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In the study of spaces of continuous functions on a topological space the weak 

topology and the strong topology are useful. Indeed, every completely regular space 

is homeomorphic with a functior:al space with the weak topology, and this fact 
\1 

implies Tychonoff-Cech's theorem about compactification.') Moreover the topological 

space is defined up to a homeomorphism by the topological ring of all continuous 

functions with the weak topology. 2) It is also well known that a compact T2-space 

is characterized by the topological ring of ali continuous functions with the strong 

topology,') However, there does not exist such a usefulness in the weak or strong 

uniform topology by studying uniform spaces except particular cases. For example, 

a complete metric space is characterized by the topological ring of ali bounded uni­

formly continuous functions with the strong topology or with the weak topology,4) 

but in the case of a general complete uniform space this proposition is invalid. 

In this paper we define a new uniform topology, m-uniform topology of func­

tional space and give analogous theories about uniform spaces as about topological 

spaces. ln § 1 the definition of m-uniform topology is given, and it is shawn that 

any general uniform space are uniformly homeomorphic with a functional space with 

this uniform topology. This fact implies that any uniform space is uniformly 

homeomorphic with a dense subspace of a complete uniform space. In § 2 it is 

shawn that if we introduce a suitable uniform topology in the topological ring or 

lattice of all bounded uniformly continuous functions with the strong topology, then 

this ring or lattice defines the uniform space up to a uniform homeomorphism. 

M-uniform topology is used as the suitable uniform topology. 

§ L From now on we denote by R a uniform space and by { Uœ \a: E A}, 

Uœ = {V ,(x) \xE R) the uniform nbd ( = neighborhood) system of R. 

DEFINITioN. For a real valued function /(x) on R and for a subset A of R we 

1) Any completely regular space is homeomorphic with a dense subset of a compact T 2-

space, A. Tychonoff, Über die topologishe Erweiterung von Raumen, Math. Ann. 102. 
E. Cech, On Bicompact Spaces, Ann. of Math. 

2) J. Nagata, On lattices of functions on topological spaces and of functions on uniform 
spaces, Osaka Math. Journal, Vol. 1, 1949. 

3) G. Silov, Ideals and subrings of tlce rings of continuous functions, C. R. URSS, 22. 
4) J. Nagata, loc. cit. T. Shirota, A. Generalization of a Theorem of I. Kaplansky, Osaka 

Math. Journal, Vol. 4, 1952. 
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denote by [/(A)] the closed interval [inf/(x), supf(x)]. 
XEA XEA 

DEFINITION. dœ(g(x),f(x)) =Max (d(g(x) [f(Uœ(x))]), d(f(x) [g(U.,(x))])).5 > 

DEFINITION. u.,.Cf):::::: {gjd.,(f(x), g(x)) < e for all xE R) c F(R), where F(R) 

denotes a set of real valued functions on R. 

THEOREM 1. {Ucre la E A, e > 0} (U.,. = { U,..(f) 1/E C(R)}) satisfies the condition 

of uniform nbd system, where C(R) is a set of continuous functions on R. 

Proof. Let f,gEC(R), f='Fg, then there exists xER such that f(x)='Fg(x). 

Sinee f(x) is eontinuous, there exist e>O and aEA sueh that d(g(x), 

[f(U,.(x))]) > e >O. Renee g$ UaeCf). 

Since for Ufl < U,. ,6> 0 <à< e we get VIls(/) C U ,..Cf) for every fE C(R), 

for every U.,. and U,.'•' there exists llfls such that VIls(/) c U,.,(f)n U,.'•'(f) 

(fE C(R)). 

For aEA and e>O we take /1EA such that v{U!l(Y)lyE Ufl(X)) C U,.(x). If 

g,hEU!l~Cf), then since d(g(x), [f(U!l(x))J)<-~, there exist y,zEUfl(X) sueh 

that d(g(x), [!(y), f(z)]) < -i-· Since d(f(y), [h( Ufl(Y))]) < ~, d(f(z), 

[h(UfJ(Z))]) < ~-, there exist y', y" sueh that h(y')- ~ <f(y), h(y")+-~ >f(z). 

