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BIHOLOMORPHIC CONVEX MAPPINGS OF
BALL IN C”

SHENG GONG, SHIKUN WANG, AND QIHUANG YU

Biholomorphic convex mappings from unit ball in C" into C" are
studied in this paper. A Schwartz type lemma for the class of map-
pings and a necessary and sufficient condition under which a holo-
morphic mapping is biholomorphic and convex are established. The
results are used to describe some characteristics of the image of the
class of mappings.

1. Introduction. Since Loebe discovered as early as 1907 his “Ver-
zerrugsatz”, classical distortion theorems for families of univalent
functions defined the unit disc in the complex plane C have devel-
oped systematically in depth and scope. For several variables, H. Car-
tan showed his interest in the field and conjectured [1] that the mag-
nitude of the determinant of the complex Jacobian of a normalized
biholomorphic mapping on the unit polydisc in C? should have a fi-
nite upper and a positive lower bound. But, it was pointed out in [2]
that the conjecture is not correct. That is the distortion theorem for
general biholomorphic mappings in several variables does not hold.
This suggests one has to find some of their subclasses for which the
distortion theorem can still hold. In 1988 S. Gong, C. H. FitzGer-
ald and R. W. Bernard [3] obtained first time the upper and lower
bound of the magnitude of the determinant of the Jacobian of a
normalized, convex and biholomorphic mapping from the unit ball
B ={Z = (2!, z%) € C?||Z| < 1} into C2?. After that Taishun Liu
[4] generalized the result to the unit ball in C" and X. A. Zheng [5]
to the bounded symmetric domains.

It is worth pointing out that the estimate of the magnitude of the
determinant of the Jacobian of a holomorphic mapping is one of the
generalization of distortion theorems of one variable. The estimation
of eigenvalues of the Hermitian matrix, the product of the complex Ja-
cobian of a holomorphic mapping and its transpose conjugate, should
also be considered to be another form of generalization of distortion
theorems of one complex variable. In this contribution we will discuss
the type of distortion theorems and its application to biholomorphic
convex mappings.
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The paper is arranged as follows: In §2 we will prove a Schwartz
type lemma of biholomorphic convex mappings from the unit ball in
C” into C". The lemma describes the type of distortion theorems
given by us. In §3 we will give a necessary and sufficient condition
under which a holomorphic mapping is biholomorphic and convex.
In [6, 7] two necessary and sufficient conditions which are equivalent
were also given. However, in the section we would quote a counter-
example by Taishun Liu in [4] to illustrate that the conditions are not
sufficient. In §4, as an application of the above results, we will study
the geometric characteristics of the image of biholomorphic convex
mappings.

In this paper summation convention is used.

2. A Schwartz type lemma of biholomorphic convex mappings. B
denotes the unit ball in C”, that is

n
B= {z =(z', ...,z eC|ZP =) |7 < 1}.

i=1
When n =1 replace B by the symbol D. The Jacobian of a mapping
S from B to C" isdenoted by J;. So-called normalized holomorphic
mapping means the holomorphic one with f(0) =0 and J;(0) =1,
I is the unit matrix.

In this section we demonstrate a Schwartz type lemma of biholo-

morphic convex mappings from B into C”.

THEOREM 1. Let f: B — C" be a biholomorphic convex mapping.
Then

1-1Z]
1+1Z|

1+1Z]\2 _ . o
(1_:2:) gagdzadzﬂ Zf (Sijd'w’dwf Z(

holds, where

2
) ga? dz* d?ﬂ

(1= |Z|2)0,p5 + 202
T -1zZPy
is the Bergman metric of the unit ball B in C" and the inequalities
are sharp.

The proof of the theorem depends on the following two lemmas.

LeEMMA 1. Suppose that F: B — C", W = F(&) is a biholomorphic
convex mapping and & = F~Y (W) is the inverse mapping of F(&).
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Then
o&e 86 i
40,4l 5wl I i v'v
9xx  9EP dwk [
> : gl
22| Re (aaﬁawkawiamf A
holds for any a = (a',...,a") € B and V = (v!, ..., ") € C",
where w' (i = 1,2,...,n) are components of W and &* (a =

1,2,...,n) onesof &.

