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DEGREE-ONE MAPS ONTO LENS SPACES

CLAUDE HAYAT-LEGRAND, SHICHENG WANG AND HEINER ZIESCHANG

The paper deals with the question about the existence or
non-existence of a degree-one map of a closed orientable 3-
manifold M to some lens space. The answer to this question
is determined by the cyclic decomposition of iϊi(M), except
when Hι(M) contains an even number of direct factors iso-
morphic to Z2fc. In this case one has to calculate the linking
matrix of M to get the answer. For every n even, we give
a Seifert manifold Mn with H\(Mn) = Zn θ Zn that does not
admit a degree-one map to L(n, m) for any m.

1. Introduction.

Motivated by articles by Y. Rong [10] also Y. Rong and S. Wang [11], we
consider the question whether a given 3-manifold M admits a degree-one
map to a lens space L(n,ra) or not. For every n a geometric criterium
is given (Theorem 2.2) by the linking pairing ToτHι(M) ® ΎorH1(M) ->•
Q/Z, (α, β) ι-> aQβ. Moreover it has the advantage of being quite simple and
useful for the geometric construction of examples with a negative answer.
Because it is a pairing on abelian group it is easy to prove (Theorem 2.10)
that the answer to the question about the existence of a degree-one map to a
L(n,ra) is determined by the cyclic decomposition of Hλ(M) except for the
case where n = 2kΰ, k > 0, n odd and Hλ(M) contains an even number of
direct factors isomorphic to Z2*. In the end one has to calculate the linking
pairing only in this case.

For the case L(n,m) = £(2,1) = P 3 the often used method depends on
the existence of a generator ξ G Hι(L(2,1), Z2) with the property £UξU£ Φ
0. If n is odd or a multiple of 4 (see for example Remark 2.8 (c)) there
is no element ξ e Hι(L(n,m), Zn) with ξ3 φ 0, but there is a generator
μ G Hι(L(n,m)) with linking number μQμ φ 0 [16, 14.7.3 (c)]. This is the
ingredient for Theorem 2.2. If there is a degree-one map M -> L{n, m) then
.Hi(M) has a direct factor isomorphic to Zn, see [2], [16, 14.2.6]. Exploring
the geometric description of the linking number we construct for every even
n a Seifert manifold Mn with Hι(Mn) = Z n φ Z n such that there is no degree-
one map from Mn to a lens space L(n, ra). If n = 2 the Seifert manifold M2
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does not contain an embedded closed non-orientable surface of odd Euler
characteristic (Theorem 4.1).

Degree-one maps to P 3 appear in another context, namely in the theory
of kinks which are related to Riemannian 4-manifolds with a Lorentz metric.
The homotopy classification of Lorentz metrics on a space-time model re-
duces to the study of the homotopy classes [M3,P3] where M 3 corresponds
to the space part. In [13] it is shown that [M3,P3] is an abelian group
isomorphic to Z 0 Z^. The number of kinks (i.e. the number of tiping over
of the light cone) appears in the factor Z and depends on the existence or
non-existence of a degree-one map M 3 -» P 3 . In [13] one asks to determine
the existence or non-existence of degree-one maps to P 3 for all closed con-
nected orientable 3-manifolds. The theory of kinks has recently again been
considered by G. W. Gibbons and S. W. Hawking [4] in the more general
theory when the topology of the space changes during the time.

Discussions with Ralph Stόcker have been of great influence to this paper.
Jeff Williams and Peter Zvengrowski introduced us to the theory of kinks
and Daryl Cooper suggested Theorem 4.1. We thank the referee for his help,
in particular for the better formulation of Theorem 2.10.

2. A criterion for the existence of degree-one maps.

Notations 2.1. For lens spaces we use the usual notation L(n,m) and
understand at all times that n > 1 and gcd(n,ra) = 1.

In the following we use the group Q/Z. An element of this group is
denoted by [L] or, mostly, by [r/s] where r , sGZ, 5 ^ 0 , gcd(r,s) = 1; this
stands for the coset 7 + Z. Given [r/s] we denote by [r^/s] the class [r'/s]
with rrf = 1 mod s.

