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Abstract
A spin structure on a contact Riemannian manifold carries a spin structure on a circle bundle
over the manifold. We have interest in the Dirac operators associated with those structures. In
terms of a modified Tanno connection, relations between them are studied and some kinds of
their explicit expressions are offered.

1. Introduction

Let (M, 0) be a (2n + 1)-dimensional contact manifold with a contact form 6. There is a
unique vector field & such that £]60 = 1 and £€]d6 = 0. Let us equip M with a Riemannian
metric g and a (1, 1)-tensor field J which satisfy g(¢, X) = 0(X), g(X,JY) = —dO(X,Y) :=
-X(0(Y)) + Y(O(X)) + 6([X,Y]) and J?X = —X + 6(X)¢ for any vector fields X, Y. If the
contact Riemannian manifold (M, 6, g, J) has a spin structure, then it carries canonically a
spin structure on a circle bundle over the manifold (cf. §3). The total space denoted by
\/F(M) with the spin structure is called the Fefferman spin space. We notice Petit’s study
([13]) on Dirac-type operators, Lichnerowicz-type formulas and vanishing theorems on M,
and Baum’s study ([3], [4, §2.7]) on the Dirac operator, the twistor spinors and the holonomy
theorem, etc., on VF(M) in the case J is integrable, i.e., [[(H,),T(H,)] c ['(H,), where we
set H = ker6, H, = {X € H® C | JX = +iX}. The author wishes to contribute to those
investigations by applying an idea employed in a series of our works [9], [6], [10], [11],
[12]. In this paper, our study focuses on the Dirac operators on M and v/F(M) consistently
with no assumption that J is integrable. Relations between them are studied and some kinds
of their explicit expressions will be offered.

Here let us explain the idea. In CR-geometry, in the case J is integrable (as in [3]) the
Tanaka-Webster connection will be the main tool, and in the case J may be non-integrable
(as in [13]) so will be a generalized one *V introduced by Tanno ([14]), called the Tanno
connection in this paper, defined by

VY = VY - %B(X)JY — 0(Y)VYE + (VIO(V)E,

where VY is the Levi-Civita connection of g. As stated above the latter case is considered in
this paper, and as the main tool we employ not the Tanno connection but a connection mod-
ified as follows, however: In general, the action of the Tanno connection does not commute
with that of J. In fact, Tanno indicated
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CVx)Y = 9V, X) := (Vi])Y + (Vi@)(JY)f + 9(Y)JV§§

and showed that the tensor Q vanishes if and only if J is integrable. We consider now the
hermitian part #V, called the hermitian Tanno connection, that is, we set

Vx(f6) Y =fE (f € CT(M)),

1
WyY =*VxY¥ - ZJOYX) =1 |
2 E(*VXY —J*VxJY) 1Y €T(H),

so that ¥VJ = 0 obviously. (Note that the connections *V, *V and the Tanaka-Webster
connection coincide if J is integrable.) The commutativity rather simplifies investigation
and computation, and there seem to be many results in the case of integrable J which will
be generalized to the case of general J just by changing the Tanaka-Webster connection to
the hermitian Tanno connection.

In Theorem 2.3 (or (2.16)) we express the Dirac operator on M explicitly in terms of the
hermitian Tanno connection, and accordingly we deduce another type of explicit expression
in Theorem 2.6 (or (2.18)) by utilizing the exterior covariant differentiation and its dual. The
hermitian Tanno connection works effectively also in the study of the Fefferman spin space.
The merit to be mentioned first is that the curvature of an Ehresmann-type connection of the
bundle VF(M) — M, called the Fefferman connection, can be expressed explicitly in terms
of the pseudohermitian Ricci and scalar curvatures Ricnv, sV of iy (cf. (3.2)). Consequently
we obtain explicit expressions (Theorems 4.3 and 4.4) of the Dirac operator on VF(M).
The author feels it difficult to reach such results without the concept of hermitian Tanno
connection.

2. Dirac operator on the contact Riemannian manifold

In this section, for the sake of later use, we examine mainly the case where M has a
spin structure. It is easily generalized to the case M has a Spin® structure, which will be
mentioned briefly in §2.1.

First, let us recall quickly basic properties of the connections *V, #V and explain no-
tational rules. Refer to [14], [9], [12] for more detailed explanation. We have *V6 =
Vo = 0, *Vg = Vg = 0, TCVNZ W) = 0, TCVYZ W) = ig(Z, W)é, TEVYZ, W) =
[, JNZ, W) /4 = (=[Z, W] + [JZ, W] = J[JZ, W] = J[Z, JW))/4, TCVYZ, W) = ig(Z, W)E
(Z,W € I'(H,)), where T(*V), etc., are the torsion tensors. Obviously we have T(*V)(¢, X) =
T(ﬁV)(g, X), which we denote by 7X. Note that 7o J + J o7 = 0. Next, a local frame
Ee= (&1, b iy b0 =8 (&3 =&, € H ) of thebundle TM ® C = H. @ H. & C¢
is always assumed to be unitary, i.e., g(&.&p) = 0, g(§a,&p) = Gop (1 < @, B < n),
and its dual frame is denoted by 6° = (6',...,6%0",...,0",6° = 0). Setting ere_; =
(£ + &3)/V2 and ey = Jeae— = (&5 — £,)/ V-2, we have a positively oriented orthonor-
mal frame, or an SO(2n + 1)-frame e, = (ey, ez, ..., e, €y), and denote its dual frame by
e* = (el,e%, ..., e, e"). As usual the Greek indices a, §3, ... vary from 1 to n and the block
Latin indices A, B, ... vary in {0, 1,...,n, 1,...,7}, so that

