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A normal subgroup P of a group G is called prime if [A, B]J°CP implies
ASP or BCP for two normal subgroups A and B of G. It is then easily veri-
fied that the following three conditions are equivalent to one another. (1) P is
prime, (2) [A, B1Z P implies AP or BC P for two finitely generated normal
subgroups A and B of G, and (3) [N(x), N(y)]& P implies N(x) &P or N(y) =P
for two normal subgroups N(x) and N(y) generated by x and y respectively. A
group G is called prime if its unit subgroup is prime. Then G is prime if and
only if its unit subgroup is a meet-irreducible radical group®, and also if and
only if G has a unique minimal normal non-abelian subgroup®.

The aim of the present short note is to prove the following

THEOREM. A group G is isomorphic to a subdivect product of a finite or infinite

number of prime groups if and only if the normal subgroup N(x) generated by x is
not solvable for an arbitrary element x (3=e)® of G.

1. LEMMAS.

We shall now establish a few definitions and several preliminary lemmas for
use of the proof of the “if part” of Theorem.

Derinition 1. A family & of finitely generated normal subgroups of a group
G is called a C-family of G, if it satisfies the following two conditions:

1) A, BeT implies [4, B]€®, and

2) [A, B]€% implies A, BE.

Lemma 1. Let P be a prime normal subgroup of a group G. Then the set TLP]
of all finitely gemerated normal subgroups nome of which is contained in P is a
C-family of G.

Proof. This is immediate.

Lemma 2. Let & be a C-family of a group G, and let N be a normal subgroup
of G such that no member of & is contained in N. Then there exists a maximal
normal subgroup P of G such that P contains N and no member in T is contained

in P. P is necessarily prime in G.

1) [A, B] will denote the commutator subgroup of normal subgroups A and B of G.
2), 8) Cf. [4; p. 377].
4) The unit element of G will be denoted by e.
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Proof. The existence of P follows at once from Zorn's lemma. We prove
that P is prime. Suppose that A and B are two finitely generated normal subgroups
such that both A and B are not contained in P. Then the maximality of P
implies that AP contains a subgroup 4, in ¥, and likewise BP contains a subgroup
B,in §. Hence we have [A4,, B,]J<[AP, BP1=[A, BI[A, P1[P, BILP, PI<[A, B]P.
If we suppose that [A, B] is contained in P, then [A,, B,] is contained in P.
This is a contradiction, since [4,, B,] is a member of ¥ This shows that [A, B]
is not contained in P, that is, P is prime in G. ’

LemMa 3. Let A be a normal subgroup of G, and T a C-family such that no
member in F is contained in A. Then & is contained in a maximal C-family, none -

of whose members is contained in A.
Proof. This is immediate by Zorn’s lemma.

DerFINITION 2. A prime normal subgroup P of a group G is called a minimal
prime of a normal subgroup A if and only if ACCP and there exists no prime
P, such as AT P,<P>.

LemMA 4. In order that P is a minimal prime of A, it is necessary and sufficient

that FLP] is a maximal C-family, none of whose members is contained in A.

Proof. It is convenient to prove first the sufficient part. Suppose that F[P]
is maximal in the class F of C-families such that no subgroup in each family in
F is contained in A. Take a maximal normal subgroup P* with the properties
such that P* contains A and no subgroup in F[P] is contained in P* Then by
Lemma 2 P* is prime. Now no subgroup in F[P*] is contained in A, since no
subgroup in F[P*] is contained in P* Hence F[P*] is a member of F. Clearly,
FLP] is contained in F[P*]. Hence the maximal property of T[P] implies that
TFLP]=B[P*], and hence P=P*®, Now there can exist no prime normal sub-
group P, such that A P,< P, since this would imply that F[P,] is a C-family
which contains F[P] strictly and no subgroup in §[P,] is contained in A. This
is impossible because of the maximality of §[P]. Hence P is a minimal prime
of A.

Next we prove the necessary part: If P is a minimal prime of A, then
FLP] is a member of F, and F[P] is contained in a maximal C-family ¥* in F
(Lemma 3). Take a maximal normal subgroup P* with the properties that P*
contains P and no subgroup in ¥* is contained in P* Then clearly P* is a
maximal normal subgroup with the properties that P* contains A and no subgroup
in §* is contained in P* Now since [ P*] contains ¥* and no subgroup in T[P*]
is contained in A, TF[P*] would coincide with F* Hence, by the sufficient part

5) By Py<P we mean that P, is strictly contained in P.
6) It is easily verified that [ A]=F[B] implies A=B.
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of this lemma, P* must be a minimal prime of A. Since P P¥, it follows that
P=pP*  This completes the proof.

In [4] Schenkman has already defined a radical of a normal subgroup A of
a group G. Now we shall define a P-radical of A, which is an analogue of one
of an ideal of a ring™. This concept is useful in our argument.

DeriniTioN 3. The intersection of all prime normal subgroups containing a
normal subgroup A of a group G is called a P-radical of A. In symbol: R(A).
In particular the P-radical of the unit subgroup of G is called a P-radical of the
group G. In symbol: R(G).

