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Abstract
Let 0 be a chart with at most two crossings. In this paper, we show that if

0 is a 2-minimal generalizedn-chart with n � 5, then0 contains at least 4n � 10
black vertices. And we show that if the closure of the surfacebraid represented by
0 is a disjoint union of spheres, then0 is a ribbon chart. Hence the closure is a
ribbon surface.

1. Introduction

S. Kamada introducedcharts which correspond to surface braids [4], [5]. Charts
are oriented labeled graphs in a disk with three kinds of vertices called black vertices,
crossings, and white vertices. Kamada also introducedC-moveswhich are local modi-
fications of charts in a disk. A C-move between two charts induces an ambient isotopy
between the closures of the corresponding two surface braids. Two charts are said to
be C-move equivalentif there exists a finite sequence of C-moves which modifies one
of the two charts to the other.

A surface inR4 is called aribbon surfaceif it is the boundary of an immersed
handlebody with singularities which are mutually disjointdisks such that the preimage
of each disk is a union of a proper disk of the domain and a disk in the interior of
the domain, a handlebody. In the words of charts, a ribbon surface is the closure of
a surface braid which corresponds to aribbon chart where a ribbon chart is a chart
which is C-move equivalent to a chart without white vertices[4].

Kamada showed that any 3-chart is a ribbon chart [4]. Nagase and Hirota extended
Kamada’s result: Any 4-chart with at most one crossing is a ribbon chart [7]. We
showed that anyn-chart with at most one crossing is a ribbon chart [11].

For a setX in a space, letCl(X) be the closure of the setX.
Let 0 be a chart. Lete1 and e2 be edges of0 which connect two white vertices

w1 andw2 where possiblyw1 D w2. Suppose that the unione1 [ e2 bounds an open
disk E. ThenCl(E) is called abigon provided that any edge containingw1 or w2 does

2000 Mathematics Subject Classification. 57Q45, 57Q35.
The second author is partially supported by Grant-in-Aid for Scientific Research (No. 20540093),

Ministry of Education, Science and Culture, Japan.



910 T. NAGASE AND A. SHIMA

Fig. 1. The edgese1 and e2 do not contain crossings.

not intersect the open diskE (see Fig. 1). Sincee1 and e2 are edges of0, they do
not contain any crossings.

Let 0 be a chart. Letw(0), f (0) and b(0) be the number of white vertices,
the number of free edges and the number of bigons in0 respectively. LetC(0) D
(w(0), � f (0), �b(0)). The triplet C(0) is called anextended complexityof the chart
0 (see [4] for complexities of charts).

For each non-negative integerk, let c(0) be the number of crossings in a chart
0 and Ck D {0 j c(0) � k}. A chart 0 in Ck is said to bek-minimal if its extended
complexity is minimal among the charts inCk which are C-move equivalent to the
chart0 with respect to the lexicographical order of the triad of theintegers [11].

We showed that if a 2-minimal 4-chart contains exactly two crossings, then it con-
tains at least eight black vertices [9]. It is well known thatif the closure of the surface
braid represented by a 4-chart is one sphere, then the chart contains exactly six black
vertices. Hence we showed that any 4-chart with at most two crossings is a ribbon
chart if the chart corresponds to a surface braid whose closure is one sphere [9]. We
give another proof of this theorem [13].

Let 0 be a chart. For each labelm, we denote by0m the subgraph of0 consisting
of edges of labelm and their vertices. In this paper,

crossings are vertices of0 but we do not consider crossings as
vertices of the subgraph0m.

A chart 0 with a white vertex is called ageneralized n-chartif there exist two
non-negative integersp < q with n D q � p such that
(i) 0i does not have a white vertex except forp < i < q, and
(ii) the both0pC1 and0q�1 have white vertices.

In this paper the following are main results:

Theorem 1.1. Let0 be a2-minimal generalized n-chart. If n� 5, then0 contains
at least4n� 10 black vertices.

Theorem 1.2. Let 0 be a chart with at most two crossings. If the closure of the
surface braid represented by0 is a disjoint union of spheres, then0 is a ribbon chart.
Hence the closure is a ribbon surface.
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The 2-twist spun trefoil is represented by a chart with six white vertices and three
crossings. It is well known that the 2-knot is not a ribbon surface. By Theorem 1.2,
the chart representing the 2-knot must possess at least three crossings.

On the other hand, Hasegawa showed that if a chart representing a 2-knot is min-
imal, then the chart must possess at least six white vertices[2], where a minimal chart
means its complexity (w(0), � f (0)) is minimal among the charts C-move equivalent
to the chart with respect to the lexicographic order of pairsof integers. We know that
there does not exist a minimal chart with one, two nor three white vertices. We show
that there does not exist a minimal chart with five white vertices [8]. We show that
the minimal chart with four white vertices is a ribbon chart,or a disjoint union of free
edges, hoops and a chart representing a “turnedT2-link of Hopf link” [3] and [14].

Using the result in this paper, we get the following [15]: If0 is a chart with
at most three crossings and if the closure of the surface braid represented by0 is a
disjoint union of spheres, then0 is a ribbon chart, or a disjoint union of free edges,
hoops and a chart representing a 2-twist spun trefoil. The chart with six white ver-
tices and three crossings representing a 2-twist spun trefoil is “primitive” k-minimal
chart in some sense fork � 3. We study the properties ofk-minimal charts and such
primitive charts.