T=Z§Q®97-Tg+z.f@®97-7§ (Tﬁzﬂ,),
Q=Z§w®95®97.Q27+Z§@®93®g7.ggy (ng=_Q§7:_Q§a_QZB).
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If we set *Vép = 3, éa - w( VYA, FVER = 3 éa - w(*V)4, then

WV = 0tV (V) = 0tV w(VIE) = 59 w( V&) = 595,

and the others vanish.
Now, we suppose that M has a spin structure

2.1 o Spin(TM) — SO(TM),

where SO(T M) is the principal SO(2n + 1)-bundle consisting of SO(2n + 1)-frames of TM
and Spin(7'M) is a principal Spin(2n + 1)-bundle together with a 2-sheeted covering map p.
This naturally reduces to a spin structure of H = ker 6,

2.2) o+ Spin(H) — SO(H).

Indeed, we embed SO(H) into SO(T M) by the map (ey,...,ez,) > (e1,...,em,e0 = &) and
set Spin(H) = p~'SO(H). The almost hermitian vector bundle (H, glg, J|y) carries, on the
other hand, a canonical Spin¢ structure (e.g. [7, Example D.6]), which is related to (2.2) as
follows: The canonical line bundle

K =AM = {we A"'T"M@C | Xlw=0(X e H.))
= /\r;{,O(M) ={weAN'T"M®C| X|lw=0(Xe H_UC¥é)

has a globally defined square root K'/? so that the canonical one is expressed as
(2.3) 05 1 Spin(H) Xz, UK™'%) — SO(H) x U(K™).

Here it will be proper to regard K as /\'F’}O(M), and U(K™"), etc., are the principal U(1)-
bundles associated with K1, etc. Referring to [7, p.395], we have the associated spinor
bundle

Q4  F5=840K = V(M) = {weNT"MOC | X|w=0(X e H, UCE)
(8 5 = Spin(H) Xa,, A"C")

with the Clifford action of CI(H) given by
(2.5) £,0= V200N, &o=-\26V,

where A,, is the standard spinor representation and #* V = &;] is the interior production.
The structure (2.3) naturally induces a Spin® structure of 7'M with the determinant line
bundle K~! = ( A™10 (a1))™!

p° 1 Spin(TM) xz, UK™?) — SO(TM) x UK™).

From now on, let us regard (2.4) as the associated spinor bundle with the Clifford action of
CI(T M) given by (2.5) and

go = (=1)"'i  (on AR(M)(C 85)
(e.g. [13, Propositions 3.1 and 3.2]). Accordingly, let us regard
(2.6) Bu=840K"7 = A (MeK'?

naturally as the spinor bundle associated with (2.1) as well. Then, obviously we have the
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following decompositions.

Proposition 2.1 (cf. [13, p.234], [3, Proposition 22]). We have

$H—$H®$H—@$” X,

q=0
$71=lwe Sy lifow=zw)= A" NN K2,

qu {we Syliddow=n-2q9w}= (;I’q(M)®K1/2,

where the Clifford action of d0 = iY,0° A 0% = Y, e** 1 A €* is defined by df o w =
Yen-10epow=—in+Y& o0& 0)w=—in-2Y60A0"V)w.

The purpose in the following is to offer two kinds of explicit expressions of the Dirac
operator D¥# of (2.1). First, we recall

. 1 o1
(V1) = (VYD) = Z eioejo-w(Vie,) =~ 253 0 &4 0-w(V9)3,

DY = DU = N o VI = g0 VI 4+ 31, 0 Vi 4 ) g 0 VIR,

where w(V*#) is the connection 1-form of the spinor connection V*# of the bundle §  ( =
Spin(T M) Xa,,,, A*C"), and w(VY; e,), etc., are those of V. By definition,

V?(Y ="Vx¥Y —g((t+ %J)X, Y)é
+0(Y) (T + %J)X +0(X)(t + %J)Y - 0(X) 1Y,

which implies the following formulas.

Lemma 2.2. We have
(V)5 = (V)5 + 5 Gug 6 - w(*V)g + > Gap 0
_ o 1 a
WV = (V) = ~5 ) Q0.
i 5 2 i
w(VI)) = 3 O -, WV = 50"+ (V9 =0
Let us consider the connection V&%) given by
4 1
(V) = 1 ZfB 0 &40 w(*V)}
1 1 ]
= 1D oo 0N+ 2 Y G0k 0wl

Then we have the first expression.