Remark. It is easily proved that R(A) is contained in the radical of A, and
equal to the intersection of all the minimal primes of A.

LemvwMa 5. R(A) is equal to the subgroup N* generated by the set-umion of all
normal subgroups N such that every C-family containing a subgroup of N contains
a subgroup of A.

Proof. Let T be any C-family which contains a subgroup of R(A)®. Then
T contains a subgroup of A. Because, if not so, there exists by Lemma 2 a prime
normal subgroup P such that P2OA and no subgroup in & is contained in P.
Since R(A) is contained in P, no subgroup in & is contained in R(A), which is
a contradiction. Hence R(A) is contained in N*.

Conversely, if P is any prime which contains A, then P contains N*. Because,
if P does not contain N*, we can take an element x of N* such that x is not
contained in P. Let N(x) be the normal subgroup generated by x. Since N(x)
is contained in F[P] and also contained in N*, F[P] contains a subgroup of A.
Clearly, this is impossible, since A is contained in P. Hence P contains N*. We
have therefore N *QPQAP:R(A). This completes the proof.

Lemma 6. Let {f:(Xl, <o, Xo)} be the set of all commutator-forms® f of the
weight 0=1,2, -, and let N be a finitely generated novmal subgroup of a group G.
Then {f(N, -+, N)} forms a C-family of G, and N is solvable if (and only if)
{f(N, -, N)} contains the unit subgroup of G.

Proof. The first part is easy to see. If f(N, -, N) is equal to the unit
subgroup for some commutator-form f, then by using the properties'® (1)
[N®, N[N, N, r=Max {0, ¢} and (2) [N, N]J®=[N®, N®] we can
prove that N is equal to the unit subgroup for a sufficiently large whole number
&, that is, the derived chain of N terminates in the unit subgroup after a finite
number of steps.

7) Cf. [3; p. 333].

8) The existence of such a C-family is assured by the existence of the C-family of all the
finitely generated normal subgroups of G.

9) Cf. [5; p. 59].

10) Cf. [2; p. 31].
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LemMA 7. In order that G has no solvable normal subgroup N(x), x==e, it is
necessary and sufficient that the P-radical R(G) is equal to the unit subgroup of G.

Proof. Suppose that R(G) is not the unit subgroup. Take a non-unit element
% in R(G). Then every C-family, which contains a subgroup contained in the
normal subgroup N(x) generated by x, contains the unit subgroup of G. In par-
ticular { f(N(x), ---, N(x))} contains the unit subgroup. Hence by Lemma 6 N(x)
is solvable. Conversely, if N(x) is solvable it is contained in every prime normal
subgroup of G. This implies that N(x) is contained in R(G).

2. PRrROOF OrF THEOREM.

Let G be any group which has no solvable normal subgroup N(x) except the
unit subgroup, and let {P,; A€ 4} be the set of all prime normal subgroups of G.
Then the mapping

a—> (-, aPy, )

gives an isomorphism from G into the direct product 7 ;?E 4G/Px. Because, if
(-, aPy, -)=(-,bPy, --+), then a b€ P, for every A€4. Hence a b€ [ eaPxr
=R(G). By Lemma 7 R(G) is equal to the unit subgroup of G. We have there-
fore a=b. Since G/P, is a prime group, we complete the proof of the “if part”
of Theorem.

The “only if part” is easy to see. Let G be isomorphic to a subgroup of a
direct product II ;?e 4G, of prime groups G,. If there exists a solvable normal
subgroup N of G, the A-component ¢\(N)={ar;a€N} of N is a solvable normal
subgroup of G, for every 4. Hence there exists a whole number 0, such that
(pA(N))®N is equal to the unit subgroup of G,. Since G, is prime, ¢,(N) is
equal to the unit subgroup of G, for every A. This implies that N is equal to
the unit subgroup of G. In particular N(x) is not solvable for an arbitrary
element x (Z=¢) of G.

Since it is clear that G has no solvable normal subgroup except the unit
subgroup if (and only if) G has no solvable normal subgroup N(x) except the
unit subgroup N(e), we have

CoroLLARY. A group G is isomorphic to a subdivect product of a finite or in-
finite number of prime groups if and only if G has no solvable normal subgroup
except the unit subgroup.

References

[1] N. H. McCoy, Prime ideals in general rings, Amer. J. Math. Vol. 71 (1948), pp. 823-833.

[2] K. Murata, Decomposition of radical elements of a commutative residuated lattice, Journ.
Institute of Polytec. Osaka City Univ., Vol. 10. No. 1 (1959), pp. 31-34.

[3] M. Nagata, On the theory of radicals in a ring, J. Math. Soc. Japan, Vol. 3 (1951), pp.
330-344.

[4] E. Schenkman, The similarlity between the properties of ideals in commutative rings and
the properties of normal subgroups of groups, Proc. Amer. Math. Soc., Vol. 9 (1958), pp.
375-381.

[5] H. Zassenhaus, Lehrbuch der Gruppentheorie, Bd. I, Teubner, Leipzig-Berlin (1937).



