
PACIFIC JOURNAL OF MATHEMATICS
Vol. 156, No. 1, 1992

ENVELOPING ALGEBRAS OF LIE GROUPS
WITH DISCRETE SERIES

NGUYEN HUU ANH AND VUONG MANH SON

In this article we shall prove that the enveloping algebra of the Lie
algebra of a class of unimodular Lie groups having discrete series,
when localized at some element of the center, is isomorphic to the
tensor product of a Weyl algebra over the ring of Laurent polynomials
of one variable and the enveloping aglebra of some reductive algebra.
In particular, it will be proved that the Lie algebra of a unimodular
solvable Lie group having discrete series satisfies the Gelfand-Kirillov
conjecture.

1. Introduction. Let G be a real connected Lie group with center
Z , & and Z the Lie algebras of G and Z respectively. Let ^ * be
the linear dual of ^ . Then G is said to be an H-group if there exists
a linear functional / e ^ * such that the co-adjoint orbit of / in 5̂ *
is the hyperplane / + ZL where Z1- = {/ e ^ * f{Z) = 0} (see
Definition 2.1 of [2]).

In [2] it was proved that a connected Lie group G with center Z
is an //-group if and only if G is unimodular and there exists / e
^ * such that Bi('9 •) = /([•,•]) is a non-degenerate skew-symmetric
bilinear form on & J3ϊ.

The class of //-groups plays the key role in the problem of classi-
fying unimodular Lie groups with discrete series. Let us recall that a
Lie algebra %? is called an H-algebra if it is the Lie algebra of an
//-group. The main results of [1] and [2] may be stated in another
form as follows:

A Lie algebra & is the Lie algebra of some connected unimodular
Lie group with discrete series iff & may be written as the semi direct
product of an H-algebra %? with center 3£ and a reductive Lie algebra
S acting trivially on JΓ such that:

• the maximal semisimple subalgebra of S? has a compact Cartan
subalgebra.

• the center of a d ^ ( ^ ) is the Lie subalgebra of g l(^) correspond-
ing to a compact torus in GL{β?)

Such an 5? clearly acts in a completely reducible manner on %?.
In the following we shall consider a slightly more general situation:
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namely & is the semidirect product of an //-algebra %? with center
Z and a subalgebra S? acting trivially on Z such that ^ con-
tains an J^-invariant subspace %? complementing Z. Our aim is
to determine the enveloping algebra of such a semidirect product and
apply this result to compute the characters of discrete series represen-
tations later. In the present article we treat only the case dim(JΓ) = 1.
Although the case dim(J2~) > 1 is not much different from this, its
proof requires one to extend the ground field to an arbitrary field of
characteristic 0 and will be treated in another paper.

The main result many be stated as follows:

THEOREM 1. Let *§ — %f © S? and Z be as above.1 Then for any
ζ φ 0 in Z, the localized ring A = U(β?)ζ is ίsomorphic to a Weyl
algebra An ® k[ζ, C"1], where n = ^dim(β?/Z). Moreover there
exists a Lie algebra homomorphism X \-± ax from S? into A such
that [X, u] = [ax ,u], We A. In particular U(£?)ζ is isomorphic to

In fact, the above isomorphism will be described in more detail for
later applications (see Theorem 4.3).

The authors would like to express their gratitude to the Department
of Mathematics at the University of HoChiMinh City. The first author
would also like to express his gratitude to the International Center for
Theoretical Physics at Trieste, Italy for its hospitality during his stay
as a Visiting Scientist.

2. Notation. N, R, C always stand for the natural integers, the
real and complex numbers. Recall that if ^ is a Lie algebra with one-
dimensional center Z = Rζ, then the localized enveloping algebra
U(^)f is defined to be the set of all elements of the form ζ~nu, n e
N, u e V{&) with the multiplication: (ζ'nu)(ζ-mυ) = ζ
Let τ be the principal anti-automorphism of U(^) so that:

τ{XxX2 - Xn) = {-l)nXnXn-ι'' - X\, VX{, ... , Xn e&.

Then it is clear that τ may be extended to an anti-automorphism of
U ( ^ ) ζ by defining: τ(ζ-nu) = (-l)nζ~nτ(u). An element u e V(^jζ

is said to be symmetric (resp. skew-symmetric) if τ(u) = u (resp.
τ(u) = -u).