For a closed connected oriented 3-manifold N we use the following homo-
morphisms:

— j n : ίf^iV, Zn) -> Hι(N, Q/Z) induced by the monomorphism j : Zn -»
Q/Z,x + nZ*-+ [x/n];

— the Bockstein operator B: H^N, Q/Z) -> H2{N), see [16, 14.7.4];
— the Bockstein operator Bn = μn o B o j n : H^N.Zn) -> iJ2(JV,Zn)

where μn is induced by the projection μ: Z —> Zn;
— the Poincare duality isomorphism D: H2(N) —> HX(N) defined by

D(Ί) = 7 Π {N} where {N} is the fundamental class of TV.

For any ξ,η E Torifi(iV), we denote by ξ © η the linking number of ξ
and η. This is an element of Q/Z. (For the definition and notation see
[16, 14.7.2].)
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Theorem 2.2. Let M be a closed connected orientable 3—manifold.
(a) Assume that there is an element a E H\(M) of order n > 1 such that

the linking number aQa is equal to [r/n] where r is prime to n. Then
there exists a degree-one map f: M -> L(n, s) where s is the inverse
of r modulo n.

(b) // there is a degree-one map f:M-ϊ L(n, ra) then there exists an
element a G ΎoτHι(M) such that aQa = [m~ι /n], the order of a is
n and a generates a direct factor of Hλ (M).

Lemma 2.3. Let f: M —> L(n,m) be a continuous mapping of degree d.
For t G Z there is a mapping M —> L(n, m) of degree d + in.

Proof. Let g: S3 -> S3 be of degree I and π: S3 -> L(n^m) be the universal
covering. Then g = πog: S3 -> L(n, m) is of degree in. Now the composition
of maps

M^ M#5 3 —* MVS3 ^ L(n,m)

gives the desired mapping of degree d + in. D

Proposition 2.4. // α and a Θ a have the same finite order n then a is a
generator of a direct factor of Hi (M).

Proof. Otherwise there is an element β £ Hι(M) such that a = qβ and the
orders of β and q have a common divisor:

order(/?) = mkb, gcd(m,6) = 1, q = m£q0, gcd(m,<?0) = 1?

order(α) = mk~ia1 a\b, 0 < £ < k.

Since the order of βΘβ divides the order of β we have mkb = order(/?Θ/?) s
and βQ β — [-4 ]̂ for suitable s and t. Now, for some r relatively prime to
mk-£a

Thus
6r = aqlstm* mod mk~eab,

contradicting gcd(m, 6r) = 1. D

Taking another generator of the group generated by a changes the r by
multiplying it by a square and Corollary 2.5 follows:

Corollary 2.5. // Tor HX(M) = Z n φ A where gcd(n,|A|) = 1 then the
homotopy type of L(n, m) in Theorem 2.2 is uniquely determined.

Proof of 2.2. Consider the lens space L(n, s) where sr = 1 mod n; in the
following we will write 5 = r" 1 and L = L(n, s).



22 C. HAYAT-LEGRAND, S. WANG AND H. ZIESCHANG

First we recall that the mapping

(1) [M^j-ίHomCί^M),!^)), / - • / ,

is surjective. This is obtained as follows. By the universal coefficient theo-
rem, there is an isomorphism Hι(M,Hι(L)) = Hom(Hi(M),Hi(L)). Thus
each element /* G Hom(iϊ1(M),iϊ1(L)) determines a homotopy class, rep-
resented by / : M —> K(πι(L), 1). Remember that K(πι(L), 1) can be con-
structed with L as 3-skeleton; let p: L <-» K (πi(L), 1) be the embedding. By
the cellular approximation theorem we may assume that f(M) C L. This
gives a map / : M -» L such that p o / = /. The result can also be obtained
using standard obstruction arguments.

By [16, 15.6.3], there is an ά G HX{M, Zn) such that

j{ά U Bnά, {M}) = a Θ α = I H .

