |£| < ε} for some
ε > 0 such that

(2.1) (p - C)#ff/(C) = 1 + r/(£)

rn(ζ) € ί 0 ' 1 ^ , Σ, Λ), r21(C) € ^ - ^ ' ' H ^ , Σ, Λ)

and

where To = M i n { Γ i ,T},TX= Min{hj + kj; j = 1, . . . , n} - T.

Proof. Choose a function χ e C°°(R2n) such that χ(x, ζ) = 1 for
r{x,ζ) > 1 and χ(x,ξ) = 0 for r(x, ζ) < 1/2. First we construct
qι(ζ x, ξ). In a quasi conic neighborhood W of p e Σ, put

0 i ( C ; " I , u2,v,r) = χ(uχ, u2,v, r)(p(p, u)-ζ)~ι.

Then we have

(P ~ ζ)#(β -
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where [p, χ]=p#χ-χ#p Since (p - ζ)~ι e S~m^M(W, Σ, Λ) we
can write

dXj = C\j - dUχ + Cij - dU2 + Cy - dv + C4jdr,

c^ = Dxj 0Mi 4- D 2 7 dU2 + i)3y dυ + D4jdr

where Q 7 , Z>/7 (Ϊ = 1 , 2 , 3 ) are quasi homogeneous of degree
—hj, — /cy:, C4j, Z>47 are of degree 1 — hj 9 1 — kj respectively, the
formula (1.5) leads to

(P - ζ)#{p ~ C)"1 - 1 e S-τo>°(W, Σ, Λ).

Since
M

p-Σ,Pm
7=0

we have

M \

Σ.Pm-JTβ #U> ~ C)-1 6 S-(^)T/2.-M{Wt Σ > Λ )

It is easy to see that [p, χ](p - C)"1 e S~°°(W, Σ, Λ). Since for
7 = 0, \,...,M,

Pm-jτ/2-Pm-jτ/2eSm-Jτ/2'M-J+ι(W, Σ, Λ),

we have
M

Yjφm-jTβ ~ Pm-jTβW ~ CΓ' = rU(ζ) + Γ12(C)
7=0

where

(2.2) r11(C) = ( ^ - J p w ) ( ^ - C ) - 1 € 5 ° ' 1 ( ί F , Σ , Λ )

and it follows from the formula (1.5) that rι2 e S- ro/2O(^ ? Σ, Λ).
For the case / = 2, we put

qi{ί;x,ξ) = (Pm(x,ξ) + rm-MTl2 - ζ)~ι.

Then by the same arguments as the case / = 1, we also see that (2.ΐ)
also holds for i = 2.

Now we shall construct global parametrices of pw(x, D) - ζl (ζ e
Λ). In order to do so, let p e Σ and W be a quasi conic neighbor-
hood of p as in Proposition 2.6. Then choose a function φ(x, ξ) G
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COO(R2") which is quasi homogeneous of degree 0 and supp#> c W
and define

(2.3) qγo(ζ;x,D)

= φw(x,D){qf{ζ-χ,D) - q?(ζ; x, D)r™(ζ; x, D)} ,

(2.4) q%(ζ;x,D)

= φw(x, D){q?(ζ;x, D) - q?(ζ; x, D)rf(ζ)(x,D)}.

Then we have

(pw(x,D)-ζI)qV>Q(ζ;x,D)

= φw(x,D) + d™(ζ;x,D) (7 = 1,2)

where
dJ{ζ;x,D) € OPS-τo/2>°(W, Σ, Λ).

Moreover, if we define for every j — 1, 2,

qfι(ζ;x,D) = qf0(ζ;x,D)(-dJ'(ζ;x,D))1, 7 = 1 , 2 , . . . ,

we can find

qf(ζ;x,D) e OPS-m>-M(W, Σ, Λ)

such that
N-l

q™(ζ;x, D) - ] Γ q${ζ\x,D) E OPS-m-NTo/2^M(W, Σ, Λ).
/=o

Thus we see

(pw(x,D) - ζI)qy>(ζ;x9D) = ̂ ( x 9 D)

m o d u l o O P 5 f - ° ° ( W / , Σ , Λ ) = f)mOPS-m>-M(W ,Σ, Λ ) . O f c o u r s e ,
since pw (x, Z>) is elliptic outside Σ, we construct a usual parametrix
there and by a partition of unity, we can construct the global para-
metrix for pw{x, D) - ζl.