1 Θ denotes the semidirect product.
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Let R be an algebra over R, n e N then the Weyl algebra An{R)
is the algebra over R generated by the set W = {p x, . . . , pn , q ι, . . . ,
#„} with relations:

Pilj - QjPi = $ij, l < i < n

where <5, 7 is the Kronecker symbol. We also say that W is a Gelfand-
Kirillov basis of ^4n(i?). More generally, let A(i?) be any algebra over
R then a generating subset W = {/?i,.../?«, <?i, . . . , ^ } is said to
be a Gelfand-Kirίllov basis of A(U) if the mapping: /?/ »-• p , , #/ «-• ^ z ,
1 <i <n may be extended to an algebra isomorphism between A(R)
and An(R). We often identify A(i?) with An(R) and p/ with p z , qt

with ^ , 1 < / < n .
Let %?n be the (2n + 1)-dimensional Heisenberg algebra with the

standard basis ζ, ζi, ηi, 1 < i < n such that the only nonzero Lie
brackets among the elements of this basis are:

It is clear that U ( ^ ) c is a Weyl algebra over R[C, C"1] withGelfand-
Kirillov basis /?,- = ί, , Qi = ζ~ιηi, I < i <n. Let τ be the principal
anti-automorphism of V{β%ι)ζ - Then we have:

Φi) = -Pi, τ(ft) = ft, 1 < i < n

and

Such an anti-automorphism of the Weyl algebra An = An ® R[ζ, ζ" 1 ]
is also called the principal anti-automorphism of An .

3. The nilpotent case. Let %? = %?n be the Heisenberg algebra
with standard basis ζ9 ξι?, f/, , 1 < / < n as above. Let ^ =
Σ/!=i(^i + ϊtyί) Then there is a natural symplectic form on ^
with the canonical symplectic basis &, //,, 1 < / < n. The matrix of
any X e s p ( ^ ) with respect to this basis has the form:

( *x bx

cx _tΛx

where a x , b ^ , cx are n x «-real matrices such that bx and c x are
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symmetric, and ι2ίX is the transpose of a x . Put

s* = -\f Σ *υ&ij + *&) + \ί~x Σ H

1 n 1 n

= ~2 Σ aίίP/ίy + ̂ ΛO + ̂ f1 Σ tfjPi

LEMMA 3.L X ι-> Sx is a Lie algebra homomorphism from
into U(<%")ζ such that

[X,u] = [Sx , M ] ,

Proof. For 1 < /0 < n we have:

[^, ξio] = ̂ a f ^ + £c^ffc = [X, ξlal
1 = 1 / = 1

Similarly, we have:

Hence it follows that:

[SX9u] = [X9

Finally by using the commutation relations:

[PiQj , Pitί/1 = ^//PA:ίy ~ δjkPiQl >

[PiQj -> PkPl] = -δjkPiPl - δjlPiPk ,

\PiQj , QkQl] = δikQlQj + δ

[PiPj , QkQl\ = δikQlPj +

we see that

[5 X , 5 r ] -s[x,y]9 vx, r

REMARK. The above expression of Sx is just the expression of Dn

in [3] rewritten in the terminology of enveloping algebras instead βf
that of symmetric algebras as in [3].

Now let & = %* Θ c5̂  where %? is an //-algebra with one-dimen-
sional center Z — Rζ. Assume that Z centralizes S? and that ^
contains an c5^-invariant subspace ^ complementing Z. Let JV be
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the greatest nilpotent ideal of %?. Assume also that the center of J^ is
equal to Z and that there exists an abelian ideal 3£ of & contained
in_X such_that XjZ is central in Λ7.2\_Put Ί% = 3? n5F,
J = / Π / . Let η\, ... ,ηm be a basis of Jf. Put:

Then 4 = ̂ of l/ is precisely the centralizer of 3£ in JV. Let
/ o = / o n / and J o = / O n / . Let ra = dimJT and n =
i dim(^/^). Then we have

PROPOSITION JL2. L ^ the notation be as above. Let XΪ9 ... , X2n

be any basis of <%*. Then there exist a Weyl subalgebra Am of V(&)ζ
with Gelfand-Kirillov basis W — {p/, ft 1 < i < m} and a Lie al-
gebra homomorphism χ from β^Q^ onto a Lie subalgebra & of
\3{β?)ζ satisfying the following properties:

1. vφ)ζ can be identified with a subalgebra of U(&)ζ commuting
with Am such that

Moreover the restriction of the principal anti-automorphism τ of

to \J(3?)ζ coincides with the principal anti-automorphism of the latter\
and:

τ(Pi) = -Pi, τ(ft) = ft, 1 < i < m.