Prom [16, 14.7.3 (c), 15.6.3] it follows for the lens space L = L(n,s) that
there are generators μ G Hι(L, Zn) and μ G Hι(L, Zn) with

Next we prove that the f:M-+L above can be chosen such that f*(β)
ά. To see this, define

φ: HX{M) -> Zn, φ(a) = (ά,α),

Since μ is a generator of iϊ 1(L, Zn) the homomorphism ^ is an isomorphism
and the homomorphism

ψ^oφ: Hi(M) -> Hλ(L)

is well defined. By (1) there is an / : M -> L with /* = φ~ι o <£>; hence,
ψ o f* = φ. Now, for any α G i

(ά,α) = <p(o) = ̂ Λ(α) = (μ,/*α) = (/*μ,α),

and this implies ά = /*(μ) by the universal coefficient theorem.

Let d be the degree of /. Then

r + nZ = (άU Bnά, {M}) = (f*μ U J3n/*μ, {M})

= (μ U Bnμ, Λ{M}> = (μ U Bnμ, d{L}) = d - (r + nZ).
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This shows that d = 1 mod n. Now Lemma 2.3 gives the existence of a
mapping M -+ L(n,s) of degree 1.

For the proof of the second assertion of Theorem 2.2, let / : M -> L(rι, m)
be a degree-one map. As mentioned at the beginning of the proof, there
exists a generator μ of ϋΊ(L(n,m)) = Zn such that μQμ = [m~-1/n] Define
α E Tor i?i(M) by OJ = DBjnf*(μ). Then the order of α divides n and
Q 0 α = μ 0 μ = [ra'1/™] ^ 0 see [16, 15.6.3]; hence order (a) — n. By
Proposition 2.4, a generates a direct factor of Hι(M). D

Remark 2.6. Every a E Hλ(M, Zn) gives a homotopy class of maps
ά: M —> UΓ(Zn,l). It is possible to consider if(Z n , l) as the infinite lens
space L£° with some L(n,ra) (usual 3-dimensional lens space) as 3-skeleton.
Because the dimension of M is 3 and π2(L(n,m)) is 0, there is no obstruc-
tion to lifting ά to obtain a map / : M —> L{n,m). Now the problem
is: does there exist an m such that / is a degree-one map? When n is
prime proceeding geometrically like Greenberg and Harper [4, page 295],
or using H3(L(n,m), Zn) = H3(K(Zn, 1), Zn) and the well known coho-
mology of the Eilenberg-MacLane spaces, it is possible to find an element
μ E H3(L(n,m), Zn) such that μ U Bn(μ) φ 0. The criterium may be ob-
tained taking the corresponding element in the cohomology of M. If this
element is not 0 it determines m. In this case the criterion is an easy gener-
alization of Edmonds' result [3].

Y. Rong and S. Wang [11, Cor. 6] gave another proof of the following
corollary.

Corollary 2.7. There exists a degree-one map f: L(p,q) —> L(n,m) if
and only if p — kn and m = kqc2 mod n where k and c are integers. In
particular, there is a degree-one map / : L(p,q) -» P 3 « L(2,1) if and only
if p Ξ 2 mod 4.

Proof. Since L(p,q) « L(p^q~1) we may replace / : L(p,q) —)• L(n,7n) by
/: L(p,q~ι) -> L(n,m~1). Choose a E H1(L(p,q~1)) with the property
that α Θ a = [g/p]. Then each generator of H1(L(p, g"1)) is of the form cα
with gcd(p,c) = 1.

Suppose that / : L(p,q~1) -> L(n,m~ι) is a degree-one map. By 2.2 (b),
there is β E H1(L(p,q~1)) of order n such that β Q β — [m/n}\ hence,
p = /en, /c E Z, and /? = kca for some c E Z. Then

— = βoβ = kcaΘ/ccα = = ^ = > m = A gc2 mod n.

n J L P J L n J
The other direction follows from 2.2 (a) using the same calculation. D
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Remarks 2.8.
(a) Since for Z2-coefficients the Bockstein operator B2 satifies B2(ά) =

ά U ά it follows that

-(άUάUά,{M}) = aΘa where a = DBά.