2. Preliminaries

Let n be a positive integer. Ann-chart is an oriented labeled graph in a disk,
which may be empty or have closed edges without vertices, called hoops, satisfying
the following four conditions:
(i) Every vertex has degree 1, 4, or 6.
(ii) The labels of edges are in{1, 2, : : : , n� 1}.
(iii) In a small neighborhood of each vertex of degree 6, there are six short arcs, three
consecutive arcs are oriented inward and the other three areoutward, and these six are
labeledi and i C 1 alternately for somei , where the orientation and label of each arc
are inherited from the edge containing the arc.
(iv) For each vertex of degree 4, diagonal edges have the samelabel and are oriented
coherently, and the labelsi and j of the diagonals satisfyji � j j > 1.
A vertex of degree 1, 4, and 6 is called ablack vertex, a crossing, and awhite vertex
respectively (see Fig. 2). Among six short arcs in a small neighborhood of a white
vertex, a central arc of each three consecutive arcs oriented inward or outward is called
a middle arcat the white vertex (see Fig. 2 (c)). There are two middle arcsin a small
neighborhood of each white vertex.

C-moves are local modifications of charts in a disk (see [1], [6] for the precise
definition). Kamada originally defined CI-moves as follows (A C-I-M2 move and a
C-I-R2 move as shown in Fig. 3 are special cases of CI-moves):A chart 0 is obtained
from a chart00 by a CI-move, if there exists a diskD such that
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Fig. 2. (a) a black vertex, (b) a crossing, (c) a white vertex.Each
arc with three transversal short arcs is a middle arc.

Fig. 3. For the C-III-1 move, the edge containing the black vertex
does not contain a middle arc in the left figure.

(i) the two charts0 and00 intersect the boundary ofD transversely or do not inter-
sect the boundary ofD,
(ii) 0 \ Dc

D 0

0

\ Dc, and
(iii) neither of 0 \ D nor 00 \ D contains a black vertex,
where (� � � )c is the complement of (� � � ).

Let 0 be a chart. Anedgeof 0 is the closure of a connected component of the
set obtained by taking out all white vertices and crossings from 0. On the other hand,
an edgeof 0m is the closure of a connected component of the set obtained bytaking
out all white vertices from0m. A closed edge of0m is called a ring if it contains a
crossing but does not contain a white vertex nor a black vertex. A hoop is a closed
edge of0 without vertices (hence without crossings, neither). An edge of 0 or 0m

is called a free edgeif it has two black vertices. An edge of0 or 0m is called a
terminal edgeif it has a white vertex and a black vertex. Note that free edges and
terminal edges may contain crossings of0.

To make the argument simple, we assume that the charts lie on the 2-sphere instead
of the disk. In this paper,

all charts are contained in the2-sphere S2.
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We have the special point in the 2-sphereS2, called the point at infinity, denoted by
1. In this paper, all charts are contained in a disk which does not contain the point
at infinity 1.

A hoop is said to besimple if one of the complementary domain of the hoop does
not contain any white vertices.

We can assume that anyk-minimal charts0 satisfy the following five assumptions
(cf. [10] and [11]):

ASSUMPTION 1. Any terminal edge of0m does not contain a crossing. Hence
any terminal edge of0m is a terminal edge of0 and any terminal edge of0m contains
a middle arc.

ASSUMPTION 2. Any free edge of0m does not contain a crossing. Hence any
free edge of0m is a free edge of0.

ASSUMPTION 3. All free edges and simple hoops in0 are moved into a small
neighborhoodU

1

of the point at infinity1.

ASSUMPTION 4. Each complementary domain of any ring must contain at least
one white vertex.

ASSUMPTION 5. Hence we can assume that the subgraph obtained from0 by
omitting free edges and simple hoops does not meet the setU

1

. And also we can
assume that0 does not contain free edges nor simple hoops, otherwise mentioned.
Therefore we can assume that if an edge of0m contains a black vertex, then it is a ter-
minal edge and that each complementary domain of any hoops and rings of0 contains
a white vertex, otherwise mentioned.

Furthermore as shown in [10], we can also assume the following assumption:

ASSUMPTION 6. The point at infinity1 is moved in any complementary domain
of 0.

For a setX in a space, letInt(X), �(X) be the interior, the boundary of the set
X respectively.

3. Tangles

For each graphG in S2, let (see Fig. 4)

M(G) D the maximal subgraph ofG without vertices of degree 1,

Out(G) D the complementary domain ofM(G) containing the point at infinity1,
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Fig. 4. Out(G) and In(G) are shaded areas.

In(G) D (Cl(Out(G)))c, and

Brd(G) D M(G) \ Cl(Out(G)).

Lemma 3.1 ([11, Lemma 5.1]). Let G be a connected graph in S2. Let D be a
disk containing G. Then the following hold:
(1) Out(G) is an open disk.
(2) Each connected component of In(G) is an open disk whose closure is a disk.
(3) A regular neighbourhood of In(G)[G in S2 is a disk, and so is a regular neigh-
bourhood of In(G) [ G in D.

Let 0 be a chart. For a subsetX in 0, let

w(X) D the number of white vertices inX.

Let 0 be a chart andD a disk. The pair (D\0, D) is called atangle if it satisfies
the following two conditions:
(1) �D does not contain any white vertices, black vertices nor crossings of the chart
0, and
(2) �D transversely intersects edges of0.

Let 0 be a chart, (D \ 0, D) a tangle andGi D D \ 0i (i D 1, 2, : : :). The
tangle (D \ 0, D) is called aT -tangleof label n (tangle with at most three labels) if
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it satisfies the following two conditions:
(i) Gi D ; except forn� 1� i � nC 1.
(ii) w(D \ 0) � 1 but D does not contain any crossing.
If In(Gn) D ; then we say that theT-tangle islinear. If Cl(In(Gn)) is a disk then we
say that theT-tangle iscellular.

