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1. Introduction

Introducing the notion of ‘classes of Abelian groups’, J-P. Serre gave in his
recent paper [7]" very useful generalizations of the classical theorems of W. Hurewicz
and of JJH.C. Whitehead. Among the same kind of these classical theorems, we find
a theorem due to S. Eilenberg and S. MacLane [4]: If Y is an arcwise connected
space with vanishing homotopy groups m (Y) for i<n and n<i<gq, then the
homotopy group mw,(Y) determines the homology groups of Y in dimensions < gq, and
partially the q-dimensional homology group of Y.

In the present note, we generalize the theorem of Eilenberg-MacLane after the
fashion of Serre. The generalizations are stated in §2 and are proved in §3. As
applications we have two theorems. We solve in §4 a special kind of homotopy type
problem, and prove in §5 a theorem by which we can obtain an information about
the homotopy groups from calculations of the Betti numbers.

Throughout this note all spaces will be assumed to be arcwise connected.

2. Statements of theorems

Let @ be a class in the sense of [7; Chap. I]. Namely @ is a non-vacuous
collection of Abelian groups satisfying the condition :
(1) 1If, in the exact sequence L —~ M -> N, the groups L and N are in @, then

M is also in @.

We further throughout this and next sections assume that @€ satisfies the conditions:
() If M is in @, then the tensor product M(Q N is in @ for any group N.
() If M is in @, then the i-dimensional homology group of M, H;(M,1)

=H;(M), is in @ for any i >0.

We call that a homomoerphism f: M- N is @-on if the cokernel N/f(M) is in

@, and that f is @-isomorphic if the kernel and the cokernel are both in @. For

two given groups M and N, if there exist a group L and two @-isomorphisms (i.e.

@-isomorphic homomorphisms) f:L—>M and g:L — N, then we call that M and

N are @-isomorphic, and write M A N. See [7] for the detailed accounts of classes.
Let us denote by K (m,7) any one of spaces X such that =, (X) =z and

7:(X) =0 for i==n. Then it is well known [4] that the singular homology groups

1) Numbers in brackets refer to the references cited at the end of the paper.
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H;(# (w,n) ; G) with coefficient group G are determined by =, # and G alone, and
are denoted by H;(mw, n; G).
We can now state the generalized theorem of Eilenberg-MacLane as follows :

THEOREM 1. Let Y be a simply connected space such that = (Y) is in @ for
i1<<nand n<i<q. Then we have

HL<Y’G)”§"(;HL(7TH(Y)van> Zf Z<(],
Hy(Y;G) /2% (Y;G) ~ Ho(ma(Y), n;G),

where > 4(Y ; G) denotes the spherical subgroup [3].
More generally we have

THEOREM 2. Let Y, Y’ be simply connected spaces such that w;(Y) and w:(Y")
are in @ for i <n and n<i<q. If m,(Y) ~ 7. (Y") and Gk@ G’, we have

H(Y; O~ H((Y';6)  if i<q,
Ho(Y;G)/3a(Y; G) =~ Ho(Y'; G/ 2a(Y'; G).

It is obvious that Theorem 2 is a direct consequence of Theorem 1 and the
following

ProposiTION 1. If M Rf,a N and Gze G’, we have

Hi(M,r;G)’&“@Hi(N,T;G')
for i =0 and r >= 2.

REMARK. If m;(Y), m(Y”) and so Hy(Y ), H;(Y’) are finitely generated for any
10, the same arguments as in [7; p.275] show that Theorem 1 and 2 hold for
any class (@ which does not necessarily satisfy (IIg) and (III).

3. Proofs of theorems

Let us denote by (E, F,B; p) or (E, F, B) a fiber space in the sense of [6;
p. 4437, where E, F, B and p designate respectively the total space, the fiber, the
base space and the projection. Then the following proposition is a direct consequence
of the homology exact sequence for (E, F) and the Theorem 1. B in [7; p. 268].