Hence, to determine the existence of a degree-one map M -» P 3 , the criteria
ξ3 φ 0, ξ e Hι(M, Z2) from [13], [17] and a Θ a φ 0, a G TorHX(M) from
2.2 are equivalent.

(b) In the criterion of [13] the condition ά ϋ ά ϋ ά φ 0 cannot be changed to
άUά φ 0 as the following example shows. Let N(K) be the twisted orientable
/-bundle over the Klein bottle. Glue two copies together to give M =
N(K) U τ N{K), T = dN(K) such that Hλ(M) = Z2 Θ Z2. (Attention: M
is not the double of N(K).) Then Hι{M,Z2) = Z 2 θ Z 2 where the Poincare
duals of the generators of the two factors are the two Klein bottles central
in the two copies of N(K). If ά € Hι(M, Z2) is one of these generators then
ά U ά ^ O but a U a U a = 0, see Fig. 1 for the intersection of the duals.

Figure 1.

(c) For a lens space L — L(n,m), n even, there is a convenient geometric
way to calculate ά U ά U ά for a G HX{L, Zn) = Zn. This is a special
case of the calculation in [8, Lemma 3.4] where the arguments are used for
arbitrary manifolds. Consider the Heegaard splitting L = V\ U V2 of genus 1
and let C; be the core of VJ. Each c{ defines a generator of Hι{L) = Zn and
c2 ~ mci. Let ά be the Horn-dual of cx. Taking the meridian disk Dι C V\
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and extending it by an annulus parallel to dDi in V2 and by the core c2 we
obtain a singular surface i<\ such that dFx = nc2, \Fχ Π c x | = 1. Then the
homology class defined by Fλ is the Poincare dual of ά. Let F[ be a parallel
copy of JF\ where the singular curve is a curve in V2 parallel but disjoint to
c2. Furthermore we take a singular surface F2 with the roles of the two solid
tori interchanged. Then D2 Π (Fx U F[) C V2 consists of two points with
stars of n segments which intersect as shown in the figure. The number of
intersection points of these stars equals :

See Fig. 2. Hence a U ά U a = m~ι (f ) 2 {L} G H3(L, Z n ) = Z n and this is

different from 0 if and only if n = 2 mod 4.

Figure 2.

For the next theorem we need the following lemma.

L e m m a 2.9. Let M be a closed orientable ^-manifold and let nι,n2 be
two coprime integers. If there are degree-one maps M —> L(nι,πiι) and
M -» L(n2,m2) then there is a degree-one map M -> L(riιn2im).

Proof. By Theorem 2.2, there exist

a.i E Hι(M) with n ^ i = 0, α^Oα; = [rj/rii], TifΠi = 1 mod n<? i = 1,2.
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Let a — n2c*i + Πιa2. Then

= 0,

ot\+ 2nχn2αi Θ α2 + n\a2 © a2 mod Z

= n 2t r i/ n i] + ni[r2/n2] mod Z

= [r/nin2] mod Z,

where r = n\rι + n\r2 is prime to Πιn2. By 2.2(a), there is a degree-one map
M -* L(n, m) where mr = 1 mod n. D

Theorem 2.10. Let M be an orientable closed 3—manifold.

(a) // there is a degree one map f: M —> L(n,ra), then Hχ(M) = Zn® A.

(b) // Hi (M) = Zn®A where n > 1 is odd, then there is a degree one map
f: M —> L(n,m) for some m with gcd(n,rn) = 1.

(c) // Hι(M) — Zn 0 A where n — 2*n, for some k > 0 and n odd, then
there exists a degree-one map / : M -> L(n,m) for some m, gcd(n,ra)
= 1 provided A contains an even number of factors Z2k.

The additional assumption on A in (c) is necessary, as examples in the
next section will show.

Proof, (a) The result follows from Theorem 2.2 (b).
(b) By Lemma 2.9, it is enough to consider the case where n = pk, where

p is an odd prime. By [18, Theorem (4)], see also [6, page 29], there is
a a e Tor jffi(M) such that a © a = [r(p)/pk] with gcd(r(p),p) = 1. The
conclusion follows from Theorem 2.2 (a).