2. Let %f — χ(%o); then χ induces an isomorphism from J
onto %f. Moreover there exists a basis X\, . . . , Xm-im of %? such
that each X( may be expressed as:

(1) Xt = ζGi(q, ζ~ιX, ζ~ιp), l<i<2n

where q = (qΪ9 ... ,qm), ζ~ιX = (ζ~ιXι, ... , ζ-'Xm-im), ζ~ιP =
(ζ~ιPι 9 - - > ζ~ιPm) and each Gf is a polynomial of In indetermi-
nates θ = (θx, . . . , θm), ψ = (ψl9..., ψ2n-2m) > ω = (ωu ... , ωm)
which are in fact linear combinations of 1, ψ, ω with coefficients in
R[0] such that the mapping (θ, ψ, ω) *-+ (Gj(θ, ψ9 co))\<i<2n is an
automorphism of the polynomial ring R[θ, ψ, ω] with Jacobian 1.

3. χ is, in fact, an isomorphism from S? onto S? = χ{5^) and the

action of <¥ on %f is induced from that of S? on %fal3£. Moreover

for each Y eS*', χ(Y) can be expressed as:

(2)
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where the polynomial Sγ(θ, ψ, ω) is a linear combination of\, ψ,
ω with coefficients in R[θ].

Proof. By making a preliminary change of basis if necessary, we may
assume that the basis has the form: {ηx, . . . , ηm , X\, . . . , Xin-im ,
ζi> ••• , ζm} where:

• η\, . . . , ηm is a basis of 3£,
• X\, . . . , Xr is a basis of JVo mod ^ ,

• Xr+\, . . . , X2«-2m is a basis of ^ o m ° d -^o ?
• ξι, . . . , ξm is a basis of Jf mod ^ o
Moreover it follows from Proposition 3.1 of [2] (see also Proposition

4.2 of [1]) that ξχ9 ... ,ξm may be chosen so that:

Put qx• — ζ~ιηi, 1 < / < m . Now for every i G ^ o θ y there exists
a real m x m-matrix S* such that:

7 = 1

Note that Sx =_0_if X e JVQ . Let / be the linear form on ^ such
that l(ζ) — 1, l{%*) = 0, and let Bt be the associated skew-symmetric
bilinear form on βf. For X €^QQS^ and 1 < /, j < m we have:

B,([X, ξi], ηj) + Bι{ζi, [X, ηj]) = l([X, [&•, //,]]) = 0.

Hence
m

Put
1 m

Then X — 5^ commutes with the qι 's. Moreover for 1 < i < m we
have:

(3) [X-Sx,ζi] = 0 (

It follows that for X, Y € ^o © ̂  we have:

[X, 5y] = [Sx, Y] = [SX,SY] I mod
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Hence

[X-Sχ, Y-Sγ] = [X, Y] - [X, SY] - [Sx, Y] + [SX,SY]

( m m

mod Σ«iSb+ Σ
ι = i i,j=ι

On the other hand, by a similar computation as in the proof of
Lemma 3.1 we see that:

I m

[Sx, Sγ] = Sιx>Y] mod
Hence

(4) [X-Sx,Y-Sγ]

( m m

Let Yx,... ,Yt be a basis of S". Then it follows from (3) that

υ(J®ζ[ξl , , ξm][Xr+l - Sχr+i ,..., X2n-2m ~ Sχu

[Yι-Sγi,...,Yί-Sγι]

•[Y1-Sγι,...,Yt-SYι][ξu...,ξm]

= A[ξϊ,...,ξm\

where

A = U ( ^ δ ) c [ Λ Γ Γ + 1 - S χ r + ι , . . . , X 2 n _ 2 m - S χ 2 n J [ Y x - S Y ι , . . . , Y t - S γ t ] .

Put p\ = ξ\, and for 1 < i < m — 1 put

On the other hand for Y e A put

z / ( y )= Σ ^ y ' T ? " ( a d ^i)Λ'"(ad ̂
Now by applying successively Lemma 4.7.6 of [5] we see that v is a
homomorphism from A onto a subalgebra A of U(&)ζ commuting
with the Pi's and qι 's so that
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Note that it follows also from Lemma 4.7.5 of [5] that v induces an
isomorphism from A / ^ A onto A. On the other hand it follows from

(4) that {X-Sχ+WA±XeJ%} (resp. {Y-Sγ+5fA; Ye^}) is

a Lie subalgebra of A/Ĵ ΓA isomorphic to J%$/Jf (resp. <5"). Thus

X ι-> χ(X) — v[X — Sx) is a Lie algebra homomorphism from β^Q^

onto a Lie subalgebra^ & of A which induces an isomorphism from

( ^ / F ) © ^ onto 5?.^Note that A can be identified with U ( ^ ) c .