Theorem 2.3. We have

Q2.7) D= gco V“H”W godeo

Remark. The following proof says that the formula with V¥#V) replaced by V&$#)
given below also holds, which has been shown in [13, Proposition 3.4].
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Proof. Let us consider another connection V¥#"'V) given by

. 1
FuV)y — VA%
WV D) = 2 g0 da oWV,
Then, Lemma 2.2 implies
w(v(SHIV”)) _ w(V(SHI*V))

1 1 j 1 P _
=qd00 0+ 5 Goboo | =30~ S} G ok o {3 -7,
Z.fc o .{w(V(J?H:V-‘/))(érC) _ w(V(J?H;*V))(gC_)} — _i £odfo.

. o 4 i a ny i a
Further, since w(V#7V) = (VO V) + Ly &508, 0 -Q[ﬁ@y —§X&poéso-Qp 6 and

Qs+ &b+ Qzﬁ = 0, obviously we have

#
&o © (V7)) — (V) (&)} = 0,
D&y 0wV )E) - (V) &)} = 0,
D& 0wV T)E) - (VD) E) = 0.
Thus we obtain (2.7). ]
Next, we investigate the Dirac operator on §,, from which we will deduce another ex-
pression of D¥#. To the line bundles K~!, K~!/2, attach the unitary connections AKX .=

SV = TV, AK?) = %AK_I, and define the connections V¥#
VAR g EGIVAKTD) of g = g @ K12 by

W(VEHTAKTDY ) g@nTD) | g g1y,
etc. Then, obviously Theorem 2.3 yields that the Dirac operator
$5 = DEEVAKTR) (9599, AK™12)
D= DT _chovfc’
is described as
. o4 —1/2 1
(2.8) DS =Z§Cov§fc_ﬂ' VAKTD) _ eodgo.

4

" . c 4 - Lo . ..
Proposition 2.4. The connection V&' V-AK ™) coincides with the hermitian Tanno con-

nection ¥V itself i.e., VO V-AK") — 1y op 84 = A%*(M).

Proof. We have
Aok o WtV + 1 D 6 0y owlV);
= %Zw(ﬁV)g-(—H‘}ve"’/\w@/\e@v)
=Y WtV ATV - % > wtv)

and
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1 1 .
7 2 G0bc 0+ 2 Y frods o w(V)
a#f a#B

__1 w(ﬁV)g.eéveéA—%Zw(“V)g-eéAa@v =Zw(ﬁV)g-e@/\eév.

a#f a#f a#f

O

Let Oy : Q) (M) := T(A) (M) — Q)*'(M) be the exterior differentiation d : Q) (M)
— T(A**'T*M @ C) followed by the projection to Q%*”(M) and 0}, be the formal adjoint
with respect to the natural inner product. Then, by Proposition 2.4 and [9, Proposition
1.3(Weizenbock-type formula for the Kohn-Rossi Laplacian)], we have

c .4 —1/2 _ —
S 6, 0 VTR L3S g by, <2
c .4 —1/2 _ —
3 & o VIITAKTD - Ny by, = V25,
which, together with (2.8), imply the following.

Proposition 2.5. We have
. - - 1
(2.9) DSH:\ﬁ(aH+a;,)+goﬂvg—Zgodeo.

We have twisted D¥# with the unitary connection .A(K~'/?) of K~!/? to get the expression
of D¥u. Hence, if we twist it now with the connection

1
_ - — _ i@
A= AK'"?) = —AKK?) = ) § w(*V)*

of K'2, we obtain an expression of D¥#. That is, we define 87 : Q%"(M;K'?) :=
F(/\%*(M) ® K'?) — Q%*“(M : K'2) to be the exterior covariant differentiation d* :
QY (M;K'?) — T(A**'T*M ® K'/?) followed by the projection to Q%**'(M; K'/?), and
define 5;3* to be the formal adjoint. Note that, considering the twisted hermitian Tanno
connection

VA=V 4 4,
we have
(2.10) Fp=Y 0 ANWLE G == VIV
Theorem 2.6. We have
. 1
2.11) D’H:\Fz(aﬁ+ag-)+goﬁvg‘—zgodeo.

Remark. A similar formula in the case J is integrable has been mentioned in [13, p.237].

Last, let us offer Lichnerowicz-type formulas.
Theorem 2.7. On Q)(M; K'/?) : We have

(2.12) Oy = 00 + 0507
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1 i(n—2q) 1 ¢
_ N pppatpa _tga tyd L L4
- ZZ‘)(V&‘ v VWW)Jr S VA s
A#

1 1 v TR 1 @ A @ B i v
+§ZQ[[BQM-6”/\0v—§ZQpZQBV-9 NPVINGD YV,

where we set s = D Ricﬁv(fa,fc—,) =Y g(F (ﬁV)(fa,ft—,)gﬁ, &p), called the pseudohermitian
scalar curvature. And we have