(c) Since Z n = Z2* 0 Zn, by Lemma 2.9, it is enough to show that there is
a degree-one map / : M —> L(2*, ra) for some odd m. By [18, Theorem (4)],
there is a basis of Hχ{M) that contains an odd number of generators of order
2k such that parts of the matrix of the linking pairing for these generators
consist of diagonal blocks of the form

^ or
0 ) °T

Hence, for at least one of the generators the self-linking number is [m/2k] ψ 0,
and now the assertion follows from Theorem 2.2. D

Remarks 2.11.
(a) Parts of the above results have been known. For Hi (M) = Zn Luft-

Sjerve [7] gave an answer by proving the existence of a special surface. Using



DEGREE-ONE MAPS ONTO LENS SPACES 27

the argument of [7], E. Luft and Y. Rong independently observed that there
exists a degree-one map / : M -» L(n, m) if H1(M) = Z n θ A and the order
of Tor A is relatively prime to n. This is a consequence of 2.10.

(b) For many Seifert fiber spaces M one can easily prove the existence
of a degree-one map onto some lens space L(2k,m), proceeding from the
canonical presentation of the fundamental group of M to the homology of
M with Z 2 coefficients (see below). But this approach does not give negative
answers to the existence of degree-one maps onto a fixed lens space or any
lens space.

3. On the non-existence of degree-one maps.

Construction 3.1. In the following we denote curves, their homotopy
and homology classes by the same symbol. Consider the Seifert manifold

( o o o \

S2 - Dλ U D2 U D3 J x
S1 by attaching the union of three solid tori T\ U T2 U T3 with a glueing

o

map described below; here £) l 5 . . . are open discs and Ti,... fibered solid tori.
Denote dDi by Xι and the fiber S1 by h. The meridian of the fibered solid
torus Ti is denoted by α̂  and its longitude by b{. The glueing map is defined,
up to isotopy, by the relations n ^ + Sih = α̂  and x{ = bi (such that the
determinant is ±1). Then

π1(M(ε1/nuε2/n2,ε3/n3))

= (x1,x2,x3, h I x^hei = 1,1 < i < 3, xλx2x3 = 1).

Notice that these relations imply that h is in the center of ττi(M).

Theorem 3.2. For n even the Seifert manifold M — M(—1/n, — 1/n, 1/n)
admits no degree-one map to a lens space L(n,m) (m arbitrary) and for
n — 2k to any lens space, but Hχ(M) = Z n φ Z n .

Proof. Abelianizing π x (M) gives

Hλ(M) = (xux2 I nx1 = nx2 = 0}ab - Z n θ Z n

— (ζiV I nζ — nrί — 0)α 6 where ξ = xu η — xx—x2.

(For n = 2 the order of τri(M) equals 8, for n > 2 the order is infinite.) To
calculate ηΘη, we have to find a singular surface Fχ,2 such that 9 F 1 2 — nη.
It is possible to describe this surface in three parts. One part lies in T2 and
is obtained from an annulus by identifying one boundary component with
the curve h = — α2 + nb2 on dT2 while the other boundary component runs
n times along the core — b2 of T2. (Here b2 denotes both the longitude and
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the core of the solid torus which are homotopic in T2.) Another part is a
singular annulus in 1\ with one boundary component running n times along
6x and the other being the curve ft = ~aχ + nbi on OTχ. These two parts are
connected by an annulus / x ft. Then

dFιa = nbi - nb2 = n(x1 - x2) = nη.

Now we have to calculate the intersection number of Fχj2 with x2 and

xλ. We recall that x2 C (s2 -D1UD2UD3J X S1 is the boundary of the
o

open disc D2 and that it cuts once the curve —α2 + nb2 on dT2 which is
homologous to ft. The same argument applies to the intersection of X\ with
JF1 ) 2. Therefore

ηQx2 — [±l/n], ηQxi = [±l/n] so η © η = [±l/n — ±l/n].