3 Construction of complex powers. In this section we construct com-
plex powers for pw(x, D). For this purpose, define an operator PQ
on L2(Rn) so that

Pou=pw(x,D)u, ueD(P0),

where D(P0) = S(Rn). Under the hypotheses (H.I) - (H.5), Po has
the closure P whose spectrum is discrete. Moreover, P is bounded
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from below, so by (H.6) we may assume that there exists a positive
number γ > 0 such that

(Pu,u)>γ\\u\\2

L2(Rn)

for all u G D(P). Then we can define complex powers Pz of P as
follows.

(3.1) Pz =

for Re z < 0. For Re z > 0, choose a positive integer k such that
Re z < k and define P z = pkpz~k. Here Γ is a curve beginning
at infinity, passing along the negative real line to a circle \ζ\ — 8Q
(0 < 6Q < γ), then clockwise about the circle, and back to the infinity
along the negative real line. Note that the definition of Pz (z G C)
is well defined (cf. Shubin [11] and Seeley [10]).

We set Λ as the union of a small open convex cone containing the
negative real line and {ζ G C; \ζ\ < (SQ + γ)/2}. Then we define the
symbol, for Re z < 0,

(3.2) pi7Z(x,ξ) = ̂ J^ζzqi(ζ;x,ζ)dζ (/= 1, 2)

and denote the pseudodifferential operator with the Weyl symbol

Pi,z(x, ζ) by pf z(x, D). If k - 1 < Rez < k for some positive

integer k, we define p™z(x ,D)=pw(x, D)kp™z_k{x, D). Then we

have

THEOREM 3.1. Assume that p(x, ξ) e S^f^Ί) satisfies (H.I) ~

(H.6). Then we have

(i) Pz e OPS^^MRez and has the Weyl symbol Pi,z(x,ξ)

(

(ii) For any a < 0 and m!, M' G R such that ma < m!,

(m - MT/2)a < m'- M'T/2,

Pi,z{x, ξ) are holomorphic on any compact set in Πa = {z; Rez <

a} with values in S^ >k ^. More precisely, for any compact set K

in I\a and a\, aι, β, p, there exists a constant C = Cχa >α ^ J

independent of z eK such that

(3.3) \d%d
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Later, we denote the class satisfying (i), (ii) and (iii) of Theorem
3.1 by HSmRez>MRez.

For the proof we need the following lemma.

L E M M A 3.2. Let a(ζ)(x, ξ) eSs'<(W,Σ, A) and define

Then az e HSmRe ^+>»+s,MKe z+M+t

Proof. Since a(ζ)(x, ξ) is holomorphic in

Tp(xΛ) = {ζ; ImC = 0, ReC > 0} U {ζ; \ζ\ < 2δp(x, ξ)}

with values in Sfo \ . /} (W, Σ, Λ) where p(x, ξ) = rmp^, by the
Cauchy theorem we may replace the contour Γ in the integral with
Tp(χ,ξ) • Moreover for any a\, «2 > β > P > there exists a constant C =
Caι,a2,β,P such that

Now we decompose Γ ^ ^ ) in (3.2) into Γ = Γ ! + Γ 2 + Γ3 as follows:

Π C = -s, - Sp(x ,ξ)<s<oo,

Γ2;ζ = p(x,ξ)e-iθ, -π<θ<π,

Γτ,;ζ = s, Sp(x, ξ) < s < oo.

For / = 1, 3, we have, for some constant C and Cz

5R e z - 1 ds
Sp(x,ξ)

< Cρ(x, ξy-Pp~^Ha2l/ι I

Jδ

^ c z ( / pσ ) r ppΣ

For / = 2, we have

*2I// ί | C | R e z - l | ^ |

J\C\=δp(x.£)\ζ\=δp(x,ξ)
-p t-\aχ\-\a2\ll

This completes the proof.
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End of proof of Theorem 3.1.
Since fc(C) G Sih%**(W9 Σ, Λ) and

(P-ζI)-ι-q?(Q(x9D) G OPS'°°(W9 Σ, A),

(i) follows from Lemma 3.2, (ii) follows from the same arguments of
the proof of Aramaki [1; Proposition 3.1].