Let (D \ 0, D) be a T-tangle of labeln. If an edgee of 0n intersects�D, then
e\ D is called anexceptional arcof the T-tangle.

Lemma 3.2 ([12, Lemma 4.2]). Any linear T -tangle in a k-minimal chart pos-
sesses at least two exceptional arcs.

Lemma 3.3. Let (D \ 0, D) be a linear T -tangle of label n with exactly two
exceptional arcs in a k-minimal chart0. Then we have
(1) each white vertex in D is contained in a terminal edge of labeln, and
(2) there exists a unique arc in D\ 0n connecting the two points�D \ 0n such that
all the white vertices in the arc are contained in terminal edges.

Proof. For (1). LetG be a connected component ofD\0n. Since theT-tangle is
linear, G is a tree. Then�D \G consists of two points by Lemma 3.2. Now consider
the two points�D\0n as vertices ofG. Let B be the number of terminal edges inG
which is equal to the number of black vertices inG, W the number of white vertices
in G, and E the number of edges inG. Since each white vertex inG is of degree 3,
we have 3W C (B C 2) D 2E. Since G is a tree, we have the Euler characteristic
(WC BC 2)� E D 1. Thus 3WC BC 2D 2(WC BC 1). NamelyW D B. Since the
chart isk-minimal, each white vertex inG is contained in at most one terminal edges
of label n by Assumption 1. Hence the equalityW D B implies that each white vertex
in G is contained in a terminal edge of labeln.

For (2). By taking all terminal edges off fromG, we get a unique simple arc.

4. Tiny cellular T-tangles

Lemma 4.1. Let (D\0, D) be a T -tangle of label n in a k-minimal chart0. Let
G be the closure of a connected component of(D \ 0n)�Cl(In(D \ 0n)). If G is not
a terminal edge, then it is a tree containing at least two points in Brd(D \ 0n)[ �D.

Proof. If G is an arc, thenG is either a terminal edge or an arc containing two
points in Brd(D \ 0n) [ �D. Hence we can assume thatG is a tree containing a
white vertex.

Suppose thatG contains at most one point inBrd(D \ 0n) [ �D. Let D0 be a
regular neighborhood ofCl(In(D \ 0n)) in D, G0

D G \ Cl(D � D0), and N a regular
neighborhood ofG0 in Cl(D�D0). ThenN\0n D G0 and�N\0n contains at most one
point. SinceG contains a white vertex,w(N \ 0) � 1. SinceG0 is a tree,N is a disk.
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Since (D \ 0, D) is a T-tangle of labeln, (N \ 0, N) is a T-tangle of labeln with
at most one exceptional arc. SinceG is a tree, (N \ 0, N) is linear. This contradicts
Lemma 3.2. HenceG contains at least two points inBrd(D \ 0n) [ �D.

A tangle (D1 \ 0, D1) containsa tangle (D2 \ 0, D2) provided thatD1 � D2.
Let 0 be a chart, and (D \ 0, D) a cellularT-tangle of labeln. The tangle (D \

0, D) is tiny provided that the closure of each component of (D�Cl(In(D\0n)))\0 is
(i) an arc connecting a point in�D and a point inBrd(D \ 0n), or
(ii) a terminal edge of labeln.

NOTE. For any cellularT-tangle of labeln, let X be the union of all the termi-
nal edges of labeln in D each of which intersectsCl(In(D \ 0n)), and N a regular
neighborhood ofCl(In(D\0n))[ X in D. Then (N \0, N) is a tiny cellularT-tangle
of label n.

Lemma 4.2. Let (D \ 0, D) be a non-linear T -tangle of label n with p excep-
tional arcs in a k-minimal chart0. Then(D \0, D) contains a tiny cellular T -tangle
with at most p exceptional arcs.

Proof. Since (D \ 0, D) is not linear, In(D \ 0n) ¤ ;. Let Z be a connected
component ofD \ 0n such thatIn(Z) contains a connected component ofIn(D \ 0n).
Then Z \ �D consists of at mostp points.

Let D�

D Cl(In(Z)) and Y the union of the closures of connected components of
Z�Cl(In(D\0n)) each of which is not a terminal edge (see Fig. 5). By Lemma 3.1 (2),
D�

D Cl(In(Z)) consists of disjoint disks. AndY consists of disjoint trees.
SupposeY D ;. Then the closure of a connected component ofZ�Cl(In(D\0n))

is a terminal edge, andCl(In(Z)) is a disk. LetN be a regular neighborhood ofIn(Z)[
Z in D. Then (N \ 0, N) is a tiny cellularT-tangle without exceptional arcs. Hence
we have a desired result. We can assumeY ¤ ;.

Let q be the number of points inD�

\ Y. For i D 1, 2, 3,: : :, let

di D the number of connected components ofD� containingi points in D�

\ Y,

ti D the number of trees inY containingi points in D�

\ Y.

Then we have

(1)
1

X

iD1

i � di D

1

X

iD1

i � ti D q.



ON CHARTS WITH TWO CROSSINGSII 917

Since Y ¤ ;, we haveq � 1. Since D�

[ Y is contractible, by Euler formula
we have

(2)
1

X

iD1

di C

1

X

iD1

ti � q D 1.

