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BIHOLOMORPHIC CONVEX MAPPINGS OF
BALL IN Cn

SHENG GONG, SHIKUN WANG, AND QIHUANG YU

Biholomorphic convex mappings from unit hall in €" into C* are
studied in this paper. A Schwartz type lemma for the class of map-
pings and a necessary and sufficient condition under which a holo-
morphic mapping is biholomorphic and convex are established. The
results are used to describe some characteristics of the image of the
class of mappings.

1. Introduction. Since Loebe discovered as early as 1907 his "Ver-
zerrugsatz", classical distortion theorems for families of univalent
functions defined the unit disc in the complex plane C have devel-
oped systematically in depth and scope. For several variables, H. Car-
tan showed his interest in the field and conjectured [1] that the mag-
nitude of the determinant of the complex Jacobian of a normalized
biholomorphic mapping on the unit polydisc in C2 should have a fi-
nite upper and a positive lower bound. But, it was pointed out in [2]
that the conjecture is not correct. That is the distortion theorem for
general biholomorphic mappings in several variables does not hold.
This suggests one has to find some of their subclasses for which the
distortion theorem can still hold. In 1988 S. Gong, C. H. FitzGer-
ald and R. W. Bernard [3] obtained first time the upper and lower
bound of the magnitude of the determinant of the Jacobian of a
normalized, convex and biholomorphic mapping from the unit ball
B = {Z = (z1 , z2) € C2\ \Z\ < 1} into C2 . After that Taishun Liu
[4] generalized the result to the unit ball in Cn and X. A. Zheng [5]
to the bounded symmetric domains.

It is worth pointing out that the estimate of the magnitude of the
determinant of the Jacobian of a holomorphic mapping is one of the
generalization of distortion theorems of one variable. The estimation
of eigenvalues of the Hermitian matrix, the product of the complex Ja-
cobian of a holomorphic mapping and its transpose conjugate, should
also be considered to be another form of generalization of distortion
theorems of one complex variable. In this contribution we will discuss
the type of distortion theorems and its application to biholomorphic
convex mappings.

287



288 SHENG GONG, SHIKUN WANG, AND QIHUANG YU

The paper is arranged as follows: In §2 we will prove a Schwartz
type lemma of biholomorphic convex mappings from the unit ball in
Cn into Cn. The lemma describes the type of distortion theorems
given by us. In §3 we will give a necessary and sufficient condition
under which a holomorphic mapping is biholomorphic and convex.
In [6, 7] two necessary and sufficient conditions which are equivalent
were also given. However, in the section we would quote a counter-
example by Taishun Liu in [4] to illustrate that the conditions are not
sufficient. In §4, as an application of the above results, we will study
the geometric characteristics of the image of biholomorphic convex
mappings.

In this paper summation convention is used.

2. A Schwartz type lemma of biholomorphic convex mappings. B

denotes the unit ball in Cn , that is

{ V

Z — (zι zn\ G Cn\ \Z\2 — V^ \zί\2 < 1 I
When n = 1 replace B by the symbol D. The Jacobian of a mapping
/ from B to Cn is denoted by // . So-called normalized holomorphic
mapping means the holomorphic one with /(0) = 0 and //(0) = / ,
/ is the unit matrix.

In this section we demonstrate a Schwartz type lemma of biholo-
morphic convex mappings from B into Cn .

THEOREM 1. Let f:B->Cn be a biholomorphic convex mapping.
Then

holds, where

is the Bergman metric of the unit ball B in Cn and the inequalities
are sharp.

The proof of the theorem depends on the following two lemmas.

LEMMA 1. Suppose that F: B -+Cn , W = F(ξ) is a biholomorphic
convex mapping and ξ = F~ι(W) is the inverse mapping of F{ξ).



BIHOLOMORPHIC CONVEX MAPPINGS 289

Then

dξ*
vι

ξ=o

Re ί
Qlξa Qξβ gwk

aβ dwkdwi dwJ dzι>2

holds for any a = (a1, . . . , an) e B and V = ( v 1 , . . . , vn) e Cn,
where w* (i = 1, 2, . . . , ή) are components of W and ξa (a =
1, 2, . . . , ή) ones of ξ.