LEMMA 2. Suppose that f: B — C", W = f(Z), is a biholomor-
phic convex mapping with f(0) =0 and Z = f~Y(W) is the inverse
mapping of f(Z). Then

0z 0Zf .
4|Z|gaE————awi———awjv v

dz* 7P

aB dwi owi

9%z¢ 97 dw zyviﬁf}

> vigd

(1-1ZP)s, 8aB guwkowi oW 027

holds forany Z € B,V = (v!, ... v") eC".

Proof of Lemma 1. Since F(B) is a convex set we have
AF (&) + (1 - A)F (&) € F(B)

forany A €[0, 1] and &, & € B. Fix & and define a holomorphic
mapping £, from B to B by

&G=FAF@)+(1-)F()), <¢eB.

From Schwartz’s lemma of the unit ball in C”, it follows that

53O > 856055 2ot
or
0
) g0 7 2 e g6 ook )2 w62 ¢ 2 €.
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The inequality (1) can be rewritten as

57
o0& 86 - 2 aégt ‘95,1 i
ap(f)awl 37 -2 gaf(é’l)_—awib—ﬁ gl > 0.
¢ .
For 4 €[0, 1) we have
8E B8 | i

f_’f} -2

Straightforward calculation yields

P
d |, 0Ct &3 | i
0L llma—)—' [A gaﬂ(é’l)awiﬁ . v
_ ¢t &, | ij
- im2 s g ) v
RS o k k i
+Re | A gaﬂmawl (w*(¢) — w*(&o))v'v

O&e yid o = HE?
42 2L 8| iy agf ;jk e wk(fo))}}-
&

Noting that &; — & as A — 1, we obtain at the point &

@) 265500 07"
20 .
+2Re { gaﬁrak%@? gi Io (wk(€) — wk(Eo)v'D?
o&e 9&f 98,5 8¢

dwiawi " BE du (W) "wk(fo))} > 0.

The inequality (2) holds for any &,& € B. Now fix ¢ and take
& = % in (2) where ¢ € D, D is the unit disc in C. We then obtain
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a nonnegative harmonic function defined on the unit disc by

o& 65,1
aﬂaw’ owi "

rarels —( -t (£)) v

28 28w 28 (- ().

It follows from Harnack’s inequality that

— |t
1 T HO S HO < HOT

Now taking ¢ = |£|, we obtain

H(t) =

P

1+ |t
= e

1- ¢ 1+
O < HiE) < HOT
or
Q el < HO) < HGE g,
where
H(E) = 2,50 22 i
and
oce o
H(0) = "‘ﬂa'w'éw!
2 —ﬂ ..
+2Ref apgg—k%,;gw,( W& — whO)'w

o¢e 9% ;08,5 08
ow! owJ 9&” dwk
The inequalities (3) can be rewritten as
4| g 9gk
1= &[%Fawiowi = *

()W) - w(0)>}.

8B wkow! ow

0¢ 08 . 108.5 08

ow' dwJ & gwk

L 4l age 0%k
Z 1T g8 ow ou

>2Re{ 0% O ik (&) — wH(0))

(wk(&) - wk(O))}

’U’U
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Taking ¢ = va, v € (0, 1), and letting v — 0 in the inequalities
above, we have

o0& BC

(4) 4| | aﬂa law]

¢=0

¥ 9EF fuwk |
> — - 7
2 |2Re (5aﬂawkawiawf ae "

¢=0

Lemma 1 is completely proved.