1
Sz _ SuoSn _ of 1 v
(2.13) (P == ) (Vi VVZ.SA)+4S(V‘])
. 2
N N n=2q) you  1=29)° 1 4
- Z(VEA Vé}x VﬁVfA‘fA)-i- 2 Ve + 16 +2S

+%ZQ£BQ;/1-9‘_‘/\QV\/ - %ZQZZQ[@V-Q("AHEVG"‘AGW
+ > 6N (—1)‘/«/5{% WA iVA i FOVA 00 &)
+ Z 6 v (-1)1V2 {% WAL iVL - i FOVA 0N L)
+éZH@/\9‘?/\ {Z o tvy —Z(ﬁngQ)gﬁeﬂ/\avv}
- é D VAV QAL (VL0050 A6V,
where F('VA,6°)(é4, ) is the curvature of V4 acting on Q3" (M; K'/?), i.e.,

FOVA, 00 6) = ) FOVIEE) 0 ATV + FIAE, £3)

= > Ve - % DTl Agy + % > |V - % PR AN

FOVA, 0 60) = D FEVIE L) ATV + FIA)E E,)

== > v, + % Yol Ay - % >V + é > ol

Proof. We refer to the calculation of the curvature F(*V) in the proof of [12, Proposition
1.2]. As for (2.12): By (2.10) and in a way similar to the proof of [9, (1.15)], we know

A . A o4 B A pe
o = —Z(”Vgﬁvg —ﬂVW%g&)—lqﬁVf —Za APV FEVA, 0°)(é £9)

1 i(n—2q)
__ fgAtgA _ tgA W= 24) 4o
22) (vaiv anngA)+ Ve

A%

b3 Y V) - FAGY = Y FOVEndy) - 07 APV RO

1 o
+3 D FAE ) = 3 F(En ) 0" NP V.
In addition, it is easy to show
D FCVEaty) CANPVINGY = ) FOV (o b) 0NV
1 TR 1 T
+ gzq‘a%-e"/\evv + §ZQZZQEV-9Q/\6’8\/6‘“/\9VV,
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D FCViEaba) - F NGV
o 1 - Sy
_ Boa e . v 2 o 1 _ 1. v
= DFCVIEE) - O A0V + 1 ) (03,0, - & QL) AV
Hence, we have

ﬁ Aﬁ A oA i(n—2q) 4o
of + - Z Vs Vie o)~ 5 Vi
Ath

1 - 5 5 o
=3 ZF(”V)“(&»&) POV -3 (01,0 - QL] # Ay
—%Z QL 0l - AGV _SZ CQl NP VING Y
1 o
+3 D FAEn ) = ) F(AEn &) 0 NPV
1 1 o
= 5 D FEné) — 5 ) RV (6. 6) + 2F ()& &) - 1 6V
SZQ Q- FAE ——ZQ" QL NP VFNT

=3¢

The last line follows from 2F(A) = 2d A = —Ric V. Next let us show (2.13). (2.11) implies
in1=29) 4o, (1= 29)"

SZQ NO)o G"AGVV——ZQ(’ QL NP VFNT Y

(D¥7)* = 2o — #V P - Q)7 — Q)

2 ¢ 16
- ~ 2 -
+ (-1)IV2i(VA b - B VL) + (—1)q£ o (@ it
+ (—D)IV2(VE B - ) - (- 1)4‘/_ g (@ — Q)

+2(374) (@)1 — Q)
+2(3) (@) - Q).

As for the line (Q%q — Q(I){’q): By (2.12), it is equal to

2
=N (fvAtvA -t n=29) 4you =29 1 4
D o e /A o

4ZQ Q- FAE Y - 42 “Ql NP VING Y
. R 0, L Q:
As for the line (QHq - Q H‘” ): Since
TARVA = D10 AAVAVA = 300 A VAV + FEVA, 000, 6) + VT

[£a f}
VAG - 0 A FOVAENEE) + ) 0 AT

it is equal to
(-D7V2( aA DTN VA £ 3 0T AP FOVA 00 E)
_ZG"/\ (- 1)q\/_{ WA VA POV 00 E)).
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As for the line (QZ’," 0" 1: Since
AR vat
= >V VAL POV 000 ) + PV )
Vo Z 6V FOVA 0N Ea) = ) 07V - FVoE

A A
a5 vy

it is equal to
CONE(= 550+ D0V A = S VA6 5)
=> v -(—1)‘1«5{5"vg +i*VA —iFCVA, 00 &)

As for the line (Q?}q - Q(I)fﬁ): We have calculated (('_j?H)2 in [9, Corollary 1.4], which
implies that it is equal to

(ﬁv‘va)gﬁ @ A 0B A gl A g7
’ZT'Q ANPANFANG vV

= é{ZQ%G“’MBA"*Vg—Z(“vag)gﬂ-e@méwaww},

1 Y% A
—ZZH AP A Y

[J1Eaép)

As for the line (ng — Q(I)f_z): Similarly it is equal to

(ﬂvfpg)gv i B i v
——ZH”\/QB\/ Ve — zZT-a VOPVH NGV

_ _ @ i B\, .bgA _ # (o B fi v
2 > v VLN (VL Q) VAV
Thus we get the formula (2.13). m|
2.1. Dirac operator for general Spin‘ structure. In this subsection, we suppose that M
has a Spin® structure with a determinant line bundle L
(2.14) Py, SpIn(T M) Xz, U(L'?) - SO(T M) x U(L).