LEMMA 2. Suppose that f:B-*£n,W — f(Z), is a biholomor-
phic convex mapping with /(0) = 0 and Z = f~ι(W) is the inverse
mapping of f(Z). Then

8za

dza

d2za dwk
γvιvJ

•zrv'v

holds for any Z e B, V = (vι, ..., vn) e C n .

Proof of Lemma 1. Since F(B) is a convex set we have

-(l-λ)F(ξo)GF(B)

for any λ G [0, 1] and £, ̂  € B. Fix <̂o and define a holomorphic
mapping ^ from J? to J? by

ξλ = F-\λF{ξ) + (1 - λ)F(ξ0)), ί € J?.

From Schwartz's lemma of the unit ball in C" , it follows that

λ υkΰ
ξiυ

or

(i)
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The inequality (1) can be rewritten as

°>β^λJdw>dwJ
v'vj > 0.

For λe[0, 1) we have

lim
A—1 l-λ

Straightforward calculation yields

0 < lim -£• V VJ

v'vJ

Re λ2s-o

dw' dwJ v
*j d * * Ί

dξ\ dwk

(wk(ξ)-wk(ξo))vivJ

(wk(ξ)-wk(ξo))

Noting that ξχ —• ξ as λ —• 1, we obtain at the point ζ

+2 Re
d2ξa

aβ dwkdwi dvJJ
{wk{ξ)_wk{ξo))viψj

The inequality (2) holds for any ζ, ζ0 e B. Now fix ξ and take
ξ0 = & in (2) where t eD, D is the unit disc in C. We then obtain
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a nonnegative harmonic function defined on the unit disc by

d2ξa

dw

It follows from Harnack's inequality that

Now taking t = \ζ\ 9 we obtain

|q | |*r(θ) < H(\ξ\)

or

(3) i r f^ 1 ^ 0 - H{0) -
where

and

2 R e

The inequalities (3) can be rewritten as

4\ξ\ _dξ
l-|<f|^du
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Taking ζ = va, v G (0, 1), and letting v —• 0 in the inequalities
above, we have

(4)
dwJ

ξ=o

dwk , ,- Λ

Lemma 1 is completely proved.

Proof of Lemma 2. Let φa: B —• B be a holomorphic automorphism
denned by

where ^ = 5/ + f^, s = y/\ -\a\2, aeB. Denote Z =
inverse mapping of φa is as follows:

. The

Let F(ξ) in Lemma 1 be f(φa(ζ)) Straightforward calculation gives

(5)
Qlξa

dwkdw'

d2ξa " dξa d2zv

ξ=o dzμdzv dwkdw> dzv dwkdwi

A*

- | α | 2 ) 2 dwkdwi 1 - \a\2 dwkdwi'

dwJ

dwk

dξι

X
ξ=o

1 - \a\2 dwJ '

ι-l τ

ξ=o

Substituting (5) into the right side in (4) we have at ξ = 0 (Z = a)

(6) 2Re
a βξβ Qwk

aPdwkdw'dwJ dξι aιυιvj

ξ=o

d2z'i dzσ dwk :
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Notice that the metric (ga-a)i<a,β<n o n B is invariant under its holo-
morphic automorphism. That is to say

( 7 )

dζ<*
*'υJ = *aβ

dza

Combining (6), (7) with (4), we obtain at Z = a

(8) 4\ahe -z v W
Vv/ I\ \&aβ Awl fiUTJ

dwidwi

d2za dz
v v

The inequality (8) is valid for any a e B. we complete the proof of
Lemma 2.

Proof of Theorem 1. From the inequality (8) it follows that

(9)

for any F € C". Using the definition of gβγ we have

(10)
- \Z\ψ

and it is easy to see that the second term of the right side in (9)
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= zγ a

= zy

dw' dΰJJ

a

g<*β+ (\-\Z\ψ

V VJ.