Renee we get h(y')-e<f(y!-~<g(x), h(y")+e>f(z)+ ~->g(x). Sinee 

y',y"E U.,(x), d(g(x), [h(U,.(x))J)<e holds. In a similar way we get d(h(x), 

[g(U,.(x))]) < e and aeeordingly d,.(g(x), /(x))< e. Therefore gE UaeCh). 

DEFINITION. We eall this uniform topology m-uniform topology and denote by 

Cu(R), C'(R) and Cu'CR) the uniform spaces with the m-uniform topology eonsist of 

the bounded uniformly eontinuous funetions, of the eontinuous funetions taking values 

between 0 and 1 and of the uniformly eontinuous funetions taking values between 0 

and 1 respeetively. 

REMARK. Generally, the m-topology, the topology defined by the m-uniform 

topology is weaker th an the strong topo) ogy and i t is stronger than the weak 

topology in C(R). 

DEFINITION. We define M(x) to mean the mapping whieh maps xE R to the 

funetion x(f) = f(x) (fE C,/(R)) on Cu'(R). 

LEMMA 1. M(R) C C'(Cu'(R)). 

Proof. For any fE Cu'(R) and e > 0 there exists a E A such that /( U ,.(x)) 

cs.(f(x)) for every xER.7) Sinee gE UaeCf) implies d(g(x), [/(U,.(x))J)<e, 

5) d(p, M) denotes the distance between a real number p and ~ subset M of the space of 
real numbers. 

6) We denote Ufl < Uœ to mean Ufl(X) ~ U,.(x) for every xE R. 
7) Se(P)={qjd(p, q) <EJ· 
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there exist y, zE Ua,(x) such that (f(y)-e, f(z)te) 3g(x). Renee g(x) E (f(x)-2e, 

f(x)+2e), i.e. lx(f)-x(g)l=lf(x)-g(x)l<2e. Therefore x(f)EC'(Cu'(R)). 

THEOREM 2. M(x) is a uniformly homeomorphic mapping between R and 

M(R) ç;; C'(Cu'(R)). 

Proof. It is obvious that M(x) is one-to-one. M(x) is uniformly continuous. 

For given e > 0 and a E A, we take {3 E A such that U11* < U,,.S' If y E Ut~(x) and if 

fE C,,'(R), f(y) > f(x), then there exist nbds V1(x), V 2(y) of x, y respectively such that 

V1(X)n Vly) = çb, V1(x)u V 2(y) C Uf:l(X); f( V1(x)) C (f(x) -e,f(x) +e), f(Viy)) 

C (f(y) -e,f(y) +e). From g 1 , g 2 E Cu'(R) such that g 1(x) =f(y), gl(Vî(x)) = 0, 

f(y)2.g 1 2.0; 9'g2(y)=f(x),g2(Y:;(y))=l,l;;;;g2 ?;_f(x), we get an element 

g=CfVg1)"g2 of Cu'(R). If zEV1(x), then f(y)+e>g(z)?;,f(z)>f(x)-e 

= g(y) -e. Sincey E Ua,(z), we get d,if(z), g(z)) < e. In a similar way we get 

da,(f(z), g(z)) < e for z E Vi y). For zEj: V1(x)u V 2(y) f(z) = g(z) holds. Renee 

gE U.,eCf). Since x(f) = y(g), x(g) = y(f), we see M(y) E Uœee(M(x)). 10' Thus 

M(x) is uniformly continuous. 

Next we show that the inverse mapping M- 1(x(f)) is also uniformly continuous. 

For a given aEA we take {3EA such that Ut~(x)CUa,(x) for every xER. If 

yEj: Ua,(x), then for an element f of Cu'(R) such that /CUt~(x)) = 1, f(y) = 0, 

gE Ut~lJ.Cf) implies lg(x) -li< ~, i.e. x(g) = g(x) > ~ . Since y(f) = 0, we get 

dt~!CYCf), x(f))?:;, ~, i.e. M(y)Ej: Ut~H(M(x)). Renee M(y) E Ut~H(M(x)) implies 

y E Ua,(x), and bence M- 1(x(f)) is uniformly continuous. 