We want to show that the associated Dirac operator D*® has similar expressions. Compare
the formulas (2.16), (2.18), (2.19), (2.20) for D*® in the following, with (2.7), (2.11), (2.12),
(2.13) for D%

The structure (2.14) reduces to the Spin¢ structure of H

(2.15) P Spin(H) xz, U(L'?) — SO(H) x U(L).

Let us employ the (locally defined) bundle Spin(H) to describe the canonical Spin® structure
of the almost hermitian vector bundle (H, g|y, J|) as

05 1 Spin(H) xz, UK™"%) — SO(H) x U(K™).

Then, £ := K'?® L'? is a globally defined square root of K ® L and the spinor bundle §{;,
associated with (2.15) is expressed as

B = SueL'? = 5y ® [::/\(;}*(M)@ﬁ
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where § 5 = Spin(H) Xa,, A*C" may be locally defined. As before, let us regard it as the
one associated with (2.14) naturally, and take a unitary connection A* of L. We attach the
connection A(L'/?) = 1AL to L'? and consider the connections Vi = v VAL
on §(;, defined by

, etc.,

(VL VALDY — oy By L ALV,
etc. Then, by (2.7), the Dirac operator
D¥v = pWauVALT?) Zf V(SE” VAL
is expressed as
(2.16) DS = ch o Vg&);ﬁv,ft(y/z» B %g odfo.

Next, let us consider the unitary connection A(L) = A(K'/?)+ A(L'?) of £, which provides
the bundle § €L> = /\?f(M ) ® L with the twisted hermitian Tanno connection

WAL =B 4 A(L).
Then, we have

v VAL _ g AL

Further, if we set

AL) _ 7 oA BAL) AAL)x _ 7\, . g AL)
(2.17) A A B A S AVI
then we have another formula

_ A 1
(2.18) DY = N2 (5, + 8,57) + £ 0 FVLE - Eodoo.

Note that, as before, the operator 53(0 : Q?f (M; L) —> Q%*H(M ; L) given at (2.17) can be
interpreted also as the exterior covariant differentiation d4©) : Q(;I’*(M L) > TN T*"M @
L) followed by the projection to Q(,);,*”(M ; L) and éﬁ(c * coincides with the formal adjoint.
Further, we have also Lichnerowicz-type formulas: On Q%"(M ; L), we have
AL) _ I AL T AL) _ g AL) s g AL)
(2.19) 0 = = ) (FVAORVAD B ) —ighy;

Veabs
- Z 0 APV FEVYI(Ea &) A OV + FAL) s £p))
- Z (FrA©IgA© _tgAn) ), i(n - 2q) by L)

A#0 WEAEA 2
1 # 1 L 1 _ o
+ Zs Vot 3 D AN E) P AG Y

ZQ Mo} N A —ZQ LQLENPVING Y
and
(2.20) (D*0)?
= VeV V) ¢ s<v9> - Z F(AYYEr £8) &7 0 5 0
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- 2
_ IO ALEGAL) _ HoAL) i(n—=2q) gy , (n—2q)
== (Vi V%&)+—2 VO

1 . ;
+ zs 4= Y AN ) ATV

ZQ Moy N A Z CQL NP VING Y
+ 6 A (-D)V2 {5 WAL _itVAD i FOVAB 0*) ¢ )
+ Y6V (-2 {1 WAL L it AD i FOVAD 00)(£.£,)

ol I AL) # a il v
229”/\65/\{2 Qs vy Z(vag)ﬁﬂeﬂ/\e vl
a @ fygAL) # @ ni v
—Evaeﬂv Zggyv% +Z(v§ﬁg)ﬁvemew},
where F(*VAE) 9°)(£y, £p) is the curvature of #VAE) acting on Q' (M; L), i.e.,

FOVAD, 0°)(&,£2) = ) FOVEE) O NV + FIAL)E €3)
= > (Ve - —ZT o N
1
b3 NV~ 5 3 T 0]+ SFANE &,
FOVAD, 000 60) = D FOVIEEN O ATV + FIAL)E &)
== Z {(Vgﬂ‘l')(j + % Z T//-} QS’V}H’] N
a J a 1
(Ve + 3 D Th Q) + SFANE &),

3. Spinor bundle on the Fefferman spin space

As in §2, we suppose M has a spin structure and consider the associated globally defined
square root K'/2 = \/K(M) of the canonical line bundle K = K(M) = A"*'0(M). In a way
similar to the construction of the ordinary Fefferman space for K(M) (cf. [5], [8]), Baum ([3,
§5]) constructed the Fefferman (spin) space for VK (M) in the case J is integrable. It is easy
to generalize it to the case of general J (cf. [11, §2], [1, §6]), just by changing the Tanaka-
Webster connection to the hermitian Tanno connection, as follows: We set VK(M)° = {wV €
VK(M) | wV # 0} and consider the canonical U(1)-bundle

Vi i JF(M) := JK(M)° /R, — M.