Proof of Lemma 2. Let ¢,: B — B be a holomorphic automorphism
defined by

(aa('f) = l_a;:é;

where 4 = sI + 22 £42 s=+/1—|a]>, ae B. Denote Z = ¢,(¢). The
inverse mapping of goa is as follows:

A,

_ a—-2
E=97Y(2)= 74
Let F(&) in Lemma 1 be f(@,(&)). Stralghtforward calculation gives
(5) o2& 0% 9zk9zv | 9E* 0%z”
dwkowi|,_y  8z#9z" dwk dw! ~ dz¥ dwkow!
_atA;+a'Aj 9z OzF A5 9%z¢
T (1-la®)? ewkow! 1-—|a|?dwkow!’
o _ A, or
ow’ T 1—|a?owi’
=0
ow* dw*
8121 = ( Al) a’lgt :
=0

Substituting (5) into the right side in (4) we have at £ =0 (Z = a)

a’viﬁf)

0zF 0zZ°
_—_—2Re{(a & +a’ guz)a” ETEL]

8%z¢  9z° dwk
8uz % - — Vv,
dwkowJ ow? 9z*

02ka  9EB pwk
(6) 2Re (6Jawkawiaw1 5eT |,

lvj

+(1~laf)



BIHOLOMORPHIC CONVEX MAPPINGS 293

Notice that the metric ( gaﬁ)ISa _p<n ON B is invariant under its holo-
morphic automorphism. That is to say

&> &k

9z* 9zP s
(7) B Swi ow/

j iz
vv_aﬁ()awlawl v’/
&=0 Z=a

Combining (6), (7) with (4), we obtain at Z =a.

8z 9zP
8aB owi 0w

> IZ Re {E“‘aﬂgﬂy

8z 97#

+lalg,g5 500"

82z¢ 9zZf owk |, ..
—lal®Ye — Vayiari
RS RLA Py e o i Pr } ‘

The inequality (8) is valid for any a € B. we complete the proof of
Lemma 2.

Proof of Theorem 1. From the inequality (8) it follows that

0z* 9zF , .
o
9 21Z|(2- |Z|)gaﬁaw'8wlvv
0z* 8z ;.
Fo B L yig)
> 2Re{z°‘z gﬁ”awiawfv v
82z¢ 9z owk | . .
_ ZTyin)
+(1-1ZP)g 8B pwkowiowl oz - 07 }’

for any V' € C". Using the definition of gg; we have

P
(10) &= o 1Zp)e

and it is easy to see that the second term of the right side in (9)
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92z¢  9&P dwk
2
(11) (1-1219¢ 8B gukowi 0w 027

-7 2 {0121 00 s

Yyigs

dz? 8aB i o/
8z 9z#

5 .
+1Z|°g QF————awl —————8wjv’vf

8z 97k Zh 72
5J 2 L s
" dwipnV ['Z‘ T —|2|2>2]
0z 9z ..
y _ 2 izs]
=z [(1 |Z]%) aﬂf)w’afwfvv}
‘z“"zﬂ 9z 0zF

— 77
(A= |Z]P2 0w 8w

Substituting (10), (11) into (9) immediately gives

8z 0zZh
aﬂawlawl

3} 0z*9zF .
v 2 —1ZP e =222 oyl
>2Re{z [(1 |Z l)aﬁﬁ i 5t ]vv}}.

Noting the Euclidean inner product (dz%, dz#) = 25& , {(dz*, dzP)
=0, we easily see that the right side in (12)

0z* 0zF , .
Y= 1(1 - i
(13) 2Re{z [(1 VARY: 8530w 9w va]}

_1 iz 92207 i 2
_2< [(1 1Z1)8, 55 5oy v],d|Z|>.

By substituting (13) into (12), it follows that

(12)  2|1Z|(2-1Z])g v

oz 9zF ..
(14) 2|Z|(2—lzl)ga§5l‘u‘75%71" /

_1_ _ 2 0z% 97z inj 2
22< [(1 218,590 02 vv],d|2|>.