Moreover let %? and & be the images of ^o and 5? respectively^

then the action of S? on %f§j3? is tranformed into the action of S?

on &.
Now it is clear that Xj = χ{Xj) (1 < j <2n- 2m) and Pj (1 <

j < m) may be expressed in the form

r

(5) Xi^ΣMjXi + ejζ, \<j<r9

Xr+j = Xr+j Σ
i = l ί = l

1 < j < 2n - 2m - r,

where ^ , . . . , £>2«-2m , / i , . , fm e R[q] and a, b, c, d are matri-
ces with coefficients in R[g] of dimension r x r, r x (2n - 2m - r),
m x (2/i — 2m — r) and r x m respectively. Moreover since JV is
nilpotent, we may choose X[, 1 < / < r so that a is a unipotent
matrix and hence det(α) = 1. For an arbitrary basis {X;, 1 < / < r}
of ./f o w e c a n πiake a change of basis for {X/} with real matrix co-
efficients which preserves det(a). Therefore a"1 is also a matrix with
coefficients in R[g]. Hence it follows that the ?/,- 's, Xι 's and ξj 's
may be expressed in the form (1) with

• G Ϊ ( 0 , ψ,ω) = θi9 1 < /< m,
• for 1 < / < r, Gm+i{θ, ψ, co) is a linear combination of 1,

Ψι, ... , ψr with coefficients in R[0],
• for 1 < / < 2n - 2m - r, Gm+r+ί{θ, ψ, ω) — ψr+i is a linear

combination of 1, ̂  , . . . , ζ^ , ω with coefficients in R[#],
• for 1 < / < m, G2n-m+i{θ 9 Ψ 9

 ω) - ωi *s a linear combination
of l , ^ i , . . . , ^ r with coefficients in R[θ].

Hence it is clear that the polynomial map defined by the Gz 's is an
automorphism of the polynomial ring R[θ, ^ , ω] with Jacobian 1.
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Finally (2) follows immediately from the definition of χ and a
similar computation as above. Note that X\, . . . , Xr commute with
the qι 's so that

Therefore

τ(Xj) = J2 τ(a y)τra + τ(ejζ) = - £ ay*/ - ejζ = -Xj.
i=\ i=l

This together with (5) imply that the restriction of τ to U ( ^ ) f is

precisely the principal anti-automorphism of vφ)ζ . D

THEOREM 3.3. Let & = ̂ 0)5? where %? is a nilpotent H-algebra
with one-dimensional center Z = Rf. Assume that Z centralizes S?
and that %? contains an S^-invariant subspace %? complementing
Z. Let n = \άim{β?ΊZ).

1. Under these conditions, for an arbitrary basis X\, . . . , Xin of
~W, there exists a Gelfand-Kirillov basis W = {pi9 q{\ 1 < / < n} of
U(J^)ζ such that

(i) τ{pi) = —Pi, τ{qi) = q\, I < i < n where τ is the principal
anti-automorphism of \]{β^)ζ

(ii) for I < i < 2n, ζ~ιXi is a linear combination of 1, ζ~ιp\,
. . . , ζ~ιpn with coefficients in R[q] and the corresponding polynomials
of In indeterminates θ\, . . . , θn, ω\, ... > ωn define an automor-
phism of the polynomial ring R[θ, ω] with Jacobian 1.

2. For each Y G S? there exists a polynomial aγ(θ, co) which is
a polynomial of degree < 2 in ω\9 ... , ωn with coefficients in R[θ]
such that:

(i) Y ι-> ζaγ(q, ζ~ιp) is a Lie algebra homomorphism from 5?
into V(JT)ζ

(ii) aγ(q,ζ~ιp) is symmetric and

[Y,u] = [ζaγ(q, ζ'ιp) 9u], VM e U ( ^ ) f

(iii) the mapping 7 H 7 - ζaγ(q, ζ~ιp) is a Lie algebra isomor-
phism from S? onto a Lie subalgebra <¥' of U(&)ζ so that
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Proof. The proof is carried out by induction on d i m ( ^ ) . If β? is
isomorphic to a Heisenberg algebra with center Z then the theorem
follows from Lemma 3.1. Otherwise there is always an abelian ideal
3? of 9 contained in %? satisfying the conditions of Proposition 3.2
(see Proposition 2.3 of [1]). By making a preliminary change of basis
if necessary we may assume that

Xi = m> 1 < / < m,

Xin-m+i = 6 , \<i<m,

where m = dim(o%7JΓ). Hence it follows from Proposition 3.2 that
there exist a j i e algebra homomorphism χ from ^ © y onto a Lie
subalgebra % of U ( ^ ) c and elements pi9 1 < i < m of U(J^)ζ

satisfying the following properties.