Given unitary frames 6°, there are the trivializations

3.1) Va '(U) = UxI0,2n), \/[9/\01A---/\O"](p)-ei(a\/(—)(p,@‘/)

and the bundle has an Ehresmann-type connection i(n + 2)o-V € T'(u(1) ® T*VF(M)), called
the Fefferman connection, given by
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#
SV

2n+ 1)

e o Y Tt 0]

whose curvature F(i(n + 2)oV) is described as

F(i(n + 2)oV) = d(i(n + 2)oV) = i(n + 2) Va “F(oV),

(3.2) i o id(s’V0)
V) = i’

Fle: 2(n+2)(Rlc T2+ D)

) = F(oV) e D\’ T*M),

where Ric' is the pseudohermitian Ricci curvature (cf. Theorem 2.7). Via the trivialization
(3.1), the horizontal lift of X € T M is written as

i i s’V 0(X)
VA X =X - 5{ > wtV)sx) + m}a/a@v

and the dual frame of the local frame (VT *0', ..., VA 0", VT *0', ..., V7 0", \n 0, 0V) is

(33)  (Vryén... NménNT i NT 6 N = Ny 6 Y = (n+ 2)0/00V).

Note that the horizontal and vertical components of the bracket [V}, X, Vr ;Y] are ex-
pressed as

Now, let us equip the Fefferman space VF(M) with the Fefferman metric

h = Z(\/EW“@\E*@E’ +VT T @ VI 0%) + 4(Nr 0@ oV + oV @ Vi *6),

i.e., a Lorentzian metric of type (2n + 1, 1). This carries canonically a spin structure

pryran - SPIn(TYF(M)) — SO(T\F(M))

as follows: Here SO(TVF(M)) (= SOo(TVF(M))) is the connected component of the set of
SO(2n + 1, 1)-frames to which the frame

N+3V N-3V
22 T 2V2

belongs. We embed +7n*SO(H) into SO(TVF(M)) by the map which sends
(P, (e, - - -»€)ymp)) t0 (3.4) at P, via which SO(TVF(M)) = \Jn *SO(H) Xje. SOo(2n+1, 1).
We define now Spin(TyF(M)) to be v *Spin(H) Xi.. Sping(2n + 1, 1).

For concrete calculation Baum ([3, §2], [2]) introduced a realization of the spinor repre-
sentation Ay, 1 of Spiny(2n+ 1, 1). Here we want to adopt another one, which will be more
suitable to relate the spin structure of VF(M) to that of M.

On an irreducible representation of the Clifford algebra C/(2n + 1,1) = Cl(RZ"“’l,
(e1,...,exy,e0;6) :ejoe; =—1, eoe = 1) ® C: We recall the standard representations
(e.g. [7,(5.27) and (4.0)])

(34) (sl,---,s2n+1§32n+2) = (\/E*Hels--‘v\/;;—[ezna

ran : Cl(2n) = CI(R™", (€,...,€5,): e} o e} = —1) - End(A*C"),
rig: CI(1,1) = CIR™ (e ;e)) 1€ o] = =1, &/ og] = 1) = R(Q)
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17 0 1 ’” -1 0 ’” 17 0 -1
el|—>0'1:_1 0’81'_)0-2: 0 1,810610—>O'3:_1 0

to get the irreducible one
Panstt  Cl2n+1,1) = CI2n) @ CI(1, 1) 3" End(A*C" © C?)
(ej © e}@s'l' oef (j=1), e l®e, e o 1®s'1').
Let us decompose the representation space S2,41.1 := A*C" ® C? into
(3.5) Sone1t = 83,11 @S 2115

an“,] = {¢ €Sou11 | rns11("ej o~ 0ey,0e908)p = i¢}

cer o (N o L] L(1)_ 1(1
=sio gl 2 sso glh) ool =+l

=S85, &S5, =Su,
S35, = {w € NC" | ryu(i"ey o+ 0 e ) = J_rw} = A-even/oddgm

Then, since r,41,1(€)), r241,1(8) S5, a2 S T +1.1» the spinor representation Agys1,1 =

T2n+1.119ping(2n + 1, 1) splits into the sum A,y = A;H“ @ A5n+1,1 via the splitting (3.5).
On the spinor bundle § = §(7VF(M)) with splitting (cf. [3, Proposition 18]) : We

have
8% := Spin(TVF(M)) s | Sy = VA 85 @ Va 85 = V'8,

which, we want to emphasize, are, thus, identified with the pull-backs of the spinor bundle
B i (cf. (2.6)) of (2.1). Consequently the spinor bundle § is identified with the sum

(3.6) =V SueVn'Sy

and it is obvious that the Clifford action of 7V F (M) on the left hand side can be read on the
right hand side as

Vaej o (p) = (= e 0 o, NI pej o ),

N +3V N -3V

(3.7) ;\5 @)= (W) o) = (W),
N pRY

hy > o 5 == ’O 5 o 5 = O, .

