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BERGMAN AND HARDY SPACES
WITH SMALL EXPONENTS

KEHE ZHU

We show that for each 0 < p < 1 the dual space of the Hardy
and weighted Bergman space on the open unit ball is isomorphic to
the Bloch space (with equivalent norms) under certain volume integral
pairing.

1. Introduction. We present a new approach to an old problem,
namely, the problem of describing the continuous linear functionals
on the Bergman and Hardy spaces with 0 < p < 1. We restrict our
attention to the open unit ball in C”, even though our approach has
the potential to generalize to bounded symmetric domains.

Let B, be the open unit ball in C" with boundary 0B, . Let H(B,)
denote the space of all holomorphic functionsin B, . For 0 < p < 400
and a > -1 we let

LE(By, dv,) = H(Bp) N LP(B,, dv,)
denoted the weighted Bergman space, where
d’l)a(Z) = Ca(l - ‘ZIZ)a d’U(Z) .

Here dv is volume measure on B, and C, a normalizing constant
so that dv, has total mass 1. For f € L5(B,, dv,) we write

1/p
1 Mo = [ /B 1£(2)P dva<z>] .

A linear functional F on L5(B,, dv,) is bounded if there exists a
constant C >0 such that |F(f)|<C||f|la,p forall f in LE(B,, dv,).
The dual space of L5(B,, dv,), denoted L5(B,, dv,)*, consists of all
bounded linear functionals on L5(B,, dv,). For each 0 < p < 400
the space L5(B,, dv,)* is a Banach space with the norm

IF Nl = sup{|F (/)] : [l lla.p < 1}

Note that L5(B,, dv,) itself is not a Banach space when 0 <p < 1.
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For 0 < p < +00 we let H?(B,) denote the Hardy space consisting
of holomorphic functions f in B, such that

1/p

I/ lgze = sup [/ If(rw)l”da(w)} < +o0,
O<r<1 0B,

where do is the normalized Euclidean measure on 8B, . For 0 <

p < +o0o we let HP(B,)* denote the dual space of H?(B,) consisting

of linear functionals F on HP?(B,) such that

IF Nl = sup{|F ()] : 1S lgr < 1} < +o0.

Again HP(B,)* is a Banach space with the above norm for each 0 <
p < +oo, even though HP(B,) itself is not a Banach space when
O<p<l1.

The dual space of HP(B,) for 0 < p < 1 has been studied by
several authors. In the one dimensional case Romberg [8] described
the dual of HP for all p € (0, 1) except p = 1/(k + 1) (where k
is any positive integer). Duren, Romberg, and Shields [5] completed
the characterization of the dual of H? for all 0 < p < 1 in the case
n = 1. They described the dual of H? of the unit disk in terms of
the Lipschitz spaces and the Zygmund class. These results were then
generalized to the polydisk by Frazier [6] and to the unit ball by Hahn
and Mitchell [7]. The basic ideas and constructions in these papers
are somewhat similar. See [4] for more information on H? of the
disk with O0<p < 1.

Shapiro [10] gave a different and quite general approach to the du-
ality problem of Bergman and Hardy spaces with 0 < p < 1. The
results in [10] were stated and proved for the disk, but it is clear
that some techniques and ideas there work in more general situations.
Shapiro’s approach, based on the notion of Mackey topologies, is more
geometric.

Coifman and Rochberg [2] also considered the duality problem for
weighted Bergman spaces with small exponents. Their arguments were
based on the theory of atomic decomposition for certain classes of
holomorphic functions.

Our formulation of the duality and the method of approach are
different from the ones mentioned above, the main difference being
in the duality pairing. Let % (B,) denote the Bloch space of B,
consisting of holomorphic functions f in B, with

I£ e = 1£(0)| + sup{(1 — |2I*)|Vf(2)| : z € By} < +00,
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where Vf(z) = (8f(z)/0zy,...,0f(2)/0z,) is the complex gradi-
ent of f at z, and
2] 1/2

IVf(2)l = [Z
k=1

It is well known that % (B,) is a Banach space with the above norm.
We describe the dual spaces of L5(B,, dv,) and H?(B,) for 0 < p <
1 in terms of the Bloch functions. Our main results are Theorems 5
and 6, stated below as Theorems A and B, respectively.

aof
5};(2)

THEOREM A. Suppose 0<p <1, a>-1,and fp=(n+1+a)/p—
(n+1). Then the dual space of L5(B,, dv,) is isomorphic to % (By,)
(with equivalent norms) under the duality pairing

(.80 =lim [ frz)gE0 - |2 dv(z).
e L8(By, dva), g€ B(B).