By using the equation (1) and the equation obtained by doubling each side of the equa-
tion (2), we have

2D 2
1

X

iD1

di C 2
1

X

iD1

ti � 2q

D 2
1

X

iD1

di C 2
1

X

iD1

ti �

 

1

X

iD1

i � di C

1

X

iD1

i � ti

!

D

1

X

iD1

(2� i )di C

1

X

iD1

(2� i )ti D d1 �

1

X

iD3

(i � 2)di C t1 �
1

X

iD3

(i � 2)ti .

Thus we have

(3)
1

X

iD3

(i � 2)di C

1

X

iD3

(i � 2)ti D d1 C t1 � 2.

By Lemma 4.1, if the closure of a connected component of (D \ 0n)�Cl(In(D \
0n)) is not a terminal edge, then it contains at least two pointsin Brd(D \ 0n) [ �D.
This implies that for a connected componentG of Y, if D�

\G consists of one point,
then G contains a point in�D. Thus each tree inY contributing tot1 must contain a
point in �D. Since there are at mostp connected components ofY intersecting�D,
we havet1 � p.

We shall show that there exists an integer 1� j � p with d j ¤ 0.
If p D 1, then t1 � 1. Since the left side of the equation (3) is non negative, we

haved1C t1�2� 0. Henced1 � 2� t1 � 2�1D 1. Therefored1 ¤ 0. We can assume
p � 2.

Suppose thatdi D 0 for i D 1,2,: : : , p. By the equation (1), we have
P

1

iD1 i �di D

q � 1. Thus there exists an integerj > p � 2 with d j ¤ 0. Hence for the left side of
the equation (3) we have

(4)
1

X

iD3

(i � 2)di C

1

X

iD3

(i � 2)ti �
1

X

iD j

(i � 2)di � j � 2> p� 2.

On the other hand, for the right side of the equation (3) we have

d1 C t1 � 2D t1 � 2.
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Fig. 5. pD 4, q D 7, D�

1 and D�

2 are disks inD� containing two
points in D�

\ Y, D�

3 is a disk in D� containing three points in
D�

\ Y, Y1, Y2, Y3 and Y4 are trees inY containing one point
in D�

\ Y, Y5 is a tree inY containing three points inD�

\ Y,
d1 D 0, d2 D 2, d3 D 1, t1 D 4, t2 D 0, t3 D 1.

Since t1 � p, we have

(5) d1 C t1 � 2� p� 2.

We have a contradiction comparing (4) and (5). Therefore there exists an integer 1�
j � p with d j ¤ 0.

Since d j ¤ 0 for some integer 1� j � p, there exists a connected component
N of Cl(In(D \ 0n)) such thatN intersects at mostp connected components inY.
By Lemma 3.1 (2),N is a disk. Let X be the union of terminal edges inD \ 0n

intersectingN. Let N� be a regular neighborhood ofN [ X. Then (N�

\ 0, N�) is a
tiny cellular T-tangle with at mostp exceptional arcs.

5. T2-tangles

Let 0 be a chart. A tangle (D \ 0, D) is called anNS-tangle of label m(new
significant tangle) if it satisfies the following two conditions:
(i) If i ¤ m, then �D \ 0i is at most one point, and
(ii) w(D \ 0) � 1 and D contains at most one crossing.

Lemma 5.1 ([12, Theorem 3.5]). There does not exist any NS-tangle in a
k-minimal chart0.

Let (D\0, D) be aT-tangle of a chart0. If s is the number of labels in{i j �D\
0i ¤ ;}, then theT-tangle is called aTs-tangle. Thus aT-tangle means aT0-tangle,
a T1-tangle, aT2-tangle or aT3-tangle.

NOTE. Since T0-tangles andT1-tangles are NS-tangles, there do not exist any
T0-tangles norT1-tangles in ak-minimal chart by Lemma 5.1.
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Lemma 5.2 ([12, Theorem 5.4]). Let (D \ 0, D) be a tiny cellular T2-tangle of
label n in a k-minimal chart0 which possesses exceptional arcs.
(1) The tangle possesses at least two exceptional arcs.
(2) If the tangle possesses exactly two exceptional arcs, then D contains at least two
terminal edges of label n.

Let 0 be a chart,X � 0. Let

�(X) D min{i j 0i \ X ¤ ;},

�(X) D max{i j 0i \ X ¤ ;}.

Lemma 5.3 (Boundary condition lemma ([12, Lemma 4.1])).Let (D \ 0, D) be
a tangle in a k-minimal chart0 such that D does not contain any crossing. Let aD
�(�D \ 0) and bD �(�D \ 0). Then D\ 0i D ; except for a� i � b.

Lemma 5.4. Let (D \ 0, D) be a non-linear T2-tangle of label n in a k-minimal
chart0. If the T2-tangle possesses exactly two exceptional arcs, then the tangle possesses
at least two terminal edges of label n.

Proof. Since theT2-tangle possesses an exceptional arc, there exists an integer
" 2 {C1,�1} with �D \ 0 � 0n [ 0nC". Thus we haveD \ 0 � 0n [ 0nC" by the
Boundary condition lemma (Lemma 5.3). Hence the tangle (D \ 0, D) contains a tiny
cellular T2-tangle (D0

\ 0, D0) with at most two exceptional arcs by Lemma 4.2.
By Lemma 5.2 (1), the tangle (D0

\0, D0) possesses exactly two exceptional arcs.
By Lemma 5.2 (2), there exist at least two terminal edges of label n in D.

By Lemmas 3.3 and 5.4, we have the following corollary:

Corollary 5.5. Let (D \ 0, D) be a T2-tangle of label n with exactly two excep-
tional arcs in a k-minimal chart0. Then the following hold:
(1) The disk D contains at least one terminal edge of label n.
(2) If D contains exactly one terminal edge of label n, then (D \ 0, D) is linear.