The inequality (14) can be written as

(15) 35—2{'—'22‘3’—)_< {lg [(1—-|Z|2) aﬁg—i}—l%viﬁj]}, d|z|>.
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Hence, integrating both sides of (15) one obtains

1Z| - a9zh ..
/ 22-r) dr>1g [(1 _ |Z|2)ga_gf_givzgj] - lglVlz-
0

1—r2 Bow! owJ
So
A+1ZD* e 2, 02207 i,
ML >(1- = '
(16) Toizy V2 (1 -1208, 550 570 T
(16) implies that for any Z € B the following matrix
(1+]2])°

dz* 9zk
VTV 51 (1 —1Z12 - il
I<i,j<n
is positive semi-definite. So we get the following matrix inequality
1-1Z1\? dw' oW/
(17) (TITZ—') (8,5)1<a,8<n < <5uﬁﬁ
Similarly, we can prove
1-1Z)\? ow! oW’
(18) (1 T |Z}) (gajj)lsa,ﬂgn 2> (5’7673?
Combining (17) with (18), we complete the proof of the inequalities
in Theorem 1.
Now let us give an extreme example to illustrate that the inequalities
in Theorem 1 are sharp. Set n =2 and let

W=1@ =1 A, 6D = (o ).

_Zl’l_zl

)lga,ﬂSn .

)lga,BSn

It is easy to check that the mapping is normalized, convex and biholo-
morphic and its Jacobian is
1
(1—2z1)2 0
- z? 1
(1-2z1)2 1-Z1

J(Z) =

Take V = (1, 0). Then
ow 1
vV (5z) = (=a79)
and

(19)  VIHZ)I[(Z)'V'

1 1
(1—z'—=Z+|z12)2 7 (1 -2r cosO; +r?)2’
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where z! = r;e'% . On the other hand, we have

=121\ ), - 7 1=12%
@ (52 Vs = g5
1+|Z]\? _ - _ 1=|2%P
() Ve = i
If z2=0, z! =r; (; =0), we obtain from (19) and (20)
s (14]Z]\? -
(22) VJf(Z)Jf(Z)’V/ = (Tﬁ) V(gaf)a,ﬂzl,ZV,'
If z2=0, z! = —r; (6; = m), then from (19) and (21) we get

N A7 1 - IZl 2 8744
@) VDT = (1) VEgesm1 7

The two inequalities (22) and (23) imply that the inequalities in The-
orem 1 are sharp.

3. Necessary and sufficient conditions of biholomorphic convex map-
pings. Denote B, = {Z € C"||Z| < r < 1} and the boundary of B,
by S,. We will demonstrate the following theorem.

THEOREM 2. If f: B — C" is a holomorphic mapping with f(0) =0
and |detJ¢(Z)| > 0, then the following statements are equivalent.
(1) f is a biholomorphic convex mapping.
(il) If Z € B and b = (b, ..., b") € C" satisfy Re(b*z*) = 0,
then

N
(24) 1B + Re (bﬂbvawla“” o 02 )zo.

926 027 > dwiow

Proof. First prove (ii) from (i).
Since f(B) is a convex set, the mapping

Z,= 1A Z) + (1 -1 f(Z2)),

Z,,Z, € B and 0 < A <1, defines a holomorphic mapping from
B x B — B. Denote Carathéodory distance of the two points P and
Q of adomain Q in C" by Cqo(P, Q). Writing F(Z,, Z,) = Z; we
see [8]

Cs(F(Z:, Z3),0) < Cpx((Z1, Z3), (0, 0))
= max{Cp(Z;, 0), Cp(Z,, 0)}
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by the contraction property of Carathéodory distance for holomorphic
mappings. Recalling the Carathéodory distance on the unit ball in C”

1+[Z|

ZeB,
then one has
|Z;| < max{|Z,], |Z,]}.

It implies that for any A € (0, 1) and Z,, Z, € B,, Z; € B,. Thus
f(B,) is also a convex set. Since, moreover, f is biholomorphic the
image f(S;) (or 8 f(B,)) of S, under the mapping f is a real convex
hypersurface. The second fundamental form S of the hypersurface
is positive semi-definite. In other words, for any tangent vector U to
f(S;), we have
(25) S\U, U)>0.
Note that f(S,) is an isothermal surface of the function r2 = |Z|?o
f~! and
orr o or?2 o oz 0 oz 0
2 _ — =a a
gradr’ = S i ow T gwiow - swiow T awiow

is a normal vector to f(S;). Denote the normal vector by v. g is
a unit normal vector. Assume that U = a"% +a % with

Re(a'z*(8z%/0w")) = 0.