PROPOSITION 2. Let B be simply connected, and let H;(F) be in @ for 0<i<r.
Then py:H(E) —H;(B) ((<r) and px:H(E)/ixH.(F)— H.(B) induced by the
projection p are Q-isomorphisms, where iy: H.(F) — H.(E) is the injection.”

It was proved by H. Cartan and J-P. Serre [1] (see also [9]) that we can associate
with any simply connected space X a sequence of simply connected spaces X, and

continuous maps fr: Xr+;1 = X (# =1,2,--) with the following properties :

2) We denote briefly by H;(Y) in place of H; (Y; Z), where Z is the additive group of
integers.
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(i) (X4, K(w@(X),r—1), X,; fr) constitutes a fiber space.

(ii) There exists a fiber space (X', Xp+, , H(m-(X), 7)) such that X, is of the
same homotopy typz as X,..

(jii) (X)) =0 for i<r; X, =X,=X; and the composition f,0f,0 - o frm

induces an isomorphism of m;(X,) onto m;(X) for i == 7.

Proof of Theorem 1. Consider the sequence of Cartan-Serre for the space Y.
Then we have by (iii) and the assumption that

T (Yp) =mi(Y)EQ for n<li<gq,
7 (Ype) =0 for i<mn,
and hence m;(Y,+,) is in @ for any ¢ < q. Therefore it follows from the generalized
Hurewicz theorem [7; p. 271] that
Hy(Ype) €@  for 0<i<g,
¢ 7e(Yype) —> He(Y,4,) is 2 @-isomorphism,

where ¢ is the natural homomorshism. Thus the i-dimensional homology group of
the fiber in the fiber space (ii) with X =Y and »r =# is in @ for 0< i< g, and
hence we have by Proposition 2 that

Hi(Yu) =~ Hi(ma(Y), n) for i<lgq,

Ho(Yy)/)isHo(Yiar) ~ Hoy(ma(Y ), n) .

Consider the commutative diagram

(3.1)

ﬂq(YyH-l) -—4‘)’9 HQ(Yn'H)
| |

;23;; !I*
’

Y d’ A4
ml(_Yn/) —_—> HLI(Yn/) ,
then we have, since the induced homomorphism 7 is onto, that

E_fll( Yn/) - ¢’T[‘I(Yn/) = ¢/id¥nQ( Yn—H)
= iypma( Yury) C ixHo( Yn+1) ’
and so

iHo(Your) /3 0(Ya') = iscHo(Yons1) [isxpma(Yaar) .

Since {xHy(Yyay)/ixdme(Yis,) is a factor group of Hy(Y+)/¢me(Yps,) and ¢ is
@©-on, we have 14xHq(Yy4,)/>%(Y,) € @ and hence

(3.2) Ho(Ya) [ 220(Yo") = Ho(Yo) [ixHo(Ys) -

Since n.(Y) € @ for » < m, it follows from Prop. 8 in [7; p. 2717 that H;(x.(Y),
r—1)isin @ for # >>#»>>2 and {>>1. Therefore the positive dimensional homology
groups of the fiber in the fiber space (i) with X = Y are all in @. Thus it follows
from Proposition 2 that frg: Hi(Y,+,) — H;(Y,) is @-isomorphic for 2<_r < n and
i .- 0. This implies that
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(3.3) gx: H(Y,) —H{(Y, =H;(Y) is (@-isomorphic for any >0, where

g =Ff10f0 0 fam -

In general, we have

ProrosiTiON 3. If f: A-—>B is a @-isomrophism and A’ is a subgroup of A,
then f:AJA’ — B/ f(A") induced by f is also @—isomorphic.

Because the natural homomorphism f~(0) — f~1(f(A"))/A’ = Ker. F is onto, and
the Coker. f = (B/ f(A))/(f(A)]f(A)) = B/f(A).

Since g :m(Yy,) — m(Y) is onto, gx maps >4 (Y,) onto 3% (Y ). Therefore it
follows from (3.3) in virtue of Proposition 3 that

Hi(Y») A~ Hi(Y) for i<lgq,
Ho(Yn)/Xa(Ya) = Ho(Y)/ 30 (Y) .