Let {F,IrEC} be a cauchy filter of R, then for each/ECu'(R){f(F8)IrEC} 

converges to a real value p = u(f). Renee u(f) is a real valued function defined 

on Cu'(R). 

LEMMA 2. u(f) E C'(C,.'(R)). 

Proof. For an arbitrary e > 0 we take a, {3 E A such that 1 f(x)- f(y) 1 < e 

(y E Ua,(x)), Ua,> Ull*- Let gE Ut~eCf) and let Ut~(X) :=J F , then since for each 

yEF1 there exist z,z'EU!l(Y) such that f(z)-e<g(y)<f(z)+e,f(z)>f(x)-e 

and f(z') <f(x) + e hold for z, z' E Ua,(x). Renee f(x) -2e <g(y) <f(x)+2e, i.e. 

lf(x)-g(y)l<2e. Since \f(x)-u(f)\~e, we get luCf)··-g(y)l<3e for every 

yEF1 • Therefore \u(f)-u(g)\~3e, i.e. u(f)EC'(Cu'(R)). 

LEMMA 3. For every diverging cauchy filter {F, IrE C} of R {M(F1) IrE C} con­

verges to u(f) in C'(Cu'(R)). 

Proof. For sim pli city we can restrict { F 1} to a cauchy filter of closed sets. 

8) We define Ull*< Ua, to mean y, z E Ut~( x) implies z E Ua,( _v) for every xE R. 
9) V{( x) means the complement of V1(x). g 1( V1'(x)) = 0 means that g 1(z) = 0 for every 

z E V1<(x). 

10) Ua,ee(a) denotes the uniform nbd of a E C'(C',(R)) defined by Ua,e and E. 
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For given œ' E A and e > 0, we take œ, [3 E A such that U,, > U, * > U, > Ull* and 

x, Fy such that xE Fy C U!!(X!J). Now we shall prove xE U,,,,(u). For /E Cu'(R) 

we take FE {F1 ) such that x$ FC U!l(x!l), lf(y)-f(z)\ < ~ (g, zEF). If d(f(x), 

[f(F)]) < 3e , then lxCJ) -u(f) 1 < e, i.e. d,,,(x(f) u(f)) < e. If f(x) > supf(y), 
yEF 

then there exist a nbd V1 of F and a nbd V 2 of x such that V1 = S(F ll!l') 11 ) for 

sorne [3' E A; Vu, V 2 = c;D, V1 u V 2 C U,(x!l); j(V1) c (a-~, a+~), j(V2) C (f(x) -e, 

f(x)+e). For V1 , V 2 we define g 1 , g 2, gE Cu'(R) such that g 1(F) =f(x),gl(Vi)=O, 

O~g1 ~f(x);g2(x)=u(f),giVü=l, l;;;g22u(f);g=CJYg1)"g2. In a 

similar way as in the proof of Theorem 2 we can show gE U,,,(f). Since 

x(f) =u(g), x(g) =u(f), we get xE U,,,,(u). Renee for any œ'EA, e>O there 

exists r o E C su ch that r;,:;;;: r 0 implies F nU ,,,,(u) =*,P. Therefore { F1 } converges 

to u(f). 

From this lemma we get 

THEOREM 3. M(R)(C C'(Cu'(R))) is comp!ete. 12 ) 

!:)2. The topological ring of the bounded uniformly continuous functions with the 

strong topology characterizes the complete metric space. Generally, a uniform homeo­

morphism between two complete uniform spaces implies the topological isomorphism 

between their topological rings of the bounded uniformly continuous functions with 

the strong topology, but the inverse is not valid.13) Renee we use that topological 

ring with a suitable uniform topology to characterize R. 

LEMMA 4. M-uniform topology agrees with the strong topology in C,.(R). 

Proof. For given fE Cu(R) and e > 0 we choose œ E A such that y, zE U,(x) 

implies \f(y)-f(z)\< ~- Since gEU,•.//) implies d(g(x), [f(U,(x))J)< ~ 

for every xE R, lg(x)- f(x) 1 < e holds forgE U,_•CJ ). Thus this lemma is estab-
2 

li shed. 

DEFINITION. We use the notation L(R) to mean Cu(R) with the natural Jattice 

order. 