S(U, U) = <EU|’;—|, U> ,

where D is the connection in R2" (directional derivative). Via (v, U)

= (0 we have :
~ I/ ~
<DU|7|’ U> = P> U

Hence, the above inequality (25) can be rewritten as

2,2 2,2
(26) A ( ig) —‘?—a—— +Re (a"af%)) > 0.
Now set b =adZ or a’ = b#(0w'/8z#). From Re(aizZ (028 jow?))
= 0, it follows that Re(bfZ#) = 0. Substituting a’ = b8 (dw'/8z8)
into (26) we can get (24).
Now prove (i) from the condition (ii). We divide the proof into
three steps.

Then we have
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In the first step, we show that if the mapping f is injective on
B, (0 < u<1),then f(B,) is a convex set. In fact, since f is an
injection on B, f(S;) is a real hypersurface in C" for any r < u.
If U =a(8/0w)+a'(8/0w") is a real tangent vector to f(S,), the
second fundamental form is

1 9 (,.j 9212 ))
(27) S(U, U)—lVI (aa W""RC aa awiawf

_ 1, ;8z°0Z° e 0%2P
= ] (a a 5w 57 + Re (a a’z EYRIEIT .

Set b = a2% . We have Re(b#ZzP) = 0. Recalling the condition (ii)
we get

S(U,U)>0.
Hence, f(S,) is a real convex hypersurface for any r < u, and then
we conclude that f(B,) is a convex set.
In the second step, we prove if the mapping f is injective on B,
then f is also injective on B, . Since f(B,) is a convex set f(B,)
is starlike with respect to the origin. Therefore, we have

(@rls,, dp?) 20

thanks to the necessary condition for starlike mappings [9], where
p? = |W|?. If the statement is not true then there are at least two
distinct points X, Y € B, such that f(X) = f(Y). We know, for
all 0<s <1, sf(X), sf(Y) € f(By,). Because f is a holomorphic
immersion one can obtain the curve X(s) with X(1) = X which falls
in B by the method of analytic continuation such that f(X(s)) =
sf(X). Thatis X(s) = f~1(sf(X)) is a univalent component of the
inverse images of the segment sf(.X). Since

2
ir_%@ - %(drz(X(s)), dp)lw=ssx) 2 0

for 0<s <1, we have
r}(X(s)) < (X (1)) = rA(X) = p.

Thus _

X(s) € By.
Suppose that Y (s) is another univalent component of the inverse im-
ages of the segment sf(X), but Y(1) = Y. A similar discussion
shows Y (s) € B, . Let

F# ={sel0, 11|X(s) =Y(s)}.
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If the set % is nonempty then the supremum s* of % exists. Be-
cause % is a closed set s* € # and s* < 1 due to X(1) # Y(1).
This implies that for any small positive ¢ satisfying s* < s*+¢ <1
we have X(s*+¢)# Y(s*+¢). But

S(X(s*+¢)) = f(Y(s" +¢)) = (s" + &) f(X).

This is contrary to f being locally biholomorphic at X(s*). If &% is
empty then X(0) # Y (0). In other words, at this case we have at least
two points X(0) and Y (0) such that f(X(0)) = f(Y(0)) =0. Since
f is an injection on B, , at least one of the two points X (0) and Y (0)
must be a boundary point of B,. Suppose that X(0) € 9B,. Let
B(X(0), 6) be the open ball central at X(0) with radius J, which
is so small that B(X(0), §) N %, is empty, where %, C B, is the
neighborhood of the origin in B such that f is biholomorphic on it.
Because of the open mapping theorem f(B(X(0), )N B,) is an open
set and f(%p) an open set including the origin of C". So the origin
is also a boundary point of the open set f(B(X(0), d)NB,) and then
{f(B(X(0), 6)nB,)}n{f (%)} is not empty. This implies that for any
W e {f(B(X(0),d)NB,)}N{f(%)} it has two distinguished inverse
images on B, . It is impossible due to the fact that f is injective on
B,.. So, f is also an injection on B, .