• Am be the subalgebra generated by W\ — {/?;, qx? 1 < / < m}
which is in fact a Weyl algebra with Gelfand-Kirillov basis W\. Then

• Let τ be the principal anti-automorphism of U(S?)ζ . Then the

restriction of τ to U(^)ζ coincides with the principal anti-automor-

phism of the latter, and furthermore

τ(Pi) = -Pi, τ(ft) = Qi \<i<m,

• χ induces an isomoφhism from %?§j3? onto %f = χ(%o) and

• For m + 1 <J < 2n, C"1^/ may be expressed as a linear combi-
nation of 1, ζ~ιXι, . . . , C~1X2«-2m , C - 1 £i , - - - , C"^m with coeffi-
cients in R[#i, . . . , qm], where X\, . . . , Xin-im is a basis of •f7 as
described in Proposition 3.2. Let Gi(θ, ψ9 ω) be the corresponding
real polynomials. Then the mapping

(0, ψ,ω)^(θ, G m + 1 ( 0 , ^ , ω), . . . , Gln(θ, ψ, ω))

is an automoφhism of R[0, ψ, ω] with Jacobian JL

• / is in fact an isomorphism from S? onto S? such that

= Y-ζsγ(q, ζ-'X, ζ'lβ), VF € ^

w h e r e q = { q γ , . . . , q m ) , p = { p x , ... , p m ) , X = { X x , ... , X 2 n - 2 m ) ,
and §γ(θ, ψ, ω) is a linear combination of 1, ψ\,..., ψin-im,
oo\,... , ωm with coefficients in R[0].
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Now by the induction hypothesis U(^)ζ is isomorphic to a Weyl

algebra with Gelfand-Kirillov basis W — {βi9 &•; 1 < i < n - m)

where the following hold
(a) τ{pi) = -pi, τ{qi) = qt, \<i<jι-m,
(β) For 1 < / < 2n — 2m, ζ~ιXi is a linear combination of

1 > ζ~ιPι > ••• > ζ~ιPn-m with coefficients in R[#] such that the cor-
responding polynomials Fj(θ 9 ώ) , 1 < / < 2n - 2m of 2/7 - 2m
indeterminates (θ, ώ) = (θi, . . . , 6^_w ? ώ i , . . . , ωn-m) determine
an automorphism F of R[θ, ώ] with Jacobian 1. Put

Then the mapping

is an automorphism of R[0, θ 9 ώ, ω] with Jacobian 1. Moreover we
have

Xi = ζFitf9q,ζ-ιp9ζ-ιP), \<i<2n.

On the other hand it follows also from the induction hypothesis

that for each Y eS* there exists a polynomial άψ(θ, ώ) which is in

fact a polynomial of degree < 2 in ώ i , . . . , ώn-m with coefficients

in R[θ] such that Y ι-> ζάψ(q, C"1^) is a Lie algebra homomorphism

from &* into \]{^)ζ and moreover

(6) [Ϋ, fi] = [ca ? (ί, Γ 1 ^ ) , fi], va

Put

where 5y(β, θ,ώ,ω) = sγ(θ,F(θ, ώ),ω). Then for 7 =
we have

Hence

[F, fl] - [ζaγtf,ξl, ζ~ιp, ζ~ιp),ύ] = 0, Vfl

On the other hand since 7 and ζάψ(q, ζ~ιp) commute with
1 < i < m} we have

(7) [Y,u] = [ζaγ(q,q,ζ-ιp,ζ-ι

9β),u],
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Now it follows from (6) that

[ζάψ (q, ζ~ιp), ζa~ (q, ζ'ιp)] = [Ϋ{, ζa~ (q , C"1

Hence

[?! - £a~ (tf , Γ 1 ^ ) , y2 - ζά~ (q, ζ'ιp)]

= [?i , Ϋ2] - ζά~ ~{q, ζ-ip) VΓi ,Ϋ2eJ?.

Put p = (p,p), q = {q,q). Then for ^ , 7 2 € ^ and % = χ(Yi),
i = 1, 2, we have

[7, - Cαy,(<?, r ^ ) , Yi ~ ζaγ2(q, ζ'ιp)}

= [Ϋι,Ϋ2]-ζά~~β,ζ-ιp)

q,ζ ιl

= [Yι,Y2]-ζa[γι,γ2](q,ζ-ιp)

i.e. F M F - C<3y(ί > C"1.?) is a Lie algebra homomorphism which is
in fact an isomorphism. Let S*" be the image of <9* by this isomor-
phism. Then Sf" commutes with \J(^)ζ and hence

") =* ̂  ® R[C,

Finally (7) implies that

Hence

-ι[Yι,Y2]-ζalγι,γ1](<l,ζ-ιP)

= ^ , Y2] - [ζaYι(q,ζ-ιp), ζaγ2(q, ζ~ιp)]

i.e. Y t-> ζaγ(q, ζ~xp) is a Lie algebra homomorphism from 5? into
Ώ

REMARK. This theorem contains Lemma 3.2 and Theorem 3.5 of
[6] as special cases.
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4. The general case. Let & = %? Θ S? as in Theorem 1 of the
Introduction. Assume also that there exists a nilpotent ideal JV of &
contained in %? such that

• / " isan //-algebra with center Z,
• the action of S? on %?IJf is trivial.