ence s (o, ¥) = (=¢,0) W (o, ¥) =(0,¢)

From our realization, for example [3, Proposition 22] will be obvious: It says that § 4
has the decompositions having appeared in Proposition 2.1, and, in particular, vz *8% =
VIKV2 A8 = N (A (M)® K'/?) are trivial line bundles with global cross-sections
Y. given by

VF(M) 3 wV = \/[0 AOUA - A O (p) - € (€ K'?),
Yi(wV) = [wY,wV] € Vr*K'?,
Y (V) = [wV, (0" A A ) -2 @ wV] € V(A% (M) ® K'/?).
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4. Dirac operator on the Fefferman spin space \VF (M)

The spinor connection V¥ for the spinor bundle § is defined by

4.1) w(V¥) = % Z e (V" 54, 51) 50 0 53 0
k<t
= ;lt (VYA NI 365 0 VT 3n o
A,B#0
+AZ¢O 2 w(v hv)(NzV) N2+—\/? ° VT o
—;) > WV (sz) \/7 O\E;@xo,

where € := hV(s¢, 5¢) = £1 (cf. 3.4)), w(V")4 = WV (V"'V}, &5,V 5,5) and w(V")A
(v DAl \r 72:€4)- The Dirac operator is given by

2V2
— — * 3 * 3
DY =) €0V = ) VTiky e Vime 2. Vg o Ve
N+ %V N -3V
+ o V* . oV* v
V2 5F V2 &R
The purpose of the section is to offer their explicit expressions.

First, we will calculate the connection form a)(Vh\/). In [11], the author calculated that of
the Fefferman metric of the Fefferman space for K(M). The idea adopted there is effective
also here. That is, since V" is invariant under U (1)-action, it descends to a connection
Va.V" on M, which is well-defined by (va.V"'), Y = vr. (th (V3,Y). And we have
the following.

wzY)

Lemma 4.1 (cf. [11, Propositions 3.1 and 3.2(1)]). The torsion of \/E*Vh‘/ vanishes and
we have

(4.2) (VA V"™)yY = *VyY + % g(X, IV)E + 0(Y)TX
— 0X)(2F7(Y) + 2F (0 V)X, 6) &) - V) (2F 7 (X) + 2F (0 V)(X, £) €),

where F‘N(Y) is the vector defined by g(Z, 7-"”(Y ) = F(oV)Z,Y) for any vector Z. Set
(VA V"™")ep = T éa - (VA V") Then o(Nm. V"), = w(Va, VY, and

w(VTV") = (V) + 2 (0V)(Ep. £:)0,
W(NTI"™)] = w(V)f + 2F(0V)(Es, £a)0,
(V" = = 6,
VRV = = Y 2F (0 €07
- ) RPN &) - 5)0 - 4F (0 V)Ea )6,
w(Vr. V™)) =0
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Proof. As for (4.2): By definition, we have
g(VxY,Z) = g(V3 Y, Z) = g(0(Y) TX, Z) + g(g(vX, V)¢, Z)
+ %{ — gOX)IY. Z) - g(B(V)IX. Z) — g(g(X. JV)£. 2)].
Hence, for a vector Z with Z := 8(Z)¢ = 0,
g(Nr.Y")xY.2) = (Vi N3 YNT 5, Z)

= E{ﬁ;th(x/%;,Y, VT3, 2) + TS YW 5 X N7 3, Z)
= 3 ZIV VT3 XN 5, Y) + V(N7 5 X N7, Y,V ,2)
+ (VT3 Z, N7 X1 N7 V) = NS X N, YN 5 ZD)
1
= g(V3¥.2) + 5{Zg(X0. Yo) - 9(1Z. X]. Yo) = g(Xo.1Z. YD)
= 2F(aV)(Z, X)0(Y) — 2F (aV)(Z, Y)O(X)
1
= g(V3%.2) + 5{ = 9000 TY.2) = g(0Y)IX. 2)

—0(X)2F(oV)(Z,Y) — 6(Y) 2F (oV)(Z, X)
=g(*VxY,Z) + 0Y)g(tX,Z) — O(X) 2F (ocV)(Z,Y) = O(Y) 2F (o V)(Z, X)

and

4g(VmV")xY.8) = (V. N Y EY)

= %{\/7? 3 XWV (T3, Y EY) + V3, YV (Vi 5, X, ZY)
= SVRV(VA 3 X N7 Y) + V(N7 5 X N7y, Y], EY)
+ WV(EY, Vi 3, X1,V 3, Y) = V(3 X, [Va 5, Y2V
= 2{X6(Y) + YOX) + 6([X, Y1)
=4g("VxY, &) = 29(J(X = Xo), Y) = 49("Vx Y, &) — 29(JX, Y).
Thus we get the formula. It is easy to check T(\/7_T*Vh\/) = 0. The formulas for w(\/fr*Vw)

are easily deduced from (4.2). ]