Next we clarify the symbol of Pz .

PROPOSITION 3.3. Let W be a small quasi conic neighborhood of
p G Σ. Then we have in W

(i) σ(Pz)=p(p,u)z + dliZ.
(ii) σ(Pz) = (pm + rm-MT/2)z + d2,z where

,z and d2,z = d2χ,z +
z+ι, d2Uz G HSmRQ z-T/

and
A Λ r- t / e m R e z-Γn/2,MRe z
«12,z , "22,z G tib o/ >

Proof, (i) First, we consider the symbol q\{ζ){x, ξ) in (2.3). By
the Cauchy theorem, we have

- 1

2πi

Since q2{ζ)#rx{ζ) - q2(ζ)rn(ζ) € S~m-MT/2'-M(W, Λ), it suffices to
consider

(3.4)

Since fcίO'ΊiίC) G 5 ~ m ' - M + 1 ( ^ ? A), it follows from Lemma 3.2
that dn,z e //^Rez,MRez+i τ h u s ( i ) h o l d s T a k i n g (2.3) into

consideration, (ii) also follows.

4, The singularity of trace of Pz. In this section we consider the
singularities of trace of Pz and determine the order of the poles and
the coefficients of the Laurent expansions at the points. Let pz(x~ξ)
be the Weyl symbol of Pz and holomorphic function of z. It is well
known that if

/ \pz(x,ξ)\dxdξ<Cz
n
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for some constant Cz, then Pz is an operator of trace class and the
trace is given by:

Tr[Pz] = (2π)-n j n nPz(x, ξ)dxdξ.

Since

/ pz(x,ξ)dxdξ
Jr<\

is an entire function, we may consider:

pz(x,ξ)dxdξ./
r>\

In order to do so, we need the following proposition.

PROPOSITION 4.1. Let f(z;x,ξ) be a C°° function on CxRwxR"
satisfying

(i) For every (x, ξ) eRn xRn, f(z; x, ξ) is a holomorphicfunc-
tion in C.

(ii) For every compact set K in C, /(z; x, ξ)/r

mRe z-Jp^Re z~l

is bounded uniformly in z eK.

Then the integrals

= I f(z,x,ξ)dxdξ
Jr>\

holomorphic in Πa = {z\ Rez < a} if a satisfies any one of the
following (I) and (II):

(I) Ma-i + dχ+ d2/l < 0 and (m -MT/2)a -j + Ti/2 + \h\ +
\k\-Tdι/2-Td2/(2I)<0,

(II) Ma-i + dι+d2/l>0 and ma-j + \h\ + \k\ < 0 .

Proof. Let K be any compact subset in Tla. Then there exists a
constant CK > 0 (independent of z e K) such that

\f(z,x,ξ)\ < C

for all z e K. In fact, we have from (H.5), rmp% > rm~MT/2 > 1.
Let W be a quasi conic neighborhood of p e Σ and (u\, u2, v, r) a
local coordinate system in W as in §2. Then

dxdξ = J(u\ 9U2,v 9r)du\ du2dvdr
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where J{u\, Uι, v, r) is quasi homogeneous of degree |λ| + |fc| — 1.
Since pΣ = {\uι\2 + \u2\

21 + r-τγl2 in W9 we have, for z e # ,

< C I (rrnpMyr-jp-ir\h\+\k\-\
JWΓλ{r>Y)

ΛΛ
x

Since |wz | , \v\ are bounded in W, we may assume that |M/| , |ι;| < 1.
By the change of variable {u\ , u2) -> (r~τl2u\, r~τ^2l^u2), we have
with another constant C,

/ΌO

I I / i v / ^̂  -̂̂  / *

where

wi|2 + \u2\
2i + l){Ma~i)/2 dui du2

<C Γ f (t2 + S21 + \){Ma-i)l2tdx-\sd2-l
Jo Jo

Moreover, we take the change of variable: t = R cos θ, s=R111 sin111 θ.
Since the Jacobian is