THEOREM B. Suppose 0 < p <1 and f = (n/p)—(n+1). Then
the dual of HP(By,) is isomorphic to B (B,) (with equivalent norms)
under the duality pairing

(.8 =tim [ frz)gG(1 - |2P) dv(z),
r—1"~JB,
f€HP(B,), geERB(By).

It is likely that experts in this field could deduce the above results
from those obtained in [5], [6], [7], [10]. Nevertheless, we think a
direct proof here is more natural and desirable.

The author thanks P. Duren, B. Korenblum, S. Krantz, D. Luecking,
R. Rochberg, and J. Shapiro for their interest, criticism, and point-
ing out additional references after the first version of the paper was
circulated.

2. A class of fractional derivatives and integrals. In this section we
introduce a certain type of radial fractional derivatives and integrals.
Recall that H(B,) is the space of all holomorphic functions in B, .
We equip H(B,) with the topology of “uniform convergence on com-
pact sets”. Thus a linear operator 7" on H(B,) is continuous if and
only if T f;, — T f uniformly on compact sets whenever f; — f uni-
formly on compact sets. For f € H(B,) and 0 < r < 1 we define f;

in H(B,) by f(z) = f(rz).



192 KEHE ZHU

THEOREM 1. For each a > —1 there exists a unique linear operator
D~ on H(B,) with the following properties:

(1) D* is continuous on H(B,).

(2) D*fy(z) = D*f(rz) forall f€e HB,), 0<r<1,and z€B,.

(3) D2(1 - (z, w))~ D] = Co(1 ~ (z, w))~"+1+2) for each w €
B,.

Proof. We first prove uniqueness. Given f in H(B,) and 0 <r< 1
we can write

_ [ _bw)dvw)
M= [y U=z, wyyet

z€B,.

The above integral converges uniformly for z in any compact subset
of B, . Thus properties (1) and (3) imply that

Dfi(z) = /B D2I(1 - (z, w))" " D] fy(w) dv(w)

_c, Jr(w) dv(w)
B, (1—(z, w))rtl+e’

This proves the uniqueness of D“.
To prove existence we first define D*: H*(B,) — H(B,) by the
formula

D*f(z) = C, / = / (:;’ ‘ZU"’)()’,f’+)1+a, z € By.

This along with the reproducing property of the Bergman kernel shows
that property (3) holds. Also using homogeneous expansions we easily
obtain D*f.(z) = D*f(rz) for each f € H®(B,). Now for a general
f in H(B,) we define D°f as follows. For each z € B, there exists
r e (0,1) and 2 € B, such that z = rZz. We define D*f(z) =
D~f.(2). (Note that f, € H*(B,) and hence D“f, is defined.) To
see that D*f is well-defined, suppose z = r 2, = 2, with r <r,,
say r; =rry for some r € (0, 1). Since f; isin H*(B,) we have

D°f (£1) = D*fyr,(21) = D* [ (r2y) = D fr,(22).

Thus D*f is well-defined. Furthermore, D®f is holomorphic sihce
for each r € (0, 1) we have

D*f(rz) = Df(z) = Ca /B 0 f’ (g) i’;gfffm . z€B,.
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Thus D“ as defined above maps H(B,) to H(B,). The linearity of
D% is obvious. Property (2) follows easily from the definition of D*.
It remains to show that D“ is continuous on H(B,).

Let f, — f in H(B,). It is clear that for each r € (0, 1) we have
Ji(rz) = f(rz) uniformly for z € B, as k — +oo. Thus for each
re (0, 1) and k — +oo we have

D) =G |
-af f(YFw) dv(w)
(1 = (/rz, w))rtl+a
=D*f(rz)
uniformly for z € B, . Since r is arbitrary, we see that D®f;, — D f

uniformly on each compact subset of B,. This completes the proof
of Theorem 1.

REMARK. The proof of the above theorem shows that for each a >
—1 the operator D* is given by

Df(z)=C, lim | (1{(?2”,)11)1)%%’ fE€H(By), z€B,.

If f in H(B,) is integrable with respect to volume measure, then it
is clear that

Df(z) = C/(l_ d”)()ff?m, z € By.

THEOREM 2. For each a > —1 the operator D® is invertible on
H(B,).

Proof. For each o > —1 define an operator D, on H(B,) as fol-
lows.