6. Charts with at most three crossings

Let 0 be a chart,D a disk. Let m be a label withD \ 0m ¤ ;. A connected
componentG of D \ 0m is a two-color componentof label m in D provided that
(i) G \ �D consists of at most one point,
(ii) there exists an integerÆ 2 {C1,�1} such that all the white vertices inG are con-
tained in0mCÆ, and
(iii) G is not an arc contained in a terminal edge.
Note that a two-color component may contain a crossing.
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Lemma 6.1 ([12, Lemma 3.6]). Let 0 be a k-minimal chart and D a disk. Then
for any two-color component G in D, G [ In(G) contains at least two crossings.

Let G be a graph. Then an edgee in G is called acut edgeof G provided that
G � e is disconnected.

Lemma 6.2. Let 0 be a k-minimal chart and G a two-color component of label
m in a disk D such that
(1) G \ �D D ;, and
(2) G contains a cut edge.
Then0 contains at least four crossings.

Proof. Lete be a cut edge ofG. Since by Assumption 6 we can move the point
at infinity 1 to any complementary domain of0, we can assumee � Cl(Out(G)).
Sincee is a cut edge ofG, Cl(G � e) consists of two connected components, sayG1

and G2. For i D 1, 2 let Ni be a regular neighbourhood ofGi [ In(Gi ) and G0

i D

Ni \ G. Then Ni is a disk by Lemma 3.1 (3). ThusG0

i is a two-color component in
Ni . Hence by Lemma 6.1, each ofG0

1[ In(G0

1) and G0

2[ In(G0

2) contains at least two
crossings. Nowe � Cl(Out(G)) implies N1 \ N2 D ;. Therefore0 contains at least
four crossings.

Lemma 6.3. Let 0 be a k-minimal chart with at most three crossings. Let� D

�(0) and � D �(0). Then
(1) each of0

�

and 0
�

is connected,
(2) each of Brd(0

�

) and Brd(0
�

) is a simple closed curve, and
(3) Brd(0

�

) \ Brd(0
�

) consists of two crossings.

Proof. Let G
�

be a connected component of0
�

. Let N be a regular neighbour-
hood of G

�

[ In(G
�

). Since G
�

is connected,N is a disk by Lemma 3.1 (3). Let
D�

D Cl(S2
� N) where S2 is the 2-sphere. ThenD� is a disk, too.

Now � D �(0) implies that any white vertices inG
�

are contained in0
�

\ 0

�C1.
Thus G

�

is a two-color component of label� in the disk N.
Since there are at most three crossings,G

�

does not contain a cut edge by
Lemma 6.2. By Assumption 5,G

�

is not a free edge. ThusG
�

is not a tree. Now
Cl(In(G

�

)) consists of disks by Lemma 3.1 (2). SinceG
�

does not contain a cut edge,
Cl(In(G

�

)) consists of only one disk. Hence we have

Brd(G
�

) is a simple closed curve.(i)

Suppose thatBrd(G
�

) contains at most one crossing. SinceG
�

does not contain a
cut edge,�D�

\ (0 � 0
�C1) is at most one point (see Fig. 6 (a)).

By Lemma 6.1,G
�

[ In(G
�

) contains at least two crossings. Since there are at
most three crossings,D� contains at most one crossing.
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Fig. 6.

As mentioned in Assumption 6, by applying C-I-M2 moves we can push the neigh-
bourhoodU

1

out from D� without increasing the complexity of the chart (see Fig. 6 (c)).
Then (D�

\ 0, D�) is an NS-tangle. This contradicts Lemma 5.1. Therefore

Brd(G
�

) contains at least two crossings.(ii)

Since each connected component of0

�

contains at least two crossings and since there
are at most three crossings, there exists only one connectedcomponent in0

�

. Thus
G
�

D 0

�

. Thus0
�

is connected.
Since0

�

is connected and since0
�

satisfies (i),0
�

satisfies (2).
Similarly we can show that0

�

is connected, satisfies (2) andBrd(0
�

) contains at
least two crossings.

Since there are at most three crossings,Brd(0
�

) andBrd(0
�

) must intersect. Since
Brd(0

�

) and Brd(0
�

) are simple closed curves,Brd(0
�

)\ Brd(0
�

) consists of an even
number of points. Since there are at most three crossings,Brd(0

�

) \ Brd(0
�

) consists
of two points.
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Fig. 7. The shaded area is the diskD.

7. 2-minimal charts

Lemma 7.1 ([11, Theorem 2]). Any n-chart with at most one crossing is a rib-
bon chart.

Let 0 be a chart andD a disk. Leta D �(D \ 0) and b D �(D \ 0). The disk
D is called anN-rectangleif it satisfies the following four conditions (see Fig. 7):
(i) D does not contain any crossing,
(ii) both of �D \ 0a and �D \ 0b are connected,
(iii) �D \ 0 � 0a [ 0b, and
(iv) there exists an arc inD \ 0 connecting a point inD \ 0a and a point inD \ 0b.

From now on throughout this section, we assume that
(i) 0 is a 2-minimal chart with exactly two crossings,
(ii) 0 is not a ribbon chart, and
(iii) � D �(0) and � D �(0).

By Lemma 6.3, each ofBrd(0
�

) and Brd(0
�

) is a simple closed curve containing
the two crossings. Let

1

�

D the closure of the complementary domain of the simple closedcurve
Brd(0

�

) such that1
�

does not contain the point at infinity1,

1

�

D the closure of the complementary domain of the simple closedcurve
Brd(0

�

) such that1
�

does not contain the point at infinity1.