DEFINITION. If a non-vacous subset f of L(R) satisfies the conditions, 

i ) f ~ g E] implies fE], 

ii ) if there exists n /y for ft$], then n fy $ ], 
YEc 

then we caU f an i-set. 

11) S (F, Ull) =v {UIJ(X) \ U!J(X)n F) =!= <1> 

12) M(R) means the closure in C'(Cu'(R)). 
13) Let R be a non-compact complete uniform space and let S be the totally bounded uni­

form space having the same topology as Rand with the uniform subbasis {IJ1r\/E Cu(R)), 

1)1, = {Nk\k = ±1,±2,···}, Nk = {x\-k_ <f(x)<k + 2 }, then Cu(R) = Cu(S). If we 
n n 

denote by S the completion of S, then C,(R) = C,.(S), but R and S are not uniformly 
homeomorphic. 
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We call a non-vacous subset satisfying the dual condition an s-set. 

DEFINITION. We mean by an i-ideal a subset I of L(R) satisfying 

1) I = n {fA 1 À E M), where fA are i-sets, and for every },, ~~ E M there exists 

v E M such that lv CfAnfJL• 

2) if f 1 El (ïEC) and if UtlïEC} are upper bounded, 14 ) then for every U,,. 

there exist gE I and //(ï E C) such that gE Ua, Cf/), fy' -:2/y, 

3) I is a non-trivial ideal.15 ) 

We call a subset satisfying the dual condition an s-ideal. 

LEMMA5. For an open set V Ul3xEV:f(x)<al=]a(V) is ani-set. 

Ul3xE V:f(x)>al =Sa(V) is ans-set. 

Proof. It is obvious. 

LEMMA 6. Ulf(x) ~k} =J~(x) is ani-ideal. 

Ulf(x):?>,k} =Sk(x) is ans-ideal. 

Proof. lk(x) = nUa(V)Ia>k, Vis an open nbd of x}. Since Condition 2) is 

obviously valid for an isolated point x, we prove 2) for an accumulating point x. 

Let ft E h(x) CrE C) and let / 1 ;;:; q for a real number q, then for a given U,., and 

for ltll such that ltll* < U., we can define f, f/ E L(R) such that f(x) = k, 

f(Uf{(x)) = q; /(y)= q, y E U13(x); k ~1:;::, q; //=ft v f. For a point z$ U!J(X) 

f/(z)=f(z) holds. For a point zEUr>(X),f(y)=q2J/(z)Ç;f(z);;;;k=f'(x) 

holds. Since x, y E Ua-Cz), /E UœeCf/) and /E lk(x) hold. 

LEMMA 7. For every i-set T there exists a real number a and an open set P such 

thal f(x)..;::, a for some xE P implies fE ]. 16 ) 

Proof. If we assume the contrary, then from the property of i-set a$] holds 

for every a. Renee ] = f}J, which is a contradiction. 

LEMMA 8. If I = n {fA 1 À E M} is an i-ideal and if sup (a 1 there exists P such 

that xE P, f(x) <a imply fE ft..} -e = aA(e > 0), then inf a A '"f - ezo. 
1>-EM 

Proof. Assume that inf a,._= -co, then for every /E L(R) there exists a real 
~>-E.ll 

numberkand a,._ such that e+a,._<k<f. Now let us show frf.fA· Since k>e+a,._, 

for every open set P there exists fp(x) E L(R) such that fp(X) < k, xE P; fp $ ],._. 

Renee fp uk$ fA, and hence inf (fp uk) = k$]. Thus we get /$],._::=:JI and I = rp, 
p 

which is a contradiction. 

Let us put inf a,._ =a ( =jcc: - oo ), then for every ],._ there exists sorne open set P 
l--EM 

14) There exists f such that f~fy (?'EC). 
15) I=t=L(R), <!>. 

16) Lemmas 7-14 admit the dual propositions. 
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such that f(x) ~a and xEP imply /El>..· For this a we give the following 

DEFINITION. u{P\f(x).:Ça and xEP (open) imply /EJ>..l =P>... 

{f\JlxE P>.. :f(x) <a)= A>.. c;;]>... 