D(t,s)

D(R,Θ)

we have
rΓ/2

Ji{r) < C ί (R2 + \)(Ma-wR{i!dx+d2)ii}-ι d R

Jo

Γ2co^-χθύn^ll)-χθdθ.
Jo

to

X

/o
Here we note that

rπ/2
cos^"1 θsinW-1 θrfθ = I

where i?( , •) denotes the Beta function and

Γ(R2 + l)(Ma-ί)/2R{(ldi+d1)/l}-l d R

+ d2}/2l)Γ({l(i - Ma) - / ^ -

Γ((ι - Mα)/2)
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if Ma - i + dγ + d2/l < 0 . When Ma-i + dx+ d2/l > 0,

Ji(r) <C Γ R{Ma-iHldx+d2)/l}-\ d R = 0{r(l(Ma-i)^ld^d2)/(2l) l o g r )

Jo
as r —• oo . Thus we have, with an another constant C > 0,

| / | ( z ) < C / rma-j+\h\+\k\-\-T{l{Ma-i)+ldx+d2)l(2l) d r ̂

if Ma-i + dι+ d2/2 < 0 and
/»oo

\I\ji(z) <C rma-J+\h\+\k\-χ\ogrdr,

if Λfα — i + d\+ d2/2 > 0. Therefore the integral Iji(z) is absolutely
convergent for each case (I) or (II). Outside Σ, by the ellipticity of
p(x9ξ)9 (I) or (II) is clear. This completes the proof.

For brevity of notations, we put

2{\h\ + \k\)-T(Idι+d2)/I
3 2m - MT

COROLLARY 4.2. Let dijiZ (i, j = 1, 2) fee as m Proposition 3.3.

Λav^ the following three cases.

(i) WA£W N{> N2, T φ f f J is holomorphic for Rez < -Λ 2̂ + ̂ i

where δx = Min{l/(2m), N2 - N3}.

(ii) When N{=N2, Tr[d? z] is holomorphic for Rez < -N2 + δ2

for some δ2 > 0 except z = -N2 which is at most a simple pole.
(iii) When NX<N2, T r [ ^ z ] is holomorphic for Rez < -N3 + δ3

where δ3 = Min{l/Γ(2m - MT), N3 - N2}.

Proof. First we consider the case (i). In this case, we have —N\ <
-N2 < -N3. Since d2i,z e HSmR* z-τ/2,MRez-\ a n d d n z e

HSmRcz-τ0/2,MRez ^ iχ f o 'u o w s from Proposition 4.1 that T r [ ^ z ]
is holomorphic for Re z < — N2 + δ\.

In the case (iii), note that -N$ < -N2 < -N\. If we consider the
trace of dn,z G HSmRe z ' M R e z + 1 and apply Proposition 4.1, it is
easy to see that Tr[d™ z] is holomorphic for Re z < —N$ + δ$ .

The case (ii) is more delicate. In this case, we have —N\ = -N2 =
—N$. Since it easily follows from Proposition 4.1 that Tr[d\2yZ] is
holomorphic for Rez < -N2 + I/(2m) and Tr[^^ z] is also hokH
morphic for Rez < -N2 . Therefore it suffices to show that Tr[d™{ z]
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is holomorphic for Re z < -N2+S2 except z = —N2 which is at most
a simple pole. By (3.4),

J ζ)~\pm - ζ)~l dζ.