In the third step, we demonstrate & = [0, 1] where & = {t €
[0, 1]|f is injective on B;}. Since f(0) =0, J;(0) # 0, the set &
is nonempty. We claim that 2/ is a closed set. In fact, if 0 < ¢, € &7
then all ¢ < ¢; fall in &/ . Therefore, to prove &/ is a closed set
it is sufficient only to prove that if #* > ¢ and all ¢ fall in &/ then
t* is also in &/ . If the result is not true, there exist at least two
distinct points X;, X, in B, such that f(X;) = f(X;,). Because of
|X1| < t*, |X2| < t*, one can find a ** satisfying |X;| < ** < t*,
|X2| < £* < t*. The formulas above imply X;, X, € B-. But
t* € & . This yields f(X;) # f(X;). It is impossible. So ./ is
a closed set. Finally, we need to prove the set % is also an open
set. For the end, only to verify that if f is a one to one mapping
on B; then there is a positive & small enough such that f is also
a one to one mapping on B;,.. If not, there is a sequence &, > 0
with lim,_,., &, = 0 such that one can find two sequences {X,}, {Y,}
satisfying the following conditions:

Xn, Y EBt+en, Xn#Yn, [f(Xn)=f(Yn)
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forall n=1,2,.... Obviously,
n—oo n—00

It is easy to see that {X,}, {Y,} are bounded sequences. So there
exist two subsequences {Xy }, {Yn } of {X,}, {Y,} which converge
to X and Y respectively, that is

llm Xn = X k].im Ynk = K

k—o0

The two subsequences satisfy
f(Xnk)=f(Ynk), Xnkséynk, f0rk=1,2,...,

and
lim |.X, = lim |Y, = 1.
k—»ool nl k—»oo| ]

Obviously, X,Y € dB;. If X # Y that is contrary to the result
in the second step. If X = Y it implies that there are two points
denoted still by {Xy }, {Y5 } in any neighborhood of X =Y such
that X, # Y, ,but f(Xn) = f(Yy,). It is obviously impossible due
to the assumption of f being local biholomorphic.

Combining the above argument we obtain & = [0, 1]. Hence f
is biholomorphic and f is convex from the argument of the first step.

It is worth noting when » = 1, the inequality (24) has the following
form:

2
b2 + Re (b2 (‘Z) E%) >0, Re(bz)=
Because of

Py (4:)°__dv dre
dz2 \dw) =~ dzdw?’

we have

dw (dz\* d*w d*>w dz
2 _Re [ zp2 AW\ _ 12 _Re [zp2
(28) [b] ( P (dw) dZZ) 121 (b dz Zdw)
= |b|®> + Re (‘z‘be—,> >0.
f
Furthermore, from Re(bZ) = bZ — bz = 0, Zb = —bz, the inequality
(28) can be rewritten as

b2 (1 +Re ij, ) > 0.
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It just is the necessary and sufficient condition of univalent convex
functions defined on the unit disc in the complex plane C.

In [6] K. Kikuchi stated the following theorem: Let f be a holo-
morphic mapping from the ball B into C” with f(0) = 0 and
detJys(Z) # 0,Z € B. Then f is biholomorphic and convex if
and only if

(29) Re[|ZA[> +ZJ;}(Z)4] > 0,
where
a 0 0
0 ap -~ 0 .
A=1. . . .|, 420, j=1,2,...,n,
0 O an
azfi Xy 44
a ZA&Z’@Z(Z)AZ

azﬂl ! li
ZA5o25(2)A'Z

with ZA # 0. The necessary and sufficient condition is equivalent to
the one given by Suffridge in [7].