Dof(2) = lim/ (1- 'w|2)af(’w)d”(w), feHB,), z€B,.

rel (1_ z w))n+1

Using arguments similar to those in the proof of Theorem 1 we can
show that each D, is a well-defined continuous linear operator on
H(B,). Moreover, by Fubini’s theorem and Proposition 7.1.2 of [9]
we easily check that D*D,f = D,D*f for all f € H*(B,). By the
continuity of D* and D, and the density of H*(B,) in H(B,) we
conclude that D, is the inverse of D* on H(B,) for each a > —1.
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REMARK. If o > —1 and f isin L}(B,, dv,), then we have

Dof(z) = / (l—Iw!Z)“f(w)dU(’w) z€B,.

z w))'l-f-l ’

We call D* a radial fractional differential operator of order o and
D, a radial fractional integral operator of order o.. Note that when
—1 < a < 0 “integration” here is really “differentiation” and vice
versa.

3. Weighted Bergman spaces. In this section we characterize the
dual of L5(B,, dv,) for each « > —1 and 0 < p < 1. Recall that

1/p
IS Nla,p = [/B Lf(2)P dva(Z)J » S €LL(Bn, dva).

Also recall that for a > —1 the operator P, is given by

Pof(z) = / (lf(wz)ci;);)(:lizm’ zZ€B,.

The proof of the next lemma is due to D. Luecking.

LEMMA 3. For each 0<p <1 and a > —1 there exists a constant
C > 0 such that

[ @11 = 2P0 d(2) < Clf .
Bn

forall f in LY(By, dv,).

Proof. Fix z in B, and let D(z) be the open Euclidean ball in C”
with center z and radius (1 —|z|)/2. By the subharmonicity of |f |
we have

1
Z)P < ——————/ w)P dv(w).
P < 55z Joy, P dv@)
Since 1 —|w|~ 1~—|z| for w € D(z) and v(D(z)) ~ (1 —|z[>)"*!, it
is easy to find a constant C; > 0 such that
1f(2)] < Ci(1 = |2P)~ 1+ £l

for all f in L4(B,, dv,) and z € B,. For 0 < p <1 we can write
If(2)] = |f(2)P|f(2)|]'"? and estimate the second factor using the
above inequality. This easily produces the desired result.
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LeEMMA 4. Suppose o > —1 and f is holomorphic in B, . If either
f or the function (1—|z|*)~*f(z) is bounded on By, then the function
(1 —|z|?)*D2f(z) is in L'(By,, dv) and

/ £(2)2(@) dv(z) = / D°f(2)2(2)(1 — |z[2)* dv(2)
B, B,
for all g in H*(B,).

Proof. That the function (1 — |z|?)*D*f(z) is in LY(B,, dv) fol-
lows from the definition of D and 1.4.10 of [9]. The desired result
then follows from Fubini’s theorem and the fact that the operator P,
reproduces bounded holomorphic functions (see 7.1.2 of [9]). (Note
that the applicability of Fubini’s theorem here also follows from 1.4.10
of [9] and the assumption about f.)

THEOREM 5. Suppose 0 <p <1, a>-1,and p=(n+1+a)/p-—
(n+1). Then we have L5 (B, , dvy)* ~ % (B,) with

(7 )= lim [ fr2EE - 12 du(z),
" feLb(By, dvy), gEB(By).

Proof. Fix 0 < p<1, a > —1,and F € L5(B,, dv,)*. Since
If = frlla,p = 0 as r — 17, we have F(f) = lim,_,- F(f;) for all
f € LyB,, dv,). Write

£(2) =fB fi(w)dv(w) zEB,.

A (1 - (Z! w))n+1 ’

Since the above integral converges in L5(B,, dv,), the continuity of
F implies that

F = [ P |Gy dv@).

Let

1
(1 - (Z, w))n+1

Then 4 is holomorphic in B, and
F(f) = [ pwht@)dvw).

h(w):Fz[ ], w € By.
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It follows from the boundedness of F on L5(B,, dv,) and 1.4.10 of
[9] that Lemma 4 can be applied to obtain (The case f = 0 does not
require the use of Lemma 4.)

F(f;) = /B Fw)DFRw)(1 - [w?)? dv(w),

where 1
ﬂ:f_f;ﬂ_(n.;_l).

By Property (3) of Theorem 1 we have

1
D h(w) = CpF: [(1 —(z, w))(n+1+a)/P] ’

Let g = DAh. Then
F(f,) = /B Fw)g@)(1 - [w]?)? dv(w)

and
0g _(n+1+4+a)Cy Zi
‘5@;(10) = P T wy) e ) w € B,.