Since Y, and Y,/ are of the same homotopy type, we obtain from (3.1), (3.2)
and (3.4)

(3.4)

H{(Y) ~ Hi(mo(Y),n) for i<q,
H (Y)Y /322 (Y) ~ Hu(mu(Y), n)

which is Theorem 1 for the integer coefficient group.
We know [7; p. 2637 that

(3.5)

ProPosITION 4. If Azé A’ and B% B, we have AR Bze A’"RB and A*B
z@ A’ B’, where x denotes the torsion product,
and it can be easily seen from the definition of > (Y ; G) [3] that

PROPOSITION 5. >q(Y; G) is the image of the inclusion homomorphism >4 (Y )
RG —>Ho(Y)RG, and so we have (Hy(Y)RG) /31 (Y;G) = (Ho(Y) /3 (Y)) RG.

Therefore Theorem 1 follows from these Propositions and (3.5) in virtue of the
universal coefficient theorem [5]

Hi(Y;G) =Hi(Y) RG+Hi-, (Y) %G,
and the proof is complete.

Proof of Proposition 1. Since M ~ N, there exist a group L and two @-
isomorphisms f; L —> M, g;L —> N. Let K be the kernel of f, and f(L) = L. Then
K¢ @ and M/L' € @, and we have two exact sequences :

(3.6), 0—> K —>L-"s L/K —>0,
(3.6), 0—> L/K L M- M/L/ —> 0,

where & is the injection, 7 is the natural factorization and f’ is a homomorphism
induced by f. Therefore there exist fiber spaces (K (L, 7), K (K, r), K (L/K,r)) and
KWL/K,r), KM/L',r—1), &K(M,r)) for any » =1, as are shown in (6.1) and
(6.2) in [8]. Since K€ @ and M/L € @, we have Hy(K,r)€ @, Hi(M/L',») € @
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for 1221 and » == 1. Hence we obtain by Proposition 2 that for i >0 and » >

3.7 Hi(L, 7) zeHz(L/K, 7,
Hi(L/K,7) ~ Hi(M, 7).

Therefore we have
Hi(L’ 7’) ké Hi(M’ 1’)

for 1220 and » == 2. By the same arguments we have
Hu(L, 7) ~ Hi(N, 1)
for 120 and » == 2, and so we obtain Proposition 1 for G =G’ =Z. From this and

Proposition 4, Proposition 1 is obvious in virtue of the universal coefficient theorem.
This completes the proof.

4. A homotopy type problem

If 7 is countable, it is obvious from the theorem in [11] that we can take
J (m, n) which is locally finite CW-complex. Let us denote by K(x, #) such a space
J(m,n). Then it follows from the obstruction theory [2,12] and a theorem of
J.H.C. Whitehead with respect to homotopy type [10] that every complex K(x, n) is
of the same homotopy type for given = and #

THEOREM 3. Let Y be a simply connected space with the following properties :

1) m, (YV), m,(Y), -, my,(Y) are finite groups such that mi,(Y) Qm,(Y) =0
for j =Rk,
i) m(Y) =0 for any i differents from l,,l,,-,ln. Then we have

H1,<Y> = E?sl Hi<ﬂlj<Y)) l]) .

Furthermore, if Y is a CW-complex then Y is of the same homotopy type as the

product complex K(my, , 1) X K(m,, [5)X -+ XK (g s Im)-
REMARK. Every space K(m,, [}) X -+ X K(my, » [m) 18 on the same homotopy
type for given groups my , - , T, and integers /o, ----- , Im. Moreover this is a

CW-complex, because it is proved in [10; p. 227] that the product of locally finite

CW-complexes is also a CW-complex®.

Proof. Let a; be a set of prime numbers p such that the p-primary component of
7,(Y) is not zero. Then it is clear from 7, (Y) Qmy(Y) =0 (j=k=k) that

4.1) ay, a;, are disjoint if j=Fk.