We quote a counter-example given by Taishun Liu in [4] to show
that the condition (29) is not sufficient to conclude the section. Set

_ Z1 2z, Zn
f(Z)—(l_Zl,l—Zz’...’I—Zn).
Clearly, the mapping is biholomorphic and a simple calculation gives
(1 —z)? 0 0
0 1—z5)% .- 0
Gy sz=| o Ut
0 0 s (1= z,)?

and 82f;/0Z'dZ is the matrix of which the unique non-zero element

is (l—lz s at j column and j row.
J

Putting (30) into the left side of (29), we have

" 1+ z;
21,12 J
E a;lzjl (1+Zj) > 0.

=1

Re[|ZAP? +ZJ;(Z)A] = Re

Hence, according to the result by Kikuchi, the mapping

£(Z) = (1 fl 2 Zn )

21’ 1=z 1=z,
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should be convex. That is to say for 0 <r < 1

—Zf(rek € {f(B)}

k=1
where e; is the unit vector of which kth component equals to 1. So

a1
| [; 5 f(rek)] eB.
k=1
But one has

gl r r
B 7 1[;kz;lf(rek)]:(r+n(1—r)’""r+n(1—r))'

When r is close to 1 the right side of (31) does not belong to B.
Therefore, the mapping f is not convex.

4. Characteristics of the image of biholomorphic convex mappings.
As an application of the theorems in §§1 and 2, we now consider
characteristics of the image of biholomorphic convex mappings from
B to C".

THEOREM 3. Suppose that f: B — C" is a normalized biholomor-
phic convex mapping. Then

(1 —p) o (A+p*
) K<
(1) PIOEYIEE principal curvature of f(S,) < u(i= )4 )
1 - U u (1 _ t)n+1t2n—1
(2) an_1 e / RS dt < volume of f(S,)
1 + U u (1 + t)n+1t2n——l
S MO T — ) /0 CENECZ

where w,,_, is the volume of the unit sphere in R*".

Proof. Fix Z € B— {0} and b € C" fulfilling Re(b$zf) = 0. Let
Z= (Zl and b = ,Zb,, teD. Then Z € B and Re(h#ZP) = 0. Since
W = f(Z) is a normalized biholomorphic convex mapping it follows

from Theorem 2 that
21AH12 ahB hY i j 2,a
P16 g {2 b (aw dwl 82z ) ~} >0
Z
} >0,
Z

|Z|? |Z|3 0zF8 8zv dwidw’
or

, tz*bPb? [Ow'dwl 08%z* )
(32) Re{|b| + |Z| 0zB 3z? dwidwJ
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The left side of (32) is a real-valued and nonnegative harmonic func-
tion. From Harnack’s inequality we have
z }

2 1) < 512 tzebBb? (Owiawj 2z )
(33) ] (Hm)—'b' +Re{ Z] \82F 827 owiows

1+t
<|BP{—=).
<1of ()
If we take t = |Z|, the formulae (33) becomes as follows:
1-1Z] ow' dw/ 92%z* )}<| |21+|Zl
1+1Z| 0zF 8z? dwiow’

|z
for any Z € B — {0} with Re(b#z#) = 0. Now taking b = a(Z%)
and noting (27) we have

1b/?

< b2+ Re {Eabﬂby (

028 0ZF _. (1 -|Z|
— -a’ <
(34) dw' owJ (1 + |Z|) < IS, U)
028 0ZF i (1+]Z|
- ~-a
dw' dwJ 1 —-1|Z|
where
0z 0zZP ; 0 ; 0
= zB =d'— + a0 —.
id \/ dwiowi U=a ow ¢ o
From Theorem 1, it follows that
(1—|Z|)2 1 9zv0z° 1 _,0z00%F
dij 2 — o+ z7|,
1+1|Z| 1-|Z]2owiowi (1- [Z|2)2 ow' 0w’
2 a Qsa « ﬂ
5 < (1+|Z|) 1 6i~8_z_.+ 1 o022 0Z i
1-1Z| 1-|Z2owi 0w/ = (1-— |Z|2)2 ow'! owJ

