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On (k+1)-ad homolopy groups

By Einosuke OKAMOTO

(Received September 28, 1955)

A. L. Blakers and W. S. Massey® have defined triad homotopy groups and used
it for the problem of absolute and relative homotopy groups. They also refered to
(k+1)-ad homotopy groups. I want here to prove the exactness of sequence of (B+1)-
ad homotopy groups, and apply to the simplest case. The author wishes to express
his cordial thanks to Prof. A. Komatu, and Mr. J. Nagata, for their encouragement in
this paper.

1. Notation and terminology.

Let X and Y be topological spaces, A,, -, Ar subspaces of X, and B,, -+, Bg
subspaces of Y.

The notation

(1. f:(X; 4, -, A) = (Y; By, -, Bp)
means that f is a continuous function defined on X with values in Y, satisfying the
condition
fA)CB;, (=12, k).
If the sets A,, ---, Ar have a non-vacuous intersection, A;~ A~ =+ ~Ar=C=F0,
we call the ordered collection of spaces (X; A, -, Ar) a (k+1)-ad. An n-cell E”
is the set of vectors x=(x;, -+, %,), where 0<{x; < 1.

The symbol FE(X; A,, -, Ar, Do) (Do € Ai~ Az~ ~Ar) will denote the function
space of all maps
fi (E"XEF) - (X)),
such that, for all vectors r=(#;, -, %,) € E” and y=(yy, ---, yz) € E¥,

(1.2) F(xyy o0y Xy Y1y s Ye)=0, (if one of x;=0o0r 1, or one of y;=1),
Fxe, oy Xy Y1y o0, Y0 €A4; (Gf 9;=0),
and we introduce the compact open topology in it.
Analogously, we use another symbol F& (X A, -, Ap), which is the function
space of all maps
fi (E""XE®R) > X,
such that

1.3) F(xs oy Xuras Yoo 0 I)=0, (Gf t=(%, 0+ 0) or x;=0 or x;=1
or one of y;=1),
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(o, ) Zpary 31, 0, Y0 €A;  GE 9;=0).

We can introduce in both of them an operation of addition as follows :

Namely, if f, g€ FX(X; A,, -, Ap) or F, g€ Fs(X; A,, ---, Ap), we define
h=f+g h=F+g by
f(ley X2y 0y Xns Y1y 00 J’k) (nglé‘%) ’
g(le—l’ xZ; Tty xn: yl’ ) yk) (%éxlgl) >
.7(2761, Xoy 'y Xpr1s Vi, s Yr) (nglé‘}) »
gC2x—1, %,, +, Fnrr, Ji» o I GEZH=1).

h(xly Tty Xpy Y1 s J’k>=

I;<x1’ s Xpr1y Y1y yk>=

We can readily prove that the homotopy. classes of F% or F% make a group.

It is denoted by ni(X; A,, ---, Ar). And we shall call it the (k+n)—th or (k-+n)-
dimensional homotopy group of (k+1)-ad (X; Ay, -+, Ar).

We can define isomorphisms,

Om: Tu(FR(X5 Ay, oy AR, ko) R Ta(X5 Ay oy Ap) -

And the group ni(X; A,, ---, Ap) is abelian if =2 as is readily seen, where

k, denotes the constant map k,(x, v)=1p,.

2. Exact sequence.

THEOREM 2.1. The sequence

—-nh(X; A, -, Ak)-&m’%*l(Aﬁ Alr‘\Azy Tty Alr\Ak)_g”ﬁ—l(X§ A, -, Ar)

Loms (X5 Ay, o, Ag—

is an exact sequence. (i, j are injections and B is a boundary operator)

Proof.

The proof breaks up into six parts.
(@ joi=0.

Let w€nfi*(Ay; Ai~Az, -+, A1~ Ar) be represented by a map f: E"X E¥'-X,
Where f(xly ty Xuy Va2, Tty yk)eAlﬁAi (lf yz:() (i=2, Tt k))- If Z(f)zgea
=ja€ntY(X; A,, -, Ap),

g(xl) iy Xpy Va2, vty yk)’:f(xlv ty Xpy Y2y 0 yk) .
Let (joi)(f)=j(@=he@ent(X; A,, -+, Ax) be the (j—) image of g. Then
h E"'XEF > X,

and A(%x,, ', Xpo1, Y1, 00, V&) € A;(if 9;=0, i=1, 2, ---, k). Therefore, we may write
h as a function of (x,, -+, X,-1, Y1, ¥2, =+, ¥&) such that