Proposition 4.2 (cf. [11, Proposition 3.2(2)]). Denote the frame (3.3) by (Wi, ...,
Wi ... Wo, Wae1) and set V"V Wy = ¥ Wy - @(V™)5. Then, o(V"')3 = w(V")4 (0 := 0,
2n+1:=2n+ 1) and

WV = VE w(VR V") + 200V, (V") = Vi 0(Vr. V"),
WV = ﬁ*w(ﬁ*v’”)g, (V") = Va0V V"),
WV = «/EmM*VW, (VYL = —ANT 0V,

N\(N) _ h‘/ =) _ NN) WAEY) _
WV = (V) = (V) = 0(VE) =0,

N
where we put w(th)gv) = w(th OB, (A)(V}N)EZ,2 ) = w(Vh‘/)%;’”, etc.
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Proof. We have
W(V"F(VT ) = (V. NG s VT )
= V7' g(Vr. V" )gcfﬁ,w = Vi w(Vr. V™8 o),
(VM )5(EY) = V(TIN5 VT a) = NV, SV AT )
= (V. VT e 2Y) = 2g(Jés, &0) = 2idop,

which yield the formula for w(V"")g.

The other ones are shown similarly. O
Now, by (4.1) and Proposition 4.2, the connection form w(V?¥) is described as follows.

Theorem 4.3. We have
1
(VY3 = ) VT wC V&) VI 3én o VI o

A,B#0
ivV2 N V2 v
— 0 * o — * \/ 1 — — O x o
t s Vb A§#O 7 VP @R ) — 1) s o Ve,

N + ZV
\/§ \/_\/_ df o

¥ Z (V&) + 2P (V) ) VT 3yé o Nm3yéa o

A, B:#O

w(V¥)(

—Z LR e —

A¢O

and (V) (N },&7) = (V9N 5.y, where we set " d6o = —i(n-+ 3 VT 3, 0N }y£50)
(cf. Proposition 2.1).

\/_ o \/;;on

Proof. We have

1
WV NI E) = D) 3 VT (V) Vs s o Vs én o

A,B#0
: v
—Z «F{ 2P (V) &) + ’2‘5 ay}N;; o VT ©
‘/
Y e R ere v - )NT 0 VI iuka o
2 N -3V .
—Zz ——F(avxsmsy) Sar) s VEnbae
_ -3V
- % Vro{ - ?(2?’@0(@@) - Tﬁ)}% o Vs o

We sort it out to get the formula for w(VH(\r 7:£y)- The others are shown similarly. ]



Dirac OPERATORS ON THE FEFFERMAN SPIN SPACES 523

Theorem 4.4. The action of the Dirac operator D¥ on (¢, ) e T(WNT*8 ) ® T(NT*8 1)
(cf. (3.6)) is read as follows: The left element of D* (o, ) is

= = 1
— V2R @5y + 37y W — —=(EV = Vr“do o )y
V2
and the right one is

- - 1 1
RV G g @ﬁ*(’*vg‘ ~5 2, FeVépénésotao .
A,B#0

In addition, we have

(4.3) D FoNEnénésoéao
A,B#0 ﬁv

fi D RicV(Epénénoao—

dfo .
A,B#0 +1 O}

4(n +2)

Proof. } €;s; 0 w(V* )(s;) is equal to

1 N
E w( VYA (&s rE&c o »épo ép o —— ——
ABC#) ‘/> ( )B(fc)ﬁHfC \/EnfB ‘/7_77-1514 \/52\/5

L w o YA *
+A;O AL (VO -2 o) o Vi Vi

= Y Ve o (Vi oV D)) @ Vi " (VO D))

C#0

o\r*df o

zV 1 : 1 .
o[ — * V($H5 V) * V(SH: V)
"o (e 0 (G )

N Y
- - F(0V)(Ep, £4) €5 0 &4 0
o \F‘f i N«F A;O ()Ep )8 En
= N Ve o (Vi otV Ee) © Vi otV E)
C+0
>V

Y
-V oL vrare-E o L i S Pl £ s oo
ARG AT AP AR

o -(%ﬁ*w(ﬁw)@ ® \%\/E*w(ﬁw‘)(f))

Hence,
D = 3 Ve o (Vi VA @ va V) ¢~ o (Zx - L yatano)
& H fc_‘ é:(:‘ 2,\/5 ,\/E ,\/_

R CiyA g by A
e (WI A

sV
_ = F(oV 0&y0.
2\5 2\/_ Vrn* . Bio (0V)(€p,Ex) Ep o éa

This and (3.7) together induce the formulas for the elements. (4.3) will be obvious from the
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definition of F(oV). m]

Last, we wish to record a formula for the ordinary scalar curvature of V" which appears
in the Lichnerowicz formula

$\2 _ (oS vd _ s
(D*) == (ViVS v

S
oo

1
)+ Zs(v’”).
Theorem 4.5. We have

2
sV = = fl Vs,

This is confirmed by a lengthy calculation following Proposition 4.2, roughly the same as
that of the Fefferman metric for K(M) (cf. [11, Theorem 1.1]).
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