Let v1 and v2 be the crossings in0. Let N1 D N(v1) and N2 D N(v2) be regular
neighborhoods ofv1 and v2 respectively, andN D N1 [ N2 (see Fig. 8). Let

P1 D (0
�

� Int(N)) \1
�

, P3 D (0
�

� Int(N)) \ Cl(1c
�

),

P2 D (0
�

� Int(N)) \1
�

, P4 D (0
�

� Int(N)) \ Cl(1c
�

),

Q1 D (1
�

\1

�

) � Int(N), Q3 D (Cl(1c
�

) \ Cl(1c
�

)) � Int(N),

Q2 D (1
�

\ Cl(1c
�

)) � Int(N), Q4 D (Cl(1c
�

) \1
�

) � Int(N).
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Fig. 8.

Fig. 9.

Lemma 7.2. There are two N-rectangles among Q1, Q2, Q3 and Q4. Moreover
among P1, P2, P3 and P4, three of them contain white vertices.

Proof. We show our lemma by three steps.
STEP 1. We claim thatP1 or P2 contains a white vertex. For, suppose that neither

P1 nor P2 contains a white vertex. Apply a C-I-M2 move between two points in P1

along the arcP2 further apply a C-I-R2 move so that we can eliminate the crossings
v1 and v2 (see Fig. 9 (c)). Hence0 can be modified to a chart without crossings by
C-moves. By Lemma 7.1,0 is a ribbon chart. This contradicts the assumption (ii) of
this section:0 is not a ribbon chart. Hence one ofP1 and P2 contains a white vertex.
Without loss of generality we can assume thatP1 contains a white vertex.

STEP 2. We claim thatQ1 or Q4 is an N-rectangle. For, suppose that neither
Q1 nor Q4 is an N-rectangle. Then fori D 1, 4, there exists a simple arcl i in Qi

connecting a point in�N1 and a point in�N2 with l i \ 0 D ; (see Fig. 10). Let
D be the closure of the connected component of1

�

� (l1 [ l4 [ N) containing P1.
Then �D \ 0 � 0

�

. Since P1 � D and sinceP1 contains a white vertex, we have
w(D \ 0) � 1. Since D does not contain any crossing, (D \ 0, D) is an NS-tangle
of label �. This contradicts Lemma 5.1. Hence one ofQ1 and Q4 is an N-rectangle.
Without loss of generality we can assume thatQ1 is an N-rectangle.



924 T. NAGASE AND A. SHIMA

Fig. 10.

STEP 3. Hence both ofP1 and P2 contain white vertices. We can show that one
of P3 and P4 contains a white vertex by the same way as the one in Step 1. Hence
among P1, P2, P3 and P4, three of them contain white vertices.

If P3 contains a white vertex, then we can show that one ofQ2 and Q3 is an
N-rectangle in the same way as the one in Step 2. IfP4 contains a white vertex, then
we can show that one ofQ3 and Q4 is an N-rectangle in the same way as the one in
Step 2. Therefore two ofQ1, Q2, Q3 and Q4 are N-rectangles.

Lemma 7.3. Both of 1
�

and 1c
�

contain white vertices of0i for any label i
(�C 2� i � � � 2), or both of1

�

and1c
�

contain white vertices of0i for any label
i (� C 2� i � � � 2).

Proof. By Lemma 7.2, two ofQ1, Q2, Q3 and Q4 are N-rectangles. Without
loss of generality we can assume thatQ1 is an N-rectangle. There exists an integerj
in {2, 3, 4} such thatQ j is an N-rectangle.

For the casej D 2, we haveQ1 �1�

andQ2 � Cl(1c
�

). SinceQ1 is an N-rectangle,
by the condition (iii) of N-rectangles,�Q1 \ 0 � 0

�

[ 0

�

. By the condition (iv) of
N-rectangles, there exists an arc in Q1\0 connecting a point in�Q1\0� and a point
in �Q1 \ 0� . Hence for each labeli (� C 2 � i � � � 2) there exists a white vertex in
0i \  . Since�Q1\0 � 0� [0� , the white vertex of0i is contained inInt(1

�

). Since
Q2 is an N-rectangle, in a similar way as the one above we can showthat there exists a
white vertex of0i (� C 2� i � � � 2) in 1c

�

.
For the casej D 3 or 4, we haveQ1 � 1

�

and Q j � Cl(1c
�

). Similarly we can
show that there exist white vertices of0i for any label i (� C 2 � i � � � 2) in 1

�

and1c
�

respectively.

A connected componentG0 of a graphG is called asmall componentof G if it
satisfies (In(G0) � G0) \ G D ;. In Fig. 11, X is a small component ofX [ Y, but Y
is not a small component ofX [ Y.
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Fig. 11.

Lemma 7.4 ([12, Theorem 4.8]). Let 0 be a k-minimal chart. Let G be a small
component of0n such that G[ In(G) does not contain any crossing. Then G contains
at least two terminal edges of label n.

Proposition 7.5. (1) For any label i (�C2� i � ��2) the subgraph0i contains
at least four black vertices.
(2) If � C 2< �, then0

�C1 [ 0��1 contains at least six black vertices.

Proof. (1) By Lemma 7.3 we can assume that both of1

�

and1c
�

contain white
vertices of0i for any labeli (� C 2� i � � � 2).