h(xly s Xp-1 Y1 Yot yk>=g(x1, ty Xn—1y Xps Y2, 0, yk) (if y1=xn> .
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Then A(xy, =, Zpn-1, 0, Y2, =+, &) ="Ds.
Let  W(xy, = Xpe1s V1> Yoo s Viey L) = B(%y, =, Xpey, A=)y +L, 32, =5 Vo).
Then (g, v, O=h, v), &, v, 1)=p, Hence £=0.
(b) 228=0
Let a€ng(X; A,, -+, Ar) be represented by f: E"X EF—-X, then B(f)=g is a

function such that
g: E"XEF15 A

and g(x17 s Xus Y2y vt yk):f(xl; s Xns 0’ Y2, 00 yk)'
Let i(g)=h, then
h: E*XEk1 X,

and h(xl) tty Xuy Yoy 0y yk):g(xly ty Xny Yo, 00, yk) Therefore, f(xly s X 0:
Yoy 0y yk>=h(x1) s Xpy V2, yk)EX and f(xl) Xy 1, Yoy, 00y yk>:p0' This
means that 2==0.

() Boj=0.
As above we take one mapping f€a€ni-'(X; A,, -, Ar). And, let j(f)=g,

B(g)=h. Then g(x,, =, Xu-1, Y1, Y2» = I =F(%1, =, Xp-1, Xn, Y2, -, Ye) Gf 31=3,)
and 2(xy, 5 Xu-1, Y2, =5 I)=8(H1, s Xp-1, 0, ¥, -+, Y&), whence A(x,, -+, %,-,

Yoy vy yk>=f<x17 **y Xn-1, O’ Y2, vy yk>=po and 2=0.
(@ (B~'(0)C image of j.
Let feacni(X; A,, -+, Ar), and

B(f)=g=0.
f(xls ty Xno 0, Yoy 0y yk>:g<x1y Xy Y2, yk)eAl-

We may assume that g(x,, **-, %,, ¥z, =", Yr) =D,. Then, let ¢ be a mapping such that
¢<x1, Sty Xny Xugrr Y2, 00y yk>:f<x1) Xy Y1y yk) (lf xn+1=y1) .
Obviously,

¢: EPIX EE 5 X
ga(xl, ty Xn, 07 Yoy 00y yk):f(xl’ X O’ Y2, s yk>:ﬁ0°
Hence geaecmi(X; Ay, o, Aw)

and j(¢)=1.
(e) ()~'C image of 8.

Take an element f of a€n;(A4;; Ai~A4,, -+, Ay~ Ar), and assume i( f)=g=0.
Then

g(xly ty Xn—15 Xpy Y2, yk)'_"f(xly  Xny Y2y 0ty yk) .
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And there exists a mapping such that

V. E"XEt'XE'* - X, and
Y(x1s =y Xy oy 0 Yoy D EX,
V(xy, ) Xn, J2, 0 I, 1) €AGE 9;=0, i=2, -, k),
W(xy, =, Tny Yoy o Viy OV =8(%e, ) X, Xar =) VE) »
Y%y =y Xpy Yoy s Yoy L)=D0o.

New, let ¢ be such a mapping that satisfies

¢(x1) y Xn—1s Xny Y1y Voo *s yn>=q7(x1; ty Xy V2 0t Yk t) (if y1=t) .
Then
¢: E"XE*~ X, and
@(®1y "y Xn-15 Xns Oy Y2, -+, YE) €A,
Therefore

Be=f1.

) (H)~'(0)C image of i.

Let feacni Y (X; A, -, Ar), and

iCH=g=0.

Then, f: E"XEF*— X,

g: E"'xXEF X,

8, vy Kpmts Yy Yoo 0 YO =S(Fay s Bus, Xy Yoo o I8 GE 31=1,).
There exists a mapping ¥ such that
. E"'XEFXE'> X,
V(xs, o Eumir Y1y o Yoo O =8(%15 ) Xpmss 1, =55 0D,

W(xly ty Xa-15 Yis vty Yk 1):ﬁ07
and ?F(xly ty Xn-1s 07 Y2,  Jky t) EAI'

Now, let % be such a mapping that satisfies following relations,
h: E"XErF' A,
h<x1, ty Xn—1y Xny Y2, s J’k)=qf(x1, ty Xn—1> Or Y2y s Ve t) (1f xn'__t)'
Then, obviously,

i(fl=g=0, i=Ff.

3. Applications.

Let X=S"VS§"VS"V...V8"% (S" is an n;-dimensional sphere, and they have

only one point in common.) and assume that

< g
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And consider the (B+1)-ad(X; S™, S™, ---, S™), if YDOX,

97

(Y X, S, S, v, S) > 7E(X; SM, S, e, S) S mi(Y; SM, §7, e, )

—> ... is exact.

And 7 (Y; X, S™, -, S")=m4,2.,(Y, X) from the following theorem.