Substituting (10), (11) into (9) immediately gives

(12)

2 R e

Noting the Euclidean inner product (dza, dz^) = 2 ^ ,

= 0, we easily see that the right side in (12)

(13)

- 2\a [{l , d\Zγ

By substituting (13) into (12), it follows that

(14)

1

The inequality (14) can be written as

2(2-
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Hence, integrating both sides of (15) one obtains

295

Jo 1-H
dr > lg

So

(16) ^

(16) implies that for any Z eB the following matrix

1 - | Z |

is positive semi-definite. So we get the following matrix inequality
I r7\ \ 2

\<a,β<n

Similarly, we can prove

(18) α dwι dwJ\

Combining (17) with (18), we complete the proof of the inequalities
in Theorem 1.

Now let us give an extreme example to illustrate that the inequalities
in Theorem 1 are sharp. Set n = 2 and let

It is easy to check that the mapping is normalized, convex and biholo-
morphic and its Jacobian is

1

Jf(Z) =

Take F = ( l , 0 ) . Then

and

0

1

(l-zψ 1-z1

1 0

(19) vjf(z)jf(zyv
1

(1 - z1 - z1 + \zψ)2 (1 - 2rι cos6»i + r 2 ) 2 '
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where z 1 = rxe
ie\. On the other hand, we have

\Z\

If z 2 = 0, z 1 = r, (0! = 0), we obtain from (19) and (20)

(22)

If z 2 = 0, z 1 = - π (0! = π ) , then from (19) and (21) we get

(23) VJf{Z)7J{Z)'V' =

The two inequalities (22) and (23) imply that the inequalities in The-
orem 1 are sharp.

3. Necessary and sufficient conditions of biholomorphic convex map-
pings. Denote Br = {Z £ Cn\ \Z\ < r < 1} and the boundary of Br

by Sr. We will demonstrate the following theorem.

THEOREM 2. If f: B ->Cn is a holomorphic mapping with /(0) = 0
and |det//(Z) | > 0, then the following statements are equivalent

(i) / is a biholomorphic convex mapping.
(ii) If Z eB and b = {bι, . . . , bn) e Cn satisfy Re(baΎa) = 0,

then

Proof. First prove (ii) from (i).
Since f(B) is a convex set, the mapping

Z\, Z2 € B and 0 < λ < 1, defines a holomorphic mapping from
B x B —• B. Denote Caratheodory distance of the two points P and
Q of a domain Ω in C" by C Ω ( P , Q). Writing F(Zι,Z2) = Zλ we
see [8]

CB(F(Zl,Z2),0) < CβxB((Zι,Z2), (0, 0))
= max{CB(Zϊ,0),CB(Z2,0)}
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by the contraction property of Caratheodory distance for holomorphic
mappings. Recalling the Caratheodory distance on the unit ball in Cn

CB(Z, O) = ̂ lgj^j!j, ZeB,

then one has

It implies that for any λ e (0, 1) and Zx, Z 2 G Br, Zλ e Br. Thus
f(Br) is also a convex set. Since, moreover, / is biholomorphic the
image f(Sr) (or df{Br)) of Sr under the mapping / is a real convex
hypersurface. The second fundamental form S of the hypersurface
is positive semi-definite. In other words, for any tangent vector U to
f(Sr), we have

(25) S(U, U)>0.

Note that f(Sr) is an isothermal surface of the function r2 = \Z\2 o
f-χ and

2 dr2 d dr2 a _adza d adza d
r — 1 = z h

- 2 dr d dr a _adz d adz
εrad r — 1 = z h zdWdw* dwidW dw1 dwi

is a normal vector to f(Sr). Denote the normal vector by v . Λ is

= 0.

a unit normal vector. Assume that U = CL1TΓΊ + ̂ z ^ τ with
dwι dwι

Then we have

where Z) is the connection in R2n (directional derivative). Via (u, C/)
= 0 we have

Hence, the above inequality (25) can be rewritten as

(26) ' (a'W^- + Re Ua>^-)) > 0.
v f \v\\ dwιdwJ V dwιdwJ)) "

Now set b = αff or α1' = b^dw^dz^). From
= 0, it follows that Re(bβ^) = 0. Substituting α* =
into (26) we can get (24).