For 7 =1,2,---,m, let @ j(é ;) be the class of torsion groups which the p-primary

3) J. H. C. Whitehead say that he does not know if the product of CW-complexes is generally
a CW-complex.
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component is zero for p€a;(péa;)®., Then we see from (4.1) and the assumption
ii) that m(Y)€ @; if i==I;. Therefore, applying Theorem 1 with n=1[;,q =0
and G = Z, we have H,(Y) N@jHi(mJ(Y), l;) for =0 and j=1,2,--,m, and so
we have

(4.2) The p-primary component of Hy(Y) is isomorphic with that of Hi(m:,(Y), ;)
for p€ay.
Since mj(Y) € é;, we have Hf,(ﬂzj<Y>, I € @j and hence we have

(4.3) The p-primary component of Hi(mi,, l;) is not zero if and only if p€a;.
Finally let @ be the class of torsion groups whose p-primary component is zero for

péa, Ua, U - Ua,®. Then we have m(Y) € @ for i 0. Therefore it follows
from the generalized Hurewicz theorem that H;(Y) € @ for i >>0, and so we have

(4.4) The p-primary component of Hy(Y) is not zero if and only if p€a, Ua,

We see from (4.1)-(4.4) that H;(Y) is isomorphic with ""5"=1H.t(mj(Y), l;). Thus
we have the first part of Theorem 3.

To proceed the proof of the second part, we assume that Y is a CW-complex,
and we consider all homotopy classes of maps of Y into K; = K(m,(Y), /;). Let u
be the basic cohomology class of K;, and f*: HY(K;; m,(K;) > HI(Y ; m,(K;))
be the homomorphism between cohomology groups induced by a map f:Y —K;,.
Then we have from the obstruction theory [2,12]

(4.5) All homotopy classes of Y into K; are in one-to-one correspondence with
elements of H'Y(Y ; m,(Ky)) by means of the map {f} — f*u, where {f} denotes a
homotopy class containing f.

Moreover we have by the universal coefficient theorem

HY(Y; m;(K;)) ~ Hom (H,;(Y), m ;(K;)) +Ext (Hyy— (Y), m ,(K;)) .
On the other hand we have 7;(Y) € @; for ¢ </;, and hence the generalized Hurewicz
theorem implies that H;;—,(Y) € @; and ¢ : m5(Y) ~>H;_,(Y) is a (j-isomorphism.
Since mj_l(K]) € @ i, it follows from (3.1) by the well known properties of Hom
and Ext [5] that Ext (Hi;-,(Y), m,(K;)) =0 and ¢*: Hom (Hy,(Y), 7, (Kp))—>
Hom (m,(Y), m,(K;)) induced by ¢ is isomorphic. We have now the following
commutative diagram

Hom (1, (K, m0,(K) > Hom (i, (Y), m,(K;))

u]o . 2]
Hom Hy;(K;), m;(K;)) —> Hom (H,,(Y), mi,(K}))
RTe - RT@
HY(E; m,(K) — H/(Y;n,K)),

4) ey, e; and ¢ are classes satisfying (I), (IIz) and (III). (see [7, p. 265])
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where ¢* and ¢ are isomorphisms. Thus if we associate each homotopy class {f}
of Y into K; with the induced homomorphism fi:m,(Y) —>m ;(K;), we see from
(4.5) that it gives a one-to-one correspondence between all homotopy classes of Y
into K; and Hon. (7;,(Y), mj(Kj)). Therefore there exists a map %;: Y — K; such
that hj#: m;(Y) ->m,(K;) is isomorphic. Let h:Y —K xXK,x -+ XK,, be a map
defined by

h(y) =h(P)Xh(3)X -+ Xhy(y), yEY,

and consider the induced homomorphism /g : m;(Y) — my(K, XK, X -+ XxK,,). When
i is not some /;, hx is isomorphic® since m;(Y) and m;(K,xK,X --- XxK,) are both

zero. For i =/[;, consider the commutative diagram

h
71, (Y) 2> (K, X KX - XK
Ry lﬁjﬁ:
\‘ ”lj(Kj) ’

where p;(2;X2,X -+ X2,) = 2;(2; € K;) is the projection. Then hs, and p,, are
isomorphic onto, and so /. is also an isomorphism. Thus /g : m(Y) — mi(K, XK,
X -+ XK,,) is isomorphic® for every i. Since Y and K,xK,X :-- XxK,, are CW-
complexes as is noted in the above remark, it follows from a theorem of J.H.C.
Whitehead [10; p. 215] that % is a homotopy equivalence. Thus we have the second
part of Theorem 3.