TueoreM 3.1 If (Y; X, A, -, Ap) is a(k+2)-ad and XDA;(i=1 k),

then nl&:‘l’l(Y; X7 Al) Tty Ak>=nq+k+1( Y, X) .
Proof.

Let Feaeat (Y X, A,, -, Ap) .
Then f(g’ Vi, J’k+1) € Y (xE Eq> N

f(gr 0) Y2, Y yk+1) E-X,
f(L Y1, v Vi 0’ Yiya, **% yk+1> EAt .

Let ¢ be such a mapping that
¢: E?XEFX E' > E9X EFT
e, Yy, 0=, v, ¢, v, ) E(EIXEF}"

for (x, §) € (E?x EF)",
e, v, D=p, for rcE? y=0.

Then f(x, 9 =reQ, v O0=re@ 9 1) €mgr(Y, X).

Hence ¢*(af™(Y; X, Ay, -, Ar))=7g.(Y, X). Now, let i*: my1,,(Y, X)—

a¥*(Y; X, A,, -, Ar) be the homomorphism induced by injection,
then @*oi¥=identity, i*o¢*=identity.
Therefore i (Y; X, Ay, o, Ap)=m4,(Y, X).

Now, let Y=S8"1x"---xXS".

If feaeni(Y, Sh, -, S"),

then f(xy, -, %g, Y1, = Y=Lt DX L& Y X - X [z, 1), where fi(x, v) is a

projection of f(g, 1) into S"i.
Let @;(x, v, ) be such a mapping that
0;: E9< EkXE'—->E‘XE*#
Di(x, 31, -+ Yoy 0=, 31, 5 I8)
@i(g: Vis o Vi1, Vis Viers =05 Ve, t>:<g; Vi, 0 Yi-1s (1_t> yi'+t> Vipis s yk)

Di(t, y1, =y Yi-1. ¥is Yira, 5 Y, D=, v) where y'=(3,, -+, y¢) and y/=1.

Such a mapping obviously exists.

Then, we consider following mappings,

fi(0i(z, 9, D)=z, v, 1),
i (x, y, 1€ SmVY ... V8% VS V.. v S”%,
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and also ¢;(x, v, 1) € S”. Therefore ¢;(z, 1), £)=p, (the common point of S$"),
T ¢i(z, v, O=r1C 1), 1L @i(x, v, 1) =2,
@ [€2]

direct product direct product
Therefore F, vy)=0.
That is to say wh(S" X S X - X Sy S™, -or, S"E)=0
Therefore (X ; S™, S", -+, S") =g, s(S" X -+ X S", X).
If ny=n,=-=n<tip,,,
then m§(S"VS% V...V S, S™, ..., S")

=14 k(SM1X S"2 X - X S", S™V S%2V ... V 1)

=Hy, n(S"1 X S%X -+ X S", SV S§" V...V S§") if g+k=2n,.
= 21 Hn(S")RH;(S")

it+j=2m,
i<j
Therefore 7, (S"1V 8"V ...V S™)
=Ty (S™1) + T, (S72) 4 -+ 4T, (S™k) +i+j2=2an,~(S"i) RH;(S").
i<j

Theorem 3. 2.

We consider a (k+1)-ad (X; A,, -+, Ar), and let X** be a fibre space over X
with fibre F in the sense of Serre> Amalogously let Af*(i=2) be a fibre space over
A;(i=2) with the same fibre.

Now, also, we consider a fibve space over A; with fibre F\CF, and denote this by

¥, and denote by A% a the fibve space over Aci,qy with fibre F,, where [a] is a
subset of (2, ---, k). Then, using these notations,

(X5 Ar, - AR)=mi(X**; AT, AFY, -, A9
Proof. We consider the diagram
—>af(X** 5 AF, A5, o, AR i (AY, ALy, o, Af) - ab (XOFF ) AR, -, AR
|2 |2 |2
—mi(X; Ar, Ag,y oy A7 (A Ay -y Aw) >N (X A,y -, AR,

where A¥(iZ>2) denotes the fibre space over A; and with fibre F;, and A,,;=A¢,i3-

Moreover, p,, p, are projections and
ﬁxlAik =D,
Obviously py, p, are isomorphisms onto by the induction hypothesis. Therefore by

the “five” lemma ni(X*¥ Af, AF*¥, -, AF)=nk(X; A, -, Ap)

THEOREM 3. 3.
If (B+1)-ad (X; Ay, -+, Ar) is given, then
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mi(X; Ay, -, Ap)=mi (A Af, -, AR,

where

A¥ ={oD)]0<t<1, 0(0)=p, o) €A, o(l)€A},
At ={o@®|0(0) =2y, o) €An, 0(1)€Anwm) . (@=2)
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