Then it follows from Theorem 2.9 and Lemma 2.3 of [2] that there
exists a Heisenberg subalgebra %[ of %? with center JΓ such that
^ = t / T + ^ ? JT n ^ - Z and [^ί, ^Γ] c ^ F . Moreover ^
commutes with S?.

Now by applying Theorem 3.3 for &γ = ^ Θ ( a d ^ ( ^ ί ) xS*) we see
that for any basis X\, . . . , X2m of y^ there exists a Gelfand-Kirillov
basis ^ ί = {pi, 9/ 1 < / < m} of V(yV)ζ satisfying the following
properties.

(i) For 1 < / < m, p, is skew-symmetric (resp #/ is symmetric).
(ii) For 1 < / < 2m , ζ~ιXi is a linear combination of 1, ζ~ιP\,

. . . , ζ~ιpm with coefficients in R[#]. Furthermore the corresponding
polynomials //, 1 < / < 2m, of 2m indeterminates (0, ω) define
an automorphism of R[0 , ω] with Jacobian 1.

(iii) For every Y e <S?\ = ad^r(^ί) x S there exists a polynomial
aγ(θ, ω) which may be expressed as a polynomial of deg < 2 in ω
with coeίfcients in R[θ] such that αy(^ ? ζ~ιp) is symmetric and:

• F H ζaγ(q, ζ~ιp) is a Lie algebra homomorphism from <¥{
into

;

? ζ~ιP) is a Lie algebra isomorphism from S?\
into U ( ^ i ) c .

Let ζ, ξi, ηi, 1 < / < n - m, be the standard Heisenberg basis of
^ , i.e.

[ξi, ι/7 ] = ί y ζ , l < i , j < n - m .

F o r \ < i < n - m p u t

Note that

Hence
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On the other hand for all ύ e U{Jr)ζ we have

i.e.
\pi9 u] — 0, I < i < n - m.

Similarly, we have:

[q^ u] = 0, 1 < / < n - m.

In particular W = {/?/, pj, #, , <?/ 1 < / < m, 1 < j < n - m} is a
Gelfand-Kirillov basis for \J(^)ζ. Furthermore it is clear that the
/?/'s are skew symmetric (resp. the qxr's are symmetric). It follows
that for an arbitrary basis Xim+\> > ^2« of ^ complementing ^
there exist polynomials Fi, 2m + I < i < 2n, of 2n indeterminates
(θ, θ, ώ, ώ) of deg < 1 in ώ (resp. of deg < 2 in ω) with coeffi-
cients in R[θ, θ] such that

q, ζ~ιp, ζ~ιp), 2m + 1 < / < 2/ι.

Moreover the mapping (θ, θ, ώ, ω) ι-> (F(0, ω), -F(θ, ^, ώ, ω))
is an automorphism oΐ R[θ, θ, ώ, ω] with Jacobian 1, where F =
CFί)i<i<2m, ^ = (^ )2m+i<i<2/i - Finally r f-> Cαy(g, ζ~ιp) is a Lie
algebra homomorphism from S? into U(Jr)ζ such that αy(<?, ζ~ιp)
is symmetric and ^ = {Y - C#r(# ? ί"

1/?) ^ ^ ^ } is a Lie subal-
gebra of U ( ^ ) j isomorphic to ^ and commuting with the elements
of W so that

- Λπ ® R[C, Γ 1 ]

Thus by changing slightly the notation we obtain the following

PROPOSITION 4.1. Let &, βf', S?', JV be as above. Then for any
basis X\, . . . , X2n of %f such that X\, . . . , X2m is a basis of JV ~
%? Π JV, we may choose a Gelfand-Kirillov basis W = {pt, qt 1 <
/ < n} of U(X) C such that Wx = {pt, qt\ \ < i < m} is a Gelfand-
Kirillov basis for \]{Jr)ζ with skew-symmetric pi {resp. symmetric
Qi)> I < i < n. Moreover there exist polynomials Fiy 1 < / < 2n
and aγ, Y e S? of 2n indeterminates (θ, ω) satisfying the same
properties as those in Theorem 3.3 with the only exceptions:

(i) for 1 < / < 2m, F( is a polynomial of deg < 1 in coχ9 ... , ωmΐ
with coefficients in R[θ\, . . . , θm]

(ii) for 2m + 1 < / < 2n, Fi is a polynomial of deg < 2 in
ω\, . . . , ωm (resp. of deg < 1 in ωm+χ, ... 9 ωn) with coefficients in
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(iii) aγ depends only on (θ\, ... , θm, co\, ... , ωm). In particular

') - An ® R[f, Γ 1 ]

subalgebra of \J(2?)ζ isomorphic to S? and commuting with W

REMARK. The following lemma, which follows immediately from
Proposition V.2.5 of [4], shows that the assumptions of Proposition
4.1 certainly hold if the greatest nilpotent ideal of %? is an //-algebra
with center Z.

LEMMA 4.2. Let 3? be a Lie algebra over afield of characteristic 0.
Let %f be a solvable ideal of & and JV the greatest nilpotent ideal of
XT. Then \&

We are now ready to state the

THEOREM 4.3. Let & = %f' QS? and assume that there exists an
£7-invariant subspace %f as usual. Then

1. For any basis X\, . . . , Xin of %f we may choose a Gelfand-
Kirillov basis (W = {pi, ^ 1 < / <n} of\J(β?)ζ with skew-symmetric
Pi (resp. symmetric qt), 1 < i < n and polynomials Ff, 1 < / < In
of 2n indeterminates (0 ,ω) satisfying the following properties:

(i) for 1 < i < In, Ft is in fact a polynomial of deg < 2 in ω
with coefficients in R[θ]

(ii) the mapping (0, ω) »-> (-F/(0, co))\<i<2n is an automorphism
ofR[θ, ω] with Jacobίan 1;

(iii) Xi = ζFi(q,ζ-ip), \<i<2n;

2. for each Y e S? there exists a polynomial aγ(θ, ω) which is in
fact of deg < 2 in ω with coefficients in R[θ] such that

(i) aY(q,ζ~ιp) issymemtric;
(ii) Y i-* ζaγ(q, ζ~ιp) is a Lie algebra homomorphism from S?

into U(JT)ζ

(iii) ^ = {Y-ζaγ(q,ζ-ιp); YeS*} is Lie subalgebra of
isomorphic to S? and commuting with W so that

) - An ® R[ζ, ζ~ι] (

Proof. The proof is carried out by induction on dim %?. Let
be the greatest nilpotent ideal of %?.
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(a) If J^ is isomorphic to a Heisenberg algebra with center Z
then the theorem follows from Proposition 4.1.

(β) Thus assume that JV is not isomorphic to any Heisenberg al-
gebra with center Z but the center of JV is still Z. In this case
the proof is carried out exactly as in Theorem 3.3. The only differ-
ence is when applying the induction hypothesis we obtain polynomials
Fi(θ, ώ), 1 < i < 2n - 2m which have deg < 2 (instead of deg < 1)
in ώ with coefficients in R[θ]. Thus in the final results the polyno-
mials Fi are of deg < 2 in ω with coefficients in R[θ] as stated in
(Li)

(y) Finally assume that the center of JV contains Z strictly. Let
J b e a minimal abelian ideal of & contained in the center of Jf
such that 3£ φ Z. Since the action of S? on %f jJf is trivial by
Lemma 4.2, by contragredient the action of 5? on <%'/Z is also
trivial. Therefore it follows from the proof of Theorem 2.9 of [2] that
dim(Jf/^) = 1. Thus there exist ξ e ~W\J? and η G ^ " = ^ Γ Π Jf
such that [ζ9 η] = ζ and [^\ ξ] = [<9>, η] = {0}. Put q{ = ζ~ιη
and

Let Dγ and D2 be the nilpotent and semisimple parts of the deriva-
tion ad ζ so that D{ may be extended to a locally nilpotent derivation
of U ( J o © y ) c such that Z>i<7i = 1, DX{S^) = 0. Now the action of
R£>2 x & on <̂ o defines a semidirect product % = %?§ © (R£>2 χ &)
which contains HQ Θ 5? as an ideal. Moreover by modifying %?
outside of the subspace generated by \S?, %?\ if necessary we may
assume that %? is also invariant under the action of D2. For X e

put

Then it follows from Lemma 4.7.5 of [5] that χ is a homomorphism
from \]{%)ζ onto a subalgebra A of U(&)ζ commuting with qx such
that the action of Dx on A is trivial. Moreover since Dx commutes
with RD2 x<9> it is clear that the action of χ(RD2 x&) on χ{#ξ) = %f§
is induced from the action of R£>2 x ^ 7 on ^ o . Note that ^ o is a Lie
subalgebra of A isomorphic to J^/RT/ . Again by some preliminary!
change of basis we may assume that X\ = η, Xm = ζ Hence by
using an argument similar to that in the proof of Theorem 3.3 and the
induction hypothesis, we see that there exist a Gelfand-Kirillov basis
W\ = {pιr, qχ\ 2 < i < n} of A with skew-symmetric p\ (resp. sym-