LEMMA. 9. fp.Ç..f>.. (/1-, J.EM) implies Pp. CP>... 

Proof. If P~" cJ,;. P>.., then there exist /E L(R) and xE Pp. such that /(x)~ a, 

/$]>... Since /E]p., fp.cJ,;_f>..· 

LEMMA 10. {P>..\ J. E Ml is a cauchy filter. 

Proof. {P>..) is a filter from Lemma 9. 

Assume that {P>..l is not cauchy, then there exists U, such that U,(x) ~p>.. for 

every x, J.. Let Ufl* <Ua~ and let b be an arbitrary large real number, then taking 

j,EL(R) such that j,(Ufl(X))=b,j,(U/(X))=a; a~j,~b, we get /,EnA>.. 

Çnf>..=l for every xER. Since {f,\xER) is bounded, from Condition 2) of an 

i-ideal there exist /El, f,' ~J" such that fE U{J,(f,'). Since /,'(UfJ(X))~~b, it 

must be f(x) ~b--e for every xE R, and hence b-eE/. Therefore I = L(R) holds, 

but this is impossible. 

Since R is complete, {PÀ} converges to a point x of R. Then {f\f(x) ~ a-e) 

= ]a-e(X) Ç I is obvious. 

LEMMA 11. {f\f(x) <cl =Je'(x) Cl lzolds for c = sup {k\]k(x) Cl}. 

Proof. It is obvious. 

LEMMA 12. f(x) > c implies f$ I for the same c in !emma 11. 

Proof. If we assume that f(x) > c and fE /, then there exists a real number k 

such that /(x)> k > c. If g(x) < k, then there exists hE L(R) such that lz(x) < c, 

fu lz > g. Since lz E /, we get fu lz E I and accordingly gE/. Renee ]k(p) CI, 

which contradicts the definition of c. 

DEFINITION. We denote by /(x, c) an ideal I satisfying Lemmas 12, 11. 

Every i-ideal is represented uniquely by the form I(x, c). 

DEFINITION. For two i-ideals / 1 , / 2 we define / 1 ~12 to mean that there exists 

sorne s-ideal S such that S,.J1 =cp, Snl2 =cp. 

LEMMA 13. /(x, c)~I(y, d), if and only if x= y. 

Proof. It is obvious. 

DEFINITION. For an i-ideal I and an s-ideal S, we define S~I to mean that 

there exist sorne i-ideal / 1 and s-ideal S1 such that S~S1 , 1~11 ; S1nl1 =cp. 

LEMMA 14. /(x, c)~S(y, d), if and only if x =y. 
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Proof. It is obvious. 

Renee we can classify ali the i-ideals and ali the s-ideals by ~. We denote by 

L(R) the totality of such classes and by L(x) the one-to-one mapping from R onto 

53(R), which mapsx to the classes consisting of !(x, a) and S(x, b). 

DEFINITION. If for a family {l(x, a(x))ixEA) of i-ideals there exists fE ni 
(x, a(x)), then we caU this family lower bounded. 

"Upper bounded" is defined as the dual. 

o:EA 

LEMMA 15. {l(x, a(x))lxEA) is lower bounded, if and only if infa(x),.Jtc: -oo. 
"'EA 

Proof. It is obvious. 

DEFINITION. 53(U) and 5.l(A) are called u-disjoint, if and only if for every lower 

bounded {l(x,a(x))ixEV) and upper bounded {S(x,b(x))lxEA) there exists 

fEn !(x, a(x)) n S(x, b(x)). 
:~JEU "'EA 

LEMMA 16. i!(V) and 53(A) are u-disjoint, if and on/y if there exists a uni­

form!y continuous function f such that f( V)= 0, f(A) = 1, 0 s;f ~ 1. 

Proof. It is obvious. 

DEFINITION. A family {5.l(V(x))lxER} of non-void subsets of 5.l(R) is called a 

uniform nbd of 5.l(R), if and only if there exists {5.l(U(x))lxER} such that 

1) 53(V(x)) and 5.l(V"(x)) are u-disjoint, 

2) if {l(y, a( y)) lyE U(x)} is lower bounded for every xE R, then there exist 

b(x), a,~; such that f,E nll"(y, a(y))lyE V(x)} and g.,El(x, b(x)) imply 

g., $ V aeCf.,) for every xE R. 