Now prove (i) from the condition (ii). We divide the proof into
three steps.
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In the first step, we show that if the mapping / is injective on
Bμ (0 < μ < 1), then f{Bμ) is a convex set. In fact, since / is an
injection on Bμ, f(Sr) is a real hypersurface in Cn for any r < μ.
If U = a'id/dw') + a'id/dW) is a real tangent vector to f(Sr), the
second fundamental form is

1 / d2r2 ( d2r2 \\
(27) S(U, C/) = A \ a ^ \ il-i + R e \alaJ* i* i

v \v\ \ dwιdwJ V dwιdwJ))

\v\

Set b = a§^ . We have Re(bβYβ) = 0. Recalling the condition (ii)
we get

Hence, /(*?,.) is a real convex hypersurface for any r < μ, and then
we conclude that f(Bμ) is a convex set.

In the second step, we prove if the mapping / is injective on Bμ ,
then / is also injective on Bμ. Since f(Bμ) is a convex set f{Bμ)
is starlike with respect to the origin. Therefore, we have

(dr\, dP

2)>0

thanks to the necessary condition for starlike mappings [9], where
p2 = \w\2. If the statement is not true then there are at least two
distinct points I J e ^ such that f(X) = f(Y). We know, for
all 0 < s < 1, sf(X), sf{Y) e f(Bμ). Because / is a holomorphic
immersion one can obtain the curve X(s) with X{\) = X which falls
in B by the method of analytic continuation such that f(X(s)) =
sf(X). That is X(s) = f~ι(sf(X)) is a univalent component of the
inverse images of the segment sf(X). Since

W?Ά = \{dr\X{s)),dp)\w=sf{X) > 0

for 0 < s < 1, we have

r2{X{s))<r2{X{\)) = r2{X) = μ.

Thus
X{s) e Bμ.

Suppose that Y(s) is another univalent component of the inverse im-
ages of the segment sf(X), but Y(l) = Y. A similar discussion
shows Y(s) e Tϊμ. Let
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If the set 3ί is nonempty then the supremum s* of & exists. Be-
cause 31 is a closed set s* e & and s* < 1 due to ΛΓ(1) Φ 7(1).
This implies that for any small positive ε satisfying s* < s* + ε < 1
we have X{s* + ε)φ Y{s* + ε). But

f{X(s* + ε)) = f(Y(s* + ε)) = (** + ε)f(X).

This is contrary to / being locally biholomorphic at X(s*). If 31 is
empty then X(0) ψ 7(0). In other words, at this case we have at least
two points X(0) and 7(0) such that f(X(0)) = /(7(0)) = 0. Since
/ is an injection on Bμ, at least one of the two points X(0) and 7(0)
must be a boundary point of Bμ. Suppose that X(0) e dBμ. Let
B(X(0), δ) be the open ball central at X(0) with radius δ, which
is so small that B(X(0),δ)Γ\% is empty, where ^ 0 C Bμ is the
neighborhood of the origin in B such that / is biholomorphic on it.
Because of the open mapping theorem f(B(X(0), δ)ΠBμ) is an open
set and / ( % ) an open set including the origin of Cn . So the origin
is also a boundary point of the open set f(B(X(0), δ) ΠBμ) and then
{f(B(X(O)fδ)nBμ)}n{f(%o)} is not empty. This implies that for any
W e \f(B(X(0), δ) n Bμ)} n {/(%)} it has two distinguished inverse
images on Bμ. It is impossible due to the fact that / is injective on
Bμ. So, / is also an injection on Bμ.

In the third step, we demonstrate sf = [0, 1] where si = {t G
[0, 1] |/ is injective on Bt}. Since /(0) = 0, Jf(0) φ 0, the set sf
is nonempty. We claim that sf is a closed set. In fact, if 0 < t\ e si
then all ί < t\ fall in J / . Therefore, to prove si is a closed set
it is sufficient only to prove that if t* > t and all t fall in si then
ί* is also in si. If the result is not true, there exist at least two
distinct points X\, X2 in Bt+ such that /(Xi) = f(Xi). Because of
l-ΛΓi I < ί*, |X2 | < ^% one can find a *** satisfying |JTi| < f* < ί*,
|X2 | < *** < ί*. The formulas above imply Xχ,X2 e BΓ . But
t** e si. This yields f(Xx) φ f(X2). It is impossible. So si is
a closed set. Finally, we need to prove the set si is also an open
set. For the end, only to verify that if / is a one to one mapping
on Bt then there is a positive ε small enough such that / is also
a one to one mapping on Bt+ε. If not, there is a sequence εn > 0
with limπ_oo εn = 0 such that one can find two sequences {Xn}, {Yn}
satisfying the following conditions:

Xn, Yn E Bt+ε , Xn Φ Yn 9
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for all n = 1, 2, . . . . Obviously,

lim \Yn\= lim \Yn\ = t.
«->oo n—κx>

It is easy to see that {Xn}9 {Yn} are bounded sequences. So there
exist two subsequences {Xnk}, {Ynk} of {Xn}, {Y«} which converge
to X and 7 respectively, that is

lim Xrt = X, lim Yn = Y.
k-^oo k k-^oo k

The two subsequences satisfy

f(Xnk)=f(Ynk), XnkΦYnk, for fc = 1 , 2, . . . ,

and

lim |JΓΛJ = lim |yΛJ = ί.

Obviously, X,Y e dBt. lϊ X Φ Y that is contrary to the result
in the second step. If X = Y it implies that there are two points
denoted still by {Xnk}, {Ynk} in any neighborhood of X = Y such
that Xnk ψ Ynk, but f{Xnk) = f(γnk) It is obviously impossible due
to the assumption of / being local biholomorphic.

Combining the above argument we obtain si = [0, 1]. Hence /
is biholomorphic and / is convex from the argument of the first step.

It is worth noting when n = 1, the inequality (24) has the following
form:

Because of

d2wfdz\2_ dw d2z

dz2 \dw) ~ dzdw2'

we have

/">o\ \u\2 ™ ί-iidw ( d z \ 2 d2w\ , , l 2 ^(28) \b\2 - Re [zb2^ [^ j ^ j = |̂ |2 - Re

Furthermore, from Re(6z) = b~z - bz = 0,1b = —bz, the inequality
(28) can be rewritten as
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It just is the necessary and sufficient condition of univalent convex
functions denned on the unit disc in the complex plane C.

In [6] K. Kikuchi stated the following theorem: Let / be a holo-
morphic mapping from the ball B into C" with /(0) = 0 and
det/y(Z) Φ 0, Z G B. Then / is biholomorphic and convex if
and only if

(29)

where

~ZJ-l

A =

0
0 a2

\0 0

0

/
ZA

A =

~ZJ-l(Z)A]>0,

β / > 0 , j = 1 , 2 , ... , n ,

(Z)A'Z'
dZ'dz

ZA :{Z)A'Z'
dZ'dz

with ZA Φ 0. The necessary and sufficient condition is equivalent to
the one given by Suffridge in [7].

We quote a counter-example given by Taishun Liu in [4] to show
that the condition (29) is not sufficient to conclude the section. Set

Zχ Zl Zn

Clearly, the mapping is biholomorphic and a simple calculation gives

/ ( 1 - z j ) 2 0 ••• 0 \

0 ( l - z 2 ) 2 ••• 0
(30) JJ\Z)= . . . .

\ 0 0 ••• {\-znfJ

and d2fj/dZ'dZ is the matrix of which the unique non-zero element

is
(1-*/

at j column and j row.

Putting (30) into the left side of (29), we have

Re[|ZΛ|2 + Z~Jj\Z)A] = Re

Hence, according to the result by Kikuchi, the mapping
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should be convex. That is to say for 0 < r < 1

k=l

where e^ is the unit vector of which Λ th component equals to 1. So

l-±f(rek)]eB.

But one has

(3D

When r is close to 1 the right side of (31) does not belong to B.
Therefore, the mapping / is not convex.

4. Characteristics of the image of biholomorphic convex mappings.

As an application of the theorems in §§1 and 2, we now consider
characteristics of the image of biholomorphic convex mappings from
ΰ t o C " .