REMARK i). In the above proof of the second part of Theorem 3, we did not
use Theorem 1 and 2, but we used only the generalized Hurewicz theorem. On the
other hand, we used Theorem 1 in the proof of the first part. However, as is easily
seen, we can reduce the first part from the second by making use of the result due to J.B.
Giever (On the equivalence of two singular homology theory, Ann. of Math., 51 (1950),
178-191).

REMARK ii).®> If we allow to use the results of M.M. Postnikov’?, Theorem 3

is obvious.

5. Betti numbers and homotopy groups

THEOREM 4. Let 'Y be a simply connected space such that every dimensional
homology group is finitely generated and p, >0, 0 = 0(0 < i< n), where p; denotes
the i-dimensional Betti number. Then the homotopy groups of Y are infinite for
at least two number of dimensions, if the following relation is not satisfied for some i :

5) An isomorphism, without quolification, will always mean an isomorphism onto.

6) This is a remark by Mr. Mizuno.

7) M. M. Postnikov: Determination of the homology groups of a space by means of the
homotopy invariants, Doklady Akad. Nauk SSSR. 76 (1951), 359-362; On the homotopy
type of polyhedra. ibid, 789-791. See also the paper of K. Mizuno in this journal and
the mimeographed note due to P. J. Hilton.
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(5.1) 0p = (qﬂ;”_l) if i=gqn and n is even,
:( ’Z’ ) if i=gqn and n is odd,
= 0 if i is not divided by n,

where (f) is the binomial coefficient with the convention : (’;) =0if j>k.

Proof. Assume that all dimensional homotopy groups m;(Y) are finite. Then all
dimensional homology groups are also finite, by the generalized Hurewicz theorem and
the assumption i). This contradicts the assumption i), and so there exists the smallest
integer m such that 7,(Y) is infinite. Let @, be the class of finite groups. Then,
since m;(Y) € @, for ¢ <m, it follows from the generalized Hurewicz theorem that®

H(Y)e @, for i<m,
”m(Y> "ﬂz"'me(Y) .

Therefore we have m = .
Let us now assume that 7;(Y) is finite except i =m =un, and let I' =Z+27+
--- +Z, where the number of Z is 0,. We have then m,(Y) €@, and m (K (I, n)) qer
for i ==n. Further 7,(Y) 7}'F =n (K (L', n)). Therefore it follows from Theorem
2 that®
H(Y)~ HI',n) for 120,

Cr
and hence

(5.2) Hi(Y, k) =H(I',n;k) for 120,

where k is a field of characteristic zero.

J-P. Serre proved in [6; p. 501] that the cohomology algebra H*(Z, n; k)
=2>1HYZ, n; k) is a commutative polynomial algebra or an exterior algebra generated
by one element of H"(Z, n; k) according as n is even or odd. Therefore if # is
even, H;(Z, n; k) is one or zero dimensional vector space according as # is divided
or not divided by #n. If » is odd, H,(Z, n; k) and H,(Z, n; k) is one dimensional,
and the other is zero. On the other hand, we have

6.3) HLnsk= 3 H(ZnBDQ - QH, (Zn;k
Jitee o, =i e koo
by the Kiinneth relation. From (5.2) and (5.3), we have (5.1). Therefore if the
relation (5.1) is not satisfied for some i, the homotopy groups are infinite for at

least two number of dimensions. This completes the proof.

8) €y is a class which does not satisfy (IIg). However Theorem 1 and the generalized
Hurewicz theorem hold for this class, since we have the assumption i). See Remark in §2).
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