By the same construction as above we find a singular surface F 2 3 with

c?F2)3 = n62 + n&3 = n(rc2 + x3) = —n̂ x = — nξ.

Since F 2 ) 3 intersects 5T3 on —ft and ft intersects x3 once, we obtain ξ Θx 3 =
[±l/n]; similarly the intersection of F 2 ) 3 and dT2 is ft and ξ © x2 = [±l/n].
Therefore

^ © ξ ^ ξ O r r i ^ ξ © (~x3 -x2) = -ξQx3-ξQx2 = [=Fl/n + =Fl/n].

For each element α G Hi (M) = Zn φ Z n we have α = αξ + 6r/ and α © a is
of the form [2fc/n]. Therefore an equation a © α = [r/n] with gcd(r, n) = 1
is impossible if n is even. By Theorem 2.2, M admits no degree-one map
to L(n,m) and hence, if n = 2*, to any lens space (since otherwise the
homology group of this lens space is a free factor of JEΓi(M)). D

Example 3.3.(due to A. Shastri and P. Zvengrowski.) Shastri-Zveng-
rowski [14] completely determined the existence of a degree-one map of any
quotient of S3 by a free action of a finite group to P 3 . The most difficult
case was the manifold M = 5 3 IQ±n where Q±n is the generalized quaternion
group n > 1. (The double cover S3 -> 5O(3) lifts the dihedral group with
In elements to a group Q4 n of order 4n.) It has the presentation

Q*n = (χ,y I χn = y2,χyχ = y)

For n = 2m the homology groups do not suffice to solve the problem and
Shastri-Zvengrowski used a free ZQ8m-resolution of Z to calculate explicitly
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the ring structure of H*(K(Q8πι, 1); Z2). We will show next that their result
can also be obtained by our geometric method.

Consider the following presentation of Qsm

τri(M) = (x,y,h I y2 = h,x2m = h,xyx = y)

= (x,y,z,h I y2 = M2™ = h,z2 = / z " 1 , ^ = 1).

Since the fundamental groups of the Seifert fiber spaces M and
M(—l/2ra, —1/2,1/2) are isomorphic to Q 8 m the spaces are homeomorphic,
see [9, p. 110]. Clearly, h is in the center of the group and a presentation
of the abelian group Hχ(M) is as follows:

Hλ(M) = (x,y\ 2(mx - y) = 0,2z = 0)α6

with ξ = x and 77 = mx — y.
To calculate 77 © 77 in the same manner as above we find a singular surface

Fxy such that dFxy = 2η. Now we have to calculate the intersection num-
ber of Fxy with y and x (there is no need to worry about the sign of the

( o o o \

S2 — Dx U Dy U Dz J x Sι is the
o

boundary of the open disc Dy and that it cuts once the curve — ay + 2by on
dTy which is homologous to h. The same argument applies to the intersection
of x with Fxy. Therefore

iϊ©y = [l/2], 17© re = [1/2] so
We may apply the first part of Theorem 2.2 to get a degree-one map

SP/Qsm -> £(2,1) - P 3 if m is even.

Next we calculate ξ 0 £. Take a singular surface i ^ (constructed in the
same manner as above) such that dFyz = 2y — 2z. Then we have (y — z)Θy =
[1/2], (y- z)Qz = [1/2]. Prom z = -x - y we obtain (2y + x) 0 y = [1/2]
and (2y + a;) © (a; + y) = [1/2]. Substituting a; = f, y = —η + mξ it follows
from 2τ/ = 0 = 2ξ that

By adding these two equations we obtain ξ © ξ = 0 and ξ © 77 = [1/2]. If m
is odd we have

= O + [1/2] + [1/2] + 0 = 0.

Since ξ, 77, ξ + 77 are the only non-zero elements of Hλ(M) = Z2 θ Z2 it
follows from Theorem 2.2 (b) that the manifold S3/Qsm does not admit a
degree-one map to a lens space if m is odd.
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4. Embedding closed surface with odd Euler caracteristic.