LEMMA 17. {5.l(V(x))lxER} is a uniform nbd of 53(R), if and only if 

{ V(x) ix ER} is a uniform nbd of R. 

Proof. If { V(x) lx ER} is a uniform nbd of R, then there exists a uniform nbd 

Ua such that UaCx) and V"(x) are u-disjoint for each xER. Since for a lower 

bounded family {l(y,a(y)lyEUa(X)) inf{a(y)lyEUaCx))=c(x)=t~-=, we put 

b(x) = c(x) -1. If g, E !(x, b(x) ), f, En {!"(y, a( y)) lYE Va( x)), then g,(x) ~ b(x) and 

f,(y)~b(x)+1 (yE Ua(x)) hold. Renee g,$ Va 1Cf,). Therefore {5.l(V(x))lxER} 

is a uniform nbd of 'i3(R). 

Conversely, if { V(x) lx ER} is no uniform nbd of 'i3(R), then we can show that 

Condition 2) is not valid for any {U(x)} such that U(x) and V"(x) are u-disjoint. 

Take the lower bounded family {l1(y)lyE U(x)) and any !(x, b(x)), a,~;, then since 

there exist t3 E A and xE R such that Ufl* <Ua, Uf!(x)% V(x) :=J U(x), we get 

f,gEL(R) such that f(U(x))=2,f(V"(x))=b'(x)=Min (b(x)-1,2), b'(x) 

-::;;;../;;;:;, 2; g(x) = b'(x), g(y) = 2, y E Vfi(X)- V(x), g(z) = f(z) (for z$ U!l(x)), 

b'(x) S.. g ;;;:;, 2 as in the proof of Theorem 2. It is obvious th at fE n {lï( y) IY E U(x)}, 
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gEI(x, b(x)) and /E Ua,(g). Therefore {V(x)ixER} is not a uniform nbd of 5.!(R). 

From this lemma we get 

THEOREM 4. In arder that two compete uniform spaces R1 and R 2 are uniformly 

homeomorphic, if is necessary and sujficient that L(R1 ) and L(R2 ) are unijormly 

isomorphic. 17 ) 

Next, by C(R) we denote Cu(R) with the natural ring-operation. Since !?: g 

in L(R), if and on! y if there exists h such that h2 = f- g in C(R), a ring-isomorphism 

between C(R1 ) and C(R2 ) generates a lattice-isomorphism between L(R1 ) and L(R2 ). 

Renee we get the following corollary. 

CoROLLARY. In arder that two complete uniform spaces R 1 and R 2 are uniformly 

homeomorphic, it is necessary and sufficient that C(R1 ) and C(R2 ) are uniformly 

isomorphic. 

Finally, let us denote by L'CR) Cu'(R) with the natural lattice-order, then the 

analogous theory is simpler. 

DEFINITION We cali a subset I of L(R) an i' -ideal, if and on! y if 1 satisfies 

conditions 1), 2) in the definition of i-ideal and 3)' 1 is a non-trivial ideal and 

closed, 4)' 1 is a minimum set satisfying 1), 2), 3). 

We call a subset S satisfying the dual condition an s'-ideal. 

LEMMA 18. /(x)= Ulf(x) = 0} is an i'-ideal. 

LEMMA 19. For any i-set f there exists an open set P and a> 0 such that 

f(x) ~a, xEP imp!y fE]. 

Let 1 be an i'-ideal and let 1 = n fA, where fA are i-sets, then we use the 
XEM 

following notations, u{Pif(x) ;;;;,a for sorne xEP implies fE ]A, and Pis open} 

=PA.,, UPA.,=PA; {fl'3.xEPA.,:f(x)~a\ =AA.,, UA,_œ=A,_CfA· 
a;>O a;>0 

Proof. Pp.a C PA« is proved for every a> 0 as in Lemma 9, and hence PP. C PA. 

LEMMA 21. {PA 1 ). E M} is a cauchy filter. 