However by Proposition 4.1, we can replace (p — ζ)~ι with
ipm + rm-MTl2 - ζ)~x. Thus the Cauchy theorem leads to

, - (pm + rm

Since by the Taylor theorem,

dn,z = z(Pm -Pm) J {Pm + rm-MT'2 + θ(Pm -Pm)}2-1 dθ

where
ίι

d'u z = (Pm -Pm) / {Pm + θ(pm - pm)}Z~l dθ
JO

and

X / / {Pm -
Jo Jo

At first we consider d'n z . Let a < Rez < b where b < -N2 . Then

(2πΓn ί d'n z(x,ξ)dxdξ
Jr>\

(2π)n(mz + \h\-

x / (Pm(ω) -pm(ω))
Js*Rnnw

x / {pm(ω) + θ{pm(ω)-pm{ω))}z~ιdθdω.
Jo

Since pm{ω) + θ{pm{ω)-pm(ω)) is equivalent to {\ux\
2+ \u2\

2l)Ml2,
we may assume that the integral is equivalent to

= C [l l\t2 + s2l

Jo Jo

^.,^\Jl

 RM(a+l)+dι+d2/l-l d R
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If a < Rez where a > -N2 - 1/Af, the integral is convergent. Thus
Tr[rfjγ z] is holomorphic for Rez < ~N2+δ2 for some δ2 > 0 except
z = — ΛΓ2 which is at most a simple pole. Next we shall show that
Ίτ[d"f z] is holomorphic for — ΛΓ2 - £2 < Re^ < - # 2 + J 2 for some
δ2 > 0. Since p m + 0(pw - p m ) is equivalent to rm(|w!| 2 + |w2 |

2 /)M / 2>
we may consider the integral

rm(\Uχ |
2 + | W 2 |

x / {rm{\ux\
2 + \u2\

2ψl2 + χrm-MTl2y-2dχduxdu2.
Jo

Choose 0 < ε < 1/2, a and b such that a < -N2 + Λfε/2, b >
-N2 + ε-l/2 and let a < Rez < b. Then

| w ι2l\\MRe z/2 , yrm-MT/2 jRe z-2 ^ ^

•1

/o
|w 2 | 2 / ) M / 2 } R e z~l~ε ί {χrm-MTl2γ-χ dχ

Jo
< I { ( r m ( , w |2 + | j^M^Re
- e iv vi li i zι ) >

Therefore

n°° rmb-Mε/2+\h\+\k\-\ Λ,

X / (\Ul\
2

J\u\<\

By the same change of variable as in Proposition 4.1, we see that the
integral is covergent. Thus Tr[d"f z] is holomorphic for -N2 + ε -
ί/M < Re z < -N2 + Me/(2m). This completes the proof.

Now we consult

I ί
J Jr

φp(p,u)zdxdξ

and

I2(z) = (2π)-» if φ{Pm + rm~MT/2y dx dξ.
J Jr>\

f
r>\

In order to do so, we define, for p e Σ and X = (X\, X2) e NPΣ,

Hess/W/7, X) = 2 L
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Note that it follows from (H.3) that Hess pm(p, X) > 0, for all X =

(X\, X2) G NPΣ so that X ^ 0 . Define a measure dX^ on JV^Σ such

that

(4.1) / dXp =
JHesspJp9X)<l

Then it is easily seen that dXhp = λm^d^lM dXp for A > 0, i.e.,
dXp is quasi homogeneous of degree m(d\ + d2/l)/M = miVi. Next
we define a positive C°° density on Σ as follows: Choose a local
coordinate system (u, ι/) where w = (wi, u2) is as in §2 so that
dxdξ = dudv', so dv' is quasi homogeneous of degree \h\ + \k\.

Then we define dp = /(/?) ί/f 7 |^ where

(4.2) /(/>) = / dux du2.
/ Σ K Γ

It follows that ί/p is quasi homogeneous of degree \h\ + \k\ -

Moreover, taking Proposition 4.1 into consideration, we note that
φ = φ\Σ + n in the integral I\(z) where rx € S0'1 and rxp{p, u)z e
SmRe z'MKe z + 1 , so we may put

/ β{p,uγdXpdp.
r>\

T H E O R E M 4.3. Assume that p(x, ξ) e S^'^f.^ satisfies the hypothe-

ses (H.I) ~ (H.6). Then there are three cases for the singularities of

(I) When N\ > N2, ZP(z) is holomorphίc for R e z < -N2 + δ\

where δ\ is as in Proposition 4.2 except only one singularity at z =
-N2 which is a simple pole and the residue R\{-N2) is given by:

R{(-N2) = —(2π)-n ί pm(ω)-N2dω
m Js*qR

n

where S%Rn = {(x, ξ) e T*Rn r(x, ξ) = 1} .
(II) When Nx = N2, ZP(z) is holomorphic for R e z < -N2 + δo

for some J o > 0 except only one singularity at z = -N2 which is a

double pole and the coefficient R2(-N2) of (z + N2)~2 of the Laurent

expansion at z = —N2 is given by:

^~nί ίJS*Σ JS
ί ίJS*Σ JSN Σq ω

where S*Σ = S*RnnΣ and SNωΣ = {X e NωΣ Hess/5m(ω, X) = 1}.
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(III) When N{ < N2, ZP(z) is holomorphic for Rez < -N3 + δ3

where δ^ is as in Proposition 4.2 except only one singularity at z =
—N$ which is a simple pole and the residue R\(-N>$) is given by:

,)-f I
m-Ml/2 Js'ΣJNJ.

Proof. By Corollary 4.2, we may consider

h (z) = (2π)-n if p(p,X)z dXp dp
J Jr>\

for the case (II), (III) and

I2(z) = (2πΓ" if (pm + rm-MTl2y dx dξ
J Jr>\

for the case (I). First we consider I\{z). Note that by the quasi ho-
mogeneity of dp we can write

dp = (\h\ + \k\ -

where dω is the measure on S*Σ and f(ω) is as in (4.2). Then

Ix (z) = (2π)-» Γ f f p(ω, rτl2Xx, rτ^X2y

χ r(m-MT/2)z+\h\+\k\-l d X ω d ω d r

/

oo f f

JS*Σ JNJL

(m-MΓ/2 z + iV3) JS*ΣJNΣ
q ω

Here we consider

J(z)= f p(ω,xydXω.
J N Σ

ω

For brevity of notations, put \X\ω = {Hesspm(ω, X)}ιlM for X e
NωΣ which is equivalent to (IX^1 + |X2|2 /)1 / 2 Then by (H.4), there
exists a constant C > 0 such that p(ω, X) > C. Therefore

p(ω,xydXω
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is an entire function of z. Thus we may consider

Jι(z)= ί p(ω,X)zdXω.

Choose a real number a so that a < -Nj, and let Re z < a. Then by
similar arguments as in Proposition 4.1,

/ p(ω, X)a dXω < ΓsMa+di+d2/i-i d s I p(ωf γγdγω

J\X\ω>\ J\ JSNωΣ

where SNωΣ = {Y € Λ^Σ; \Y\ω = 1}. Therefore J(z) is holomor-
phic for Re a < —N\. Thus the case (III) follows.

The case (II): Since p(ω, X) -pm(ω, X) = O(\X\%-χ) as \X\ω -+
oo, we have p(ω, X)z - pm(ω, X)z = O(\X\^Re z ~ 1 ) . Thus we may
consider

I pm{ω,xγdXω.

Since pm(ω, X) is quasi homogeneous of degree M in {X\, Xi), we
see that

/

o o />

sMz+dx+d2ιi-\ d s / ^ ( ω ? Y)zdYω

JSNωΣ
= ΛΛ.^J ^A II I Pm{0), Y)Z dYω.

Mz + dx+ d2/l JSNωΣ
Here the integral is an entire function of z. Thus the case (II) follows.

The case (I): In this case we note that the integral
/ pm(ω)~N2dω = lim / Pm{ω)~Nl dω

JS R* «->oy5 R « n { P j | | > β }

exists. Now we must consider

72(z) = (2π)-» J J(pm + r™~MTl2y dx dξ.

By t h e Taylor t h e o r e m a n d Propos i t ion 4.1, we are reduced to studying

Γ2{z) = {2n)~n I (rmpm(ω) + l ^ l + W - 1 drdω.
JS R"

T h e change of variable: rpm(ώ)χlm = s leads to

Γ2(z) = {2π)-n / {sm + 1)^1*1+1*1-1 / pm{ω)-^ dω
JO Js*R"

m Γ(-z) Js*Rn

if Re z < -N2. Thus the case (I) follows. This completes the proof.
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5. Asymptotic behavior of eigenvalues. In this section we shall con-
sider the asymptotic behavior of eigenvalues of P under the hypothe-
ses (H.I) ~ (H.6). Let the eigenvalues of P according to multiplicity
be λ\ < λι < - " and Np(λ) be the counting function of eigenvalues:
Np(λ) = #{j λj < λ} . The following theorem is useful in the sequel.