Using 1.4.10 of [9] and the boundedness of F on L5(B,, dv,) we
easily see that g is in the Bloch space #(B,).
On the other hand, if g isin % (B,), we shall show that the formula

F(f)= lim A (2)g(Z) (1~ 12 dv(z),  f € LE(Bn, dva)

well defines a bounded linear functional on L5 (B, , dv,), where f =
(n+1+4+a)/p—(n+1). By [1] there exists a function ¢ € L®(B,)
such that
_ _ ¢(w)dvg(w)
g(Z)—Pﬂ¢(Z)~\/Bn (l_<z’w))n+1+ﬂ5 ZeBn-
Using Fubini’s theorem and the reproducing property of Pg we easily
obtain

/fr(Z)@(I—IZV)”dU(ZP/ Srw)p)(1 - jwP)? dv(w).
Bll ‘Bn

By Lemma 3 we have

F(f)= lim g f(2)g(@)(1 - |z1)# dv(z)

= /B F(2)9@)(1 - |22 dv(z)
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with |F(f)] < Cll@lleo|l.f Nla,p forall f in LZ(By, dva).

4. Hardy spaces H?(B,) with 0 < p < 1. In this section we de-
scribe the bounded linear functionals on the Hardy space H?(B,) with
0 < p < 1. The result and method are similar to those in the previous
section.

THEOREM 6. Suppose 0 < p <1 and a = n/p —(n+1). Then
HP(B,)* ~ % (B,) with

(.80 =tim [ fr2)gE0 - |2P)dv(z),
" feHP(B), geB(B).

Proof. For 0O<p <1 itisclearthat a=n/p—(n+1)>-1.1If g
is in Z(B,) then by [1] there exists ¢ € L>(B,) such that g = P,¢.
Writing g as an integral, applying Fubini’s theorem, and using the
reproducing property of P,, we see that

/ @D - |2 dv(z) = / M2 - |22 dv(z)
B’I B’l

for each f € H?(B,) and r € (0, 1). By Theorem 11 of [7] there
exists a constant C > 0 such that

/B @I = 2P dv(z) < CIIS Nl
for all f in HP(B,). This clearly shows that

F(f)=tim [ f(2)g@)(1 - |z dv(z)

=/B f(2)p(2)(1—|z/)*dv(z),  f€HP(B,),

defines a bounded linear functional on H?(B,).

Conversely, if F is a bounded linear functional on H?”(B,), then
by the first few lines of the proof of Theorem 5 we have F(f) =
lim F(f;) and

F(f,) = /B Fw)hw) dv(w),

r—1-

where

1

A=(z, w1}’ wEBy,.

h(w)=F, [
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If a# 0, then 1.4.10 of [9] and the boundedness of F on H?(B,)
imply that either # is bounded in B, or there exists a constant C > 0
such that |A(w)| < C||F||(1 — |w|?*)* for all w € B,. Thus we can
apply Lemma 4 to obtain

F(f;) = /B Fw)g@)(1 - [w)* dv(w),

where

g(w) = D*h(w) = C,F; [

1
(1 - (Z’ w))n/p
This is obviously true if @ = 0. For each 1 < k <n we have

], wEB,.

og _ nC, Zj
)= T | | W€ B

It follows easily from 1.4.10 of [9] and the boundedness of F on
HP?(B,) that there exists a constant C > 0 such that

(1= |wp)

og
& (w)| < CIF]

forall w in B, and 1 <k <n. Thus g isin #(B,) and the proof
of Theorem 6 is completed.

5. Further remarks. In order to generalize our results to bounded
symmetric domains we need to answer the following questions:

(1) Does each weighted Bergman projection P, map L>*°({) onto
the same space?

(2) If the answer to the above question is affirmative, then how to
describe the space P,L>*°(Q) in terms of partial derivatives?

In the case of the polydisk we can settle the above questions satis-
factorily. It is proved in [11] that each P, maps L> of the polydisk
onto the same space X , which consists of holomorphic functions f
on the polydisk such that

(kI;[la - |zk|2>) 57

is bounded on the polydisk foreach 0 < m <n and 1 <i; < -+~
im < n. Using this result it is then shown in [11] that the dual space
of each weighted Bergman space and Hardy space with 0 < p < 1
on the polydisk is isomorphic to the above space X (with equivalent
norms) under certain integral pairing over the polydisk. Note that the
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duality problem for both the weighted Bergman space and the Hardy
space of the polydisk with 0 < p < 1 were also studied in [3] and [6].
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