Proof. {P,_) is a filter by Lemma 20. If we assume that it is not cauchy, then 

for sorne U., and for every )., x U œCx) *PA holds. Choose [3 such that U13* < U., and 

f, E L'CR) such that /,( U!l(x)) = 1, /,( U "'<(x)) = 0, then f, E n AA C n fA = 1. Renee 

there exist fr/, g su ch that f, :::; f,', g E U ilE( fr/), g E 1 for every e > O. Therefore 

g(x)?: 1- e for every xE R, and hence 1- e E /. Thus it must be 1 = 1 =L'CR), but 

this is a contradiction. 

From this !emma any {PA} converges to a point x. 

17) A uniform isomorphism means a uniform homeomorphism preserving the lattice-order. 
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LEMMA 22. lf {PA) converges tox, then I =!(x). 

Proof. Let f(x) = 0, then for any a E A and e > 0 there exist fJ, ï E A such that 

U:*<Ufl<U(3*<Ua, f(y) E (yE V[l(X)). 

Taking g' E L'(R) such that g'(V (x))= 0, g'(Vf/(x)) = 1, we get g = g' nfE /. 

For V (x)nPA ~~~ rp for every À, and this implies gE nAA CJ. Since gE Va.Cf) is 

obvions, we get j E l = !. Therefore I :::J /(x) = 1 flfCx) = 0}, and bence from Con­

dition 4) of an i-ideal it must be I =/(x). 

LEMMA 23. An arbitrary s'-ideal S is represented by the form S(x) 

= {f\f(x) = 1). 

DEFINITION. By I-S we denote that InS = rp holds for the i'-ideal I and for the 

s'-ideal S. 

lEMMA 24. I(x) -S(y ), if and on! y if x= y. 

Her:ce we can classify all the i'- and s'-ideals by-. We denote by i!'(R) the 

totality of such pairs and by i!'(x) the one-to-one mapping from R onto i!'(R). 

DEFINITION. We denote by i!'(A):j5!'(x) the fact that nll(y)\yEA)Çl(x). 

lEMMA 25. ~?(A)3 ~'(x) if and only if xE A. 

DEFINITION. By a star-unifcrm nbd we mean a family {~'( V(x)) \xE R} of open 

nbds of ~'(x) such that for seme a, e and for every fES(x) and gE nUCy)\y 

E Vœ(X)}, g$ Va.Cf) holds. 

LEMMA 26. If {Vœ(x)\xER) is a uniform nbd of R, tken {iJ'(V,(x))JxER) is 

a star-uniform nbd of ~'(R). 

Proof. If {U œCx)) is a uniform nbd, th en fE S(x) ar:d gE n (/(Y) \y E V œCx)} 

imply j(x) = 1, g(Va(x)) =0 and accordingly g$ VanCf). 

LEMMA 27. If {S(V(x), m)\xER) is no uniformnbd of R, then {~'(V(x)) \x ER) 

is no star-uniform nbd of ~'CR), where m= {V(y)\yER) is a family of nbds. 

Proof. For a given Ua we choose fJ E A st:.ch that U13* <Ua. Since V13(x)% S 

(V(x), m) for sorne x ER, for yE V!l(x)-S(V(x), m) we get nbds V1(x), Vz(y) ar:d 

fE ~'(R) such that V 1(x) n V 2 (y) = rp, V1(x) u Vz(y) Ç V13(x); f( V(x)) = 0, f(y) = 1. 

Moreover we get g',g",gEL'(R) such that g'(x)=I,g'(Vï(x))=O;g"(y)=O, 

g"( nCy")) = 1; g = (g' v f) 11 g". It is obvious that fEn {!(y) \y E V(x) ), gE S(x) 

and gE Va.Cf) for every e>O. Therefore {i!'(V(x))} is no star-uniform nbd. 

If we define uniform topology of i!'(R) by the uniform nbds {S(i!'(V(x)), 

W(m))JxER} for star-uniform nbds i!'(m) = {~'(V(x))}, then R and ~'(R) are 

uniformly homeomorphio from Lemmas 26, 27. 

THEOREM 5. In order that two complete unijorm spaces R 1 and R 2 are uniformly 

homeomprphic it is necessary and sufjicient that L'(R 1) and L'(R 2 )are uniformly 

isomorphic. 