THEOREM 5.1 (cf. [4]). Let P be a positively definite self-adjoint
operator on a separable Hubert space H with domain of definition K
which is a dense subspace of H and the canonical injection from K to
H is a compact operator. Here we regard K equipped with the graph
norm as a Hubert space. Assume that

(i) P~s is of trace class for large Res > 0 and Ύτ[P~s] has a
meromorphic extension ZP(s) in Dδ = {s e C; Res > a - δ} for
some a > 0 and S > 0.

(ii) ZP(s) has the first singularity at s = a (> 0) and

( 7 %
is holomorphic in Dδ .

(iii) Zp(z) is of at most polynomial order in Ims in all vertical
strips in D$, excluding neighborhood of the pole s = a.

Then we have:

as λ —• o o .

The proof is essentially due to the inverse Mellin transformation
and given by [4].

Now we return to our consideration. Here we note from the con-
struction of the parametrix of P - ζl and the same arguments as in
[3] that the condition (iii) of Theorem 5.1 holds.

PROPOSITION 5.2. Assume that ρ{x, ξ) e S^'^f.^ satisfies (H.I) ~
(H.6). Then we have three cases according to Theorem 4.3.

(I) When N\ > N2, we have

NP{λ) = N N δ

as λ-^ oo where

B

n ίJs*ί P>nWN2dω-s*Rn
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(II) When N\ = N2, we have

NP(λ) = B2λ
N2 logA + 0(λN2~δo)

as λ —• oo vvΛere

l/zl + l ^ l - m ^
B2 = \k\-Tdx/2-Td2/{2l))

x (2π)-« / / pm(ω,
Jsμ J

(III) Ŵ /ẑ w N\ < N2, we have

NP(λ) = 53A^ -

as λ —• 00 where

ihl + lkl-mN,
5 \h\ + \k\-Tdι/2-Td2/{2l)

x(2π)~n I f p(ω,X)-N>dXωdω.
Jsμ JNωτ

6. Example. We consider the example (0.1):

o n R 3

where a(x) = {bx\+ι , 0 , 0 ) and V{x) = {x\ + J C | ) ' + ax%+ί (b real
number, a > 0, k > 0 odd integer and / positive integer). Then
we have m = 21 (k + 1 ) , M = 2 and T = l{k + 1). If we put
Σj = {(x,£);£i = 6x3*

+1, £> = & = 0} and Σ 2 = {(x,ξ);xi -
X2 = 0}, it is easily seen that (H.2) holds and d\ = 3 and d2 = 2.
Moreover we see iVΊ =3/2+1/1 <N2 = 3/2 + 1// + l/(2(fc + 1)) and
iV3 = 3/2 + 1// + l/(fc + 1). Thus by Proposition 5.2 (III), we have

NP(λ) =

as A —»• oo where

x / /
^ N Σ

ω

Here by simple calculation, we see that

p(ω, X) = |Xj|2 + \X2\
21
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so we have

1= ί ί (\X,\2 + \X?\2l+a/Vb2 + l)-W2+ιW+ι)+ιMdXmdω

dsdt

where Sμ-i) is the surface area of the unit sphere in Rd> and we

used Vol[5*Σ] = 2(b2 + i)-i/(2(*+i)). Thus we have

Γ(l//)Γ(l/(fc+l))
4 ~ 2π»/2{3/(^ + i) + 2(k + 1 + /)}α»/(fc+1)Γ(3/2 + 1// +l/(k+l))'

In the particular case k = / = 1, we have

NP{λ) =

as λ —> oo.

REMARK 6.1. When b = 0, we can regard H^^ + V(x) as a quasi

elliptic operator of order 21 (k + 1) of type (A: + 1, k + 1,2/,

/(fc + 1), /(fc + 1), /(fc + 1)). In this case the result also follows from

[3].
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