THEOREM 3. Suppose that f:B-+Cn is a normalized biholomor-
phic convex mapping. Then

( 1 ) WTW P +μ

1 _ // Γ

Off(Sfl) -
μ (\ - tλn+xt2n-χ

l+μ

where com-x is the volume of the unit sphere in R2n .

Proof Fix Z eB- {0} and beCn fulfilling Rc(b^) = 0. Let
Z = j f | a n d 5 = ΐ§ΐ>ίEl>. Then Z e B and RφβΊβ) = 0. Since
W = /(Z) is a normalized biholomorphic convex mapping it follows
from Theorem 2 that

\t\2\b\2

 inJ[fϊ2^ \+Reγ\
or

(32) R | | 6 [ 2 + ^
dwidwJ J ?
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The left side of (32) is a real-valued and nonnegative harmonic func-
tion. From Harnack's inequality we have

If we take t = \Z\, the formulae (33) becomes as follows:

-|Z|

for any Z e B - {0} with Rc{b^Ύβ) = 0. Now taking b
and noting (27) we have

where

From Theorem 1, it follows that

-\z\\
+ \z\)

JZ|V

1 dza d~za

=7^=7 +

dwι

1

i - i z ιy

dwr

1 - | Z | 2

1

( 1 - | Z | 2 ) 2 '

1

dwi

-\z\)
Therefore, the inequalities

1

- | z | 2 aw!' - | z | 2 ) 2 aw1 ΘWJ|z|

|Z|)4

1

(35) \a\λ>

\a\2<

hold for any Z eB. By the Schwartz inequality

a'T*
dza

dwι

dza

dwι

0 <
dza

dwι <\zγ a1

dw* dΈJJ
-7jJ
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(34) can be read as

, , , , 1 - | Z | , < 9 z α d z α _ , . l 2 ^ 1 d z
( 3 6 ) oTϊzψad^dwJa ~ N ~
Substituting (36) into (34), we obtain

(37) \

W\S(U,U)<
-\z\) '"'•

On the other hand, again using Theorem 1 we get

i-|zι; ι w
This yields

^ <

\z\) {g ' - [ j
where {g^a) is the inverse matrix of {ga-s) • Hence

0_+jz])^ ^ ^
1 l Z I ^ Q ~ J *

So, we obtain

(38) | Z | 2 ( 1 -

Putting (38) into (37), we have

^ ~ - ^ L < principal curvature of f{Sμ) < ^ + ^

To yield the volume of the hypersurface f{Sμ) of (2«-l)-dimension,
we consider the function r2 = \Z\2of~ι. Denote Δ = 4d2/dwi dw*.
Then we have

(39) / ~ d W = - l ^ % d W

1 f Or2
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where dW is the volume element of C" = 3ίln, dσ that of df(Bμ)
and n = A the unit normal vector. Because of

— = — r2 = — (z<*—^L-ZP I = 2I1/I
dn M 1̂1 \̂  dwidwi )

(39) becomes

(40) / π rr2*\2 Γ dW = -—-j/ \v\do.
JAB.) ( 1 - ^ Z ) Z i-P Jfis.)

On the other hand, we have

A 2 .dzadzP ._ 2,2
Δr = 4 Vr =

dw'dw'' ' '
dw'dw'' ' ' dw'dw1

Hence

(l-r2)Ar2 + |Vr2|2 _

Putting (41) into (40) we obtain

(42) / 8 ° * * * d W = * l \u\da.
Jf{Bμ)

aβdw'dw' \-μiJf{sy i

/
f{Bμ)

From Theorem 1 we have

2

\Z\) Sv

Substituting (43) into (42), we obtain

+ lzh 2 az-a^ /i-|z|\2 o ^
- | Z | ; ^βdwidϋji- -\l ) Sfii

(44) nί (\—r-\ dW<—^f \v\do

Jf(Bμ)\l-r

Combining (39) with (44), we obtain

"(i-^) f (LzΛ2

 dw

2μ(l+μ)JnBμ)\l+r)

f(Sμ) ίμκι-μ)jf{Bβ)
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or

where dZ is the volume element of C" = Mln. Finally, again using
Theorem 1 we obtain

(l
( 4 6 ) (l

Putting (46) into (45) concludes Theorem 3.
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