ENVELOPING ALGEBRAS OF LIE GROUPS 17

metric #/) 2 < i < n, and polynomials Ff9 2 < i < In — 1 of deg < 2
in ώ = (a>2, . . . , con) with coefficients in R[θ] = R[#2 ? . , θn] such
that

• (0, ώ) ι-> (-F/((9, ώ))2</<2«-i is a n automorphism of R[θ, ώ]
with Jacobian 1.

Moreover there exist polynomials d, aγ (YE S?) of deg < 2 in
ώ with coefficients in R[θ] such that

, Y) ~ tζd(q, C"1^)

is a Lie algebra homomorphism from R£>2 x & into A and

([D2,u] = [ζd(q,ζ-ιp),u],

\lY,u] = [ζaY(4,ζ-ιβ),u], U '

In particular

This shows that P\=ξ- ζd(q, C"1^) commutes with A and

i.e. U(3?)ζ is isomorphic to a Weyl algebra with Gelfand-Kirillov basis
^ = {Pi> Qi\ 1 < i < w} - Finally by putting

Γ 0! if ϊ = 1,

Fi(θι,...,θn,ωι,...,ωn) = l Ft(θ9ώ) if 2 < / < 2/2 - 1 ?

[ ωi + rf((9, ώ) if i = 2n,

and

αy(0i, 0, ω i , ώ) = aY(θ, ώ)

we see that F;, 1 < / < 2n, and βy, 1 ^ ^ , satisfy the statements
(1) and (2) of the theorem. D

COROLLARY 4.4. Let % = %f(dSf as in Theorem 4.3. Let Z(&c) be
the center of U ( ^ ) , where 3?c is the complexification of &.
Then Z(&c)ζ is isomorphic to the localized polynomial ring
C[Y\, . . . , Yr, ζ, C"1] vvΛ̂ r̂  7i, . . . , Yr is a basis of some Cartan
subalgebra of 5^c.

REMARK. This corollary gives a generalization of Theorem 2 in [3].
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COROLLARY 4.5. The Gelfand-Kirillov conjecture holds for the Lie
algebras of connected unίmodular solvable Lie groups having discrete
series with one-dimensional center. In particular it also holds for H-
algebras with one-dimensional center.

Proof. We can apply the theorem with S? abelian and get

where S{S?) is the symmetric algebra of S?. From this it follows
that the (skew) field of quotients of U(^) is isomorphic to the (skew)
field of quotients of the Weyl algebra An over the polynomial ring
R[YX ,...,Yt,ζa] where Y1, . . . , Yt is a basis o f . ? . D

REFERENCES

[1] N. H. Anh, Lie groups with square integrable representations, Annals of Math.,
104 (1976), 431-458.

[2] , Classification of connected unimodular Lie groups with discrete series, Ann.
Inst. Fourier, Grenoble, 30, 1 (1980), 159-192.

[3] N. H. Anh and L. V. Hop, Le centre de Γalgebre enveloppante du produit semi-
direct de Γalgebre de Heisenberg et d'une algegre reductive, C. R. Acad. Sci. Paris,
t 303, Serie I, n° 16 (1986), 783-786.

[4] C. Chevalley, Theorie des Groupes de Lie, Groupes algebriques, Theoremes gene-
raux sur les algebres de Lie, Publications de Γinst. Math, de Γ univ. de Nancago
I&IV, Hermann, Paris (1968).

[5] J. Dixmier, Algebres Enveloppantes, Cahiers Scientifiques Fasc. XXXVII,
Gauthier-Villars(1974).

[6] V. M. Son, Envelopping algebras for a large class of H-algebras, preprints ICTP,
Trieste, Italy, IC/89/78, n° 411 (1989).

Received December 3, 1990 and in revised form October 22, 1991.

KHOA TOAN

DAI HOC TONG HOP TP H O CHI MINH

N. 227 NGUGEN VAN CU

VIETNAM

Current address: Department of Mathematics
University of HoChiMinh City
227 Nguyen van Cύ, Q5
HoChiMinh City, Vietnam