Therefore, the inequalities

1 0z* 0zZ° 9z
2 i —j lza
(33 lal" 2 T zpe [(1 20 S * |47 g ] ’
1 ® 9zZ* 0z
2 < i —=j isa” <
la” < (1-1Z)* [ - 121 awlawfa T ]
hold for any Z € B. By the Schwartz inequality
a2 X a Q5o
0< oz d2 ) <jzp a2 97 g

ow! ow/
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(34) can be read as
1-1Z| aiaza oz~
(1+]Z])3" ow!ow/’
Substituting (36) into (34), we obtain
(1-1z])°
1+|Z]

4
msw. vy < (12

On the other hand, again using Theorem 1 we get

(120 w2 (2222 » (08

This yields
1-1ZI\*, .5 8z 9zh 1+1Z1\*, 3
= Py | —— | < | —= a
(1+|Z|) &) <\ guiaw ) S\1o771) &)

where (gﬁa) is the inverse matrix of (gaE). Hence

. - a A .
a]S,a,2< 1 182 0Z — ]

(36) ==z owiow ”

(37) vIS(U, U) 2 UP,

U=1ZD s g poa ad22 0,
— < A
T3(z| Gpe = F 2 S T
(1 +|Zl)3 =B ,a\58 a
<~ - .
Sy (0po — 27227z
So, we obtain
(38) 1ZP(1 = 1ZD* <l <1ZP(1+]Z)*
Putting (38) into (37), we have
(1—u) o (L+p)
———— < principal curvature of f(S,) < ————;.
(T3 w7 < Princip TS < L=y

To yield the volume of the hypersurface f(S,) of (2n—1)-dimension,
we consider the function 72 = |Z|>o f~!. Denote A = 492 /0w’ 0w" .
Then we have

Ar? V2|
39 / A aw = —/ N aw
(39) rpy =12 gy (1=r2)?

1 or?
P ey,
1—/1 af(B”) on
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where dW is the volume element of C* = %#?", do that of 8 f(B,)
and n = ; the unit normal vector. Because of

6?‘2 vV 5 2 _aazaafﬂ B
a—n—mr —m(z %—l’a—m_l-z —2|V|

(39) becomes

(1 = rP)Ar? +|Vr?? 2
@) [ A W = = ;[ wlde.
1(8,) r w? Jys,)

On the other hand, we have

9z* 97k dz% 9z#
2_ 497 027 212 _ 450 0% 027 g
Ar=dasigws VT = e e
Hence
(1) (1=r)Ar2 +|vr22 _  9z*97F
(1 —1r2)2 T CeBgwiowt’
Putting (41) into (40) we obtain
8z 0zZP 2
42 / ———.—:dW=—/ v|da.
(42 1(8,) $aF o 5w 1—u? f<sﬂ)| |
From Theorem 1 we have
1+|Z|)2 8z 0zZh (1 —1Z|)2 8z 9zh
- -—— > n > — - -,
(43) (1——|Z| Bawigwt = = 1+|Z| 8B awi 0w
Substituting (43) into (42), we obtain
N2
(44) n/ (1 r) aw < 2 2/ v do
ey \1+r1 L= Jyps)

2
Sn/ (”’) aw.
sy \1=r

Combining (39) with (44), we obtain

n(l —u) (l—r)2
= aw
2u(1 + u) f(8) 1+7r

2
< / do < M+ H) (1+r) aw
1(8,) 2u(l—p) Jypy \1 =71
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or

(45)
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n(l—u)/ (1—121)2 2
do > detJ(Z2)|dZ ,
Sy 42 iz Jy, (i7121) 190912

1+ u) 1+1Z\?
do < /( det J(Z)|*dZ,
/f<s,,> 7S auT=w Jy \T=1z1) 19D

where dZ is the volume element of C" = .%2" . Finally, again using
Theorem 1 we obtain

(46)

(1+ 1|z 1—|z|)"!
(g 2 e f(2P 2 (o2

Putting (46) into (45) concludes Theorem 3.

(1]

(2]
[3]
(4]
(3]
(6]
(7]
(8]
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