Let i be a label with� C 2 � i � � � 2. Now �1

�

� 0

�

, � ¤ i and � C 1¤ i
imply �1

�

\ 0i D ;. Let Gi be a small component of1
�

\ 0i . Then Gi is a small
component of0i in Int(1

�

). SinceInt(1
�

) does not contain any crossing, neither does
Gi [ In(Gi ). By Lemma 7.4,Gi contains at least two terminal edges of labeli . Hence
Int(1

�

) contains at least two terminal edges of labeli .
Similarly we can show that1c

�

contains at least two terminal edges of labeli .
Hence0i contains at least four black vertices.

(2) Since� C 2 < �, we have� C 1¤ � � 1. By Lemma 7.2, three ofP1, P2,
P3 and P4 contain white vertices. Without loss of generality we can assume that all of
P1, P2 and P3 contain white vertices.

Since P2 contains a white vertex andP2 � 1�

\0

�

, the disk1
�

contains a white
vertex of0

��1. Since�1
�

� 0

�

, � ¤ ��1 and�C1¤ ��1, we have�1
�

\0

��1 D

;. In a similar way to (1) we can show thatInt(1
�

) contains at least two terminal
edges of label� � 1.

Since P1 contains a white vertex andP1 � 1�

\0

�

, the disk1
�

contains a white
vertex of 0

�C1. Similarly we can show thatInt(1
�

) contains at least two terminal
edges of label� C 1.

Since P3 contains a white vertex andP3 � Cl(1c
�

)\0
�

, the open disk1c
�

contains
a white vertex of0

�C1. Similarly we can show that1c
�

contains at least two terminal
edges of label� C 1.

Therefore0
�C1 [ 0��1 contains at least six black vertices.
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Proposition 7.6. Both of0
�

and 0
�

contain at least two black vertices.

Proof. Let Di be a regular neighborhood ofPi [ In(Pi ) in S2
� Int(N1 [ N2)

(i D 1, 2, 3, 4). By Lemma 3.1 (3),Di is a disk. By Lemma 7.2, three ofP1, P2, P3

and P4 contain white vertices. Without loss of generality we can assume that all of
P1, P2 and P3 contain white vertices.

For i D 1, 3, we have�Di \ 0 � 0

�

[ 0

�C1. By the Boundary condition lemma
(Lemma 5.3),Di \ 0 j D ; except for j 2 {�, � C 1}. Similarly for i D 2, 4, we have
Di \ 0 j D ; except for j 2 {�, � � 1}.

Since Pi (i D 1, 3) contains a white vertex, (Di \ 0, Di ) is a T2-tangle of label
� with two exceptional arcs. By Corollary 5.5 (1), the diskDi (i D 1, 3) contains at
least one terminal edge of label�. Hence0

�

contains at least two black vertices.
Since P2 contains a white vertex, (D2\ 0, D2) is a T2-tangle of label� with two

exceptional arcs. By Corollary 5.5 (1), the diskD2 contains at least one terminal edge
of label �.

Suppose that the diskD2 contains exactly one terminal edge of label�. By Corol-
lary 5.5 (2), (D2 \ 0, D2) is linear. Let e1 and e2 be the two exceptional arcs of
(D2\0, D2). By Lemma 3.3,D2\0� consists of the two arcse1, e2 and the terminal
edge. Letw be the white vertex in the terminal edge. Since the terminal edge contains
a middle arc atw by Assumption 1, both ofe1 ande2 contain inward arcs atw or out-
ward arcs atw. HenceP4 contains a white vertex. Hence (D4 \ 0, D4) is a T2-tangle
of label � with two exceptional arcs. By Corollary 5.5 (1), the diskD4 contains at
least one terminal edge of label�. Hence0

�

contains at least two black vertices.

8. Proof of Theorems 1.1 and 1.2

Lemma 8.1. Let C be a hoop or a ring in a k-minimal chart0. Suppose that
C contains exactly s crossings with s� 3. Then0 contains at least sC 4 crossings.

Proof. LetU1 and U2 be the connected components ofS2
�C. Then each ofU1

and U2 contains a white vertex by Assumptions 3 and 4.
Suppose thatUi (i D 1, 2) contains at most one crossing. There are at most three

edges transversely intersectingC. Let Ni be a disk inUi such thatUi � Ni is a
very thin open annulus. Then we can assume thatNi contains a white vertex and that
�Ni \0 consists of at most three points. Then for the edges intersecting �Ni there are
two cases:
(1) the labels of the edges are different each other, and
(2) at least two labels of the edges are same.
In each case, (Ni \ 0, Ni ) is an NS-tangle. This contradicts Lemma 5.1. HenceUi

contains at least two crossings. Hence0 contains at leastsC 4 crossings.

The following corollary is a direct result of the above lemma.
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Corollary 8.2. Let 0 be a k-minimal chart with at most three crossings. Then0

contains neither hoop nor ring.

Proof of Theorem 1.1. Since0 is a generalizedn-chart, w(0) � 1. Since0 is
a 2-minimal chart,0 contains at most two crossings and0 is not a ribbon chart. By
Lemma 7.1,0 contains exactly two crossings. By Assumption 5,0 does not contain
any free edge. By Corollary 8.2,0 contains neither hoop nor ring. Let� D �(0),
� D �(0). Thenw(0

�

) � 1, w(0
�

) � 1. Since0 is a generalizedn-chart, we have
� � � D n� 2.