By G. Bredon and J. Wood [1, page 88], the existence of an element of
Hι(M, Z2) whose cube-cup is not zero is equivalent to the existence of a
closed non-orientable surface of odd Euler characteristic embedded in M.
The proof in [1] is based on the theory of L-equivalence. Here we will give a
geometric proof (similar to Rubinstein's proof [12, Theorem 18]) that the
existence of a degree-one map M —> P 3 is equivalent to the existence of an
embedding of closed non-orientable surface of odd Euler characteristic to M.

Theorem 4.1. Let M be a closed orientable 3-manifold. The following
three assertions are equivalent:

(a) There exists a degree-one map f: M -> P 3 ;

(b) There exists an embedded closed surface F in M with odd Euler char-
acteristic;

(c) There exists ζ e Hι(M; Z2) with ζ U ζ U ζ ψ 0.

Proof. For (a) <=> (c) see [13, Theorem 4.4] or Remark 2.8.
(6) => (a): If the Euler characteristic of F is odd then F = F '#P 2 =

o o

Fo UaF0=d.M <M"i with F' closed, orientable, D an open disc, Fo — F' — D,
and M = P 2 - D. The surface M is the Mόbius band. Let N(F) be
a regular neighbourhood of F in M. Then N(F) is an /-bundle over F.
Let p: N(F) -> F be the projection of this bundle. The /-bundle p~ι(F0)
is a product Fo x /, otherwise there is an orientation reversing loop in M
(which is assumed orientable). The /-bundle p~1(M) is twisted (otherwise
the center curve of Λ4 is an orientation reversing loop in M).

Let N(P2) be a regular neighbourhood of P 2 = D2 UdD*=dM M in P 3

where M again is the Mδbius band and N(M) is the twisted /-bundle over
Λί, considered as part of JV(P2):

= (£>2 xI)UN(M).

Define / : N(F) -> iV(P2) as follows: f\p~ι(M) sends p~ι(M) to N{M)
homeomorphically and / [ p " 1 ^ ) sends p~1(F0) = Fo x / to D2 x /, in-
ducing a proper degree-one map on the boundary. Now extend / to a map

/: (M - N(F)\ -> ( Y P 3 - N{Έ>2)) = DA by mapping a collar of dN(F)

onto D3 and the remaining part to the center point of D3. The map / is a
degree-one map M -> P 3 .

(α) =4> (6): Suppose /: M -> P 3 is a degree-one map. Deforme / to be
transverse to P 2 C P 3 such that F = / " ^ P 2 ) is connected. Let iV(P2) be a
regular neighbourhood of P 2 in P 3 . Then dN(P2) is a 2-sphere. Now both
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maps f\N(F): N(F) -> AΓ(P2) and f\dN(F): dN(F) -> dN(P2) are of
degree 1. If N(F) = Fxl then the degrees of the maps f\F x {0}: F x {0} -»
diV(P2) and f\F x {1}: F x {1} -> diV(P2) have the same absolute value;
hence f\dN(F): dN(F) -+ &/V(P2) is of even degree. Therefore N(F) is a
twisted /-bundle and, hence, F is non-orientable.

Suppose the Euler characteristic of F is even. Then F = F'#K with F'
closed orientable and K a Klein bottle. Let N(F) be a regular neighbour-
hood of F in M. It is an /-bundle. This /-bundle over F' is a product
because M is orientable. The /-bundle over K is twisted over every ori-
entation reversing curve. Let a and β represent the two generators of the
fundamental group of K, where the loop a is two-sided and β is one-sided.
Then a is the only non-trivial element in ΎoτH^F) = Tor i/^iV^)) and,
hence, the only candidate for a Θ a φ 0. However one can push F off itself
in N(F) so that the self-intersection of F is a. Since the /-bundle over a is
trivial, α can be pushed off F. Then the intersection of α and F is empty;
thus α Θ α = 0. (Compare Fig. 1.) By Remark 2.8 (a), this contradicts the
existence oΐ ζ e H1 (M; Z2) with ζ U C U ζ ^ O . D
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