By Proposition 7.6,0
�

[ 0

�

contains at least four black vertices. Since� � (� C
2)D n� 4� 5� 4D 1> 0, we have�C 2< �. By Proposition 7.5 (2),0

�C1[ 0��1

contains at least six black vertices. By Proposition 7.5 (1), for any labeli (�C2� i �
� � 2) 0i contains at least four black vertices. We have that0

�C2[ 0�C3[ � � � [ 0��2

contains at least 4((��2)� (�C2)C1) black vertices. Since 4((��2)� (�C2)C1)D
4(����3)D 4(n�5), we have the number of black vertices of0 � 4(n�5)C4C6D
4n� 10.

By [4, Remarks 8 (2)] we have the statement (1) in the following lemma.

Lemma 8.3. Let 0 be an n-chart, and OS
0

the closure of the surface braid ob-
tained from0.
(1) Let b be the number of black vertices of0. Then�( OS

0

) D 2n� b.
(2) Let �qp(0) be the (n C p C q)-chart obtained from0 by shifting all labels i to
i C p. Then the closure of the surface braid obtained from�qp(0) contains at least
pC qC 1 components.
(3) Let � D �(0) and � D �(0). Then OS

0

contains at least n��C��1 components.

Proof. We shall show the statement (2). LetOS be the closure of a surface braid
obtained from�qp(0). Then the surfaceOS is OS

0

with p parallel spheres in front ofOS
0

and q parallel spheres behindOS
0

(cf. [6, p. 183]). ThereforeOS contains of at leastpC
qC 1 components.

We shall show the statement (3). Let00 be the (� � �C 2)-chart obtained from0
by shifting all labelsi to i � �C 1. Then edges of0

�

and edges of0
�

change edges
of 001 and edges of00

���C1 respectively. Hence�(00) D 1 and�(00) D � � � C 1.

Let 000 D �

n���1
��1 (00). Since (���C2)C(��1)C(n���1)D n, the chart000 is an

n-chart. Since edges of001 and edges of00
���C1 change edges of000

�

and edges of000
�

respectively, the chart000 is the same as the chart0. Since (��1)C (n�� �1)C1D
n� � C � � 1, OS

0

contains of at leastn� � C � � 1 components by the statement (2)
in this lemma.
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Lemma 8.4. Let 00 be an n-chart and000 the n-chart obtained from00 by omit-
ting all the free edges. LetOS

0

0 and OS
0

00 be the closures of the surface braids obtained
from 0

0 and 000 respectively. If OS
0

0 is a disjoint union of spheres, then so is OS
0

00 .

Proof. Since the chart00 is obtained by adding free edges to the chart0

00, the
surface OS

0

0 is obtained by attaching 1-handles from the surfaceOS
0

00 . Since OS
0

0 is a
disjoint union of spheres, so isOS

0

00 .

Kamada showed that forn D 1, 2, 3 anyn-chart is a ribbon chart [4]. We showed
that if a 2-minimal 4-chart contains exactly two crossings,then it contains eight black
vertices [9]. By the similar argument as above, we have the following remark:

REMARK 8.5. Let0 be ak-minimal chart. Let� D �(0) and � D �(0).
(1) If � � � � 1, then0 is a ribbon chart.
(2) If � � � D 2 and if 0 is a 2-minimal chart with exactly two crossings, then it
contains eight black vertices.

Proof of Theorem 1.2. Letn be the integer such that0 is an n-chart. Let00 be
a 2-minimal generalizedn0-chart C-move equivalent to0. If 00 contains at most one
crossing, then by Lemma 7.100 is a ribbon chart, so is0.

Suppose that00 contains exactly two crossings. By Corollary 8.2,00 contains nei-
ther hoop nor ring. Let000 be then-chart obtained from00 by omitting all the free
edges. Since00 is a 2-minimal generalizedn0-chart, 000 is a 2-minimal generalized
n0-chart.

Let � D �(000) and � D �(000). Since000 contains neither hoops, rings nor free
edges, both of000

�

and 000
�

contain white vertices. Since000 is a generalizedn0-chart,
we haven0 D � � � C 2.

Let OS
0

, OS
0

0 and OS
0

00 be the closures of surface braids obtained from0, 00 and000

respectively. Since0 is C-move equivalent to00, OS
0

is ambient isotopic toOS
0

0 (cf. [6,
Theorem 18.20]). The closureOS

0

is a disjoint union of spheres, and so isOS
0

0 . By
Lemma 8.4, OS

0

00 is a disjoint union of spheres.
Since000 is ann-chart, by Lemma 8.3 (3)OS

0

00 contains at leastn��C��1 spheres.
Since n0 D � � � C 2, OS

0

00 contains at leastn � n0 C 1 spheres. By Lemma 8.3 (1)
2(n� n0C 1)� �( OS

0

00) D 2n� (the number of black vertices of000). Hence000 contains
at most 2n0 � 2 black vertices.

Supposen0 D 4. Sincen0 D � � � C 2, we have� � � D 2. By Remark 8.5 (2),
the chart contains at least eight black vertices. Hence0

00 contains at least eight black
vertices. On the other hand since 2n0 � 2 D 2 � 4 � 2 D 6, the chart000 contains at
most six black vertices. This is a contradiction.

Supposen0 � 5. By Theorem 1.1, the chart000 contains at least 4n0 � 10 black
vertices. On the other hand the chart000 contains at most 2n0�2 black vertices. Hence
4n0 � 10� 2n0 � 2. Hencen0 � 4. This is a contradiction.
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Thereforen0 � 3. Sincen0 D � � � C 2, we have� � � � 1. By Remark 8.5 (1),
the chart is a ribbon chart. Hence000 is a ribbon chart, so is0.
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