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A group G is called to be locally !ree,1) when any finite number of elements 

generate a free subgroup in G. No element except the identity in a locally free 

group G is of finite order. Any subgroup of a locally free group is locally free . . 
Free products of Iocally free groups are also locally free. When we restrict our 

consideration to a countable locally free group G, it is easily seen that G is 

either a free group with a finite number of generators or is represented as the 

set-theoretical sum of an infinite increasing sequence of free groups, each of 

which has a finite number of generators. 

If any finite subset of G can be embeded in free subgroups, which are gene­

rated by r elements, where r is a positive integer, the least such integer r is 

called the rank of G. If there exists no such -~nteger, the rank of G is said to be 

infinite. The rank of a free group is identical with the number of its free 

generators. 

Locally free groups of r~nk 1 are clearly abelian and they are nothing but 

torsionlree abelt'an groups of rank 1, or locally cyclic groups. They are called 

rational groups, because they are isomorphic to subgroups of the additive group 

of ali rational numbers. The structure of them are quite well known. 

In a previous n6.te2) we studied sorne conditions for a countable locally free 

group to be exactly free, that is, to be a free product of infinite cyclic subgroups, 

and saw that a locally free group of finite rank can not be free, except the trival 

case when it is generated by a finite number of elements. · 

The pœ·pose of this paper is to Etudy the class of countable locally free groups 

of finite rank, which are decomposed into free products of subgroups of rank 1. 

W e shall cali such groups to be complete! y reducib!e. 

~ 2 is devoted to the studies on the partitions3 ) of locally free groups and on 

subgroups of rank 1 in them, in ~ 3 we define primzïivity for locally free gioups 

of finite rank and state sorne fundamental properties in primitive locally free 

groups, and in ~ 4 is proved the main theorem, that the primitivity is necessary 

1) Cf. A. Kurosch [6]. Numbers in brackets refer to the bibliography at the end of the 
paper. 

2) Cf. M. Takahasi, (11). 
3) Cf. M. Takahasi, [10], a!so P. G. Kontorovitch, [2]. 
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and sufficient for a countable locally free group of fmite rank to be completely 

reducible. 

ln § 5 we remark on the system of invariants. Finally § 6 is devoted to the 

remarks on P-Prz'mz'tive locally free groups. 

§ 2. Partitions of locally free groups and their subgroups of rank 1. 

In this section the rank of locally free groups conside:red need not be finite. 

A partition of a group G is defined, in general, to be a system {SA:} of sub­

groups of G such that every element except the identity of G is contained in one 

and only one component S~r-. Partitions of G consisting at le;:;st two com­

ponents are called to be proper. If every component of the partition {S~r-} of G 

is a rational group, the partition is called to be complete. 

TREORElM Locally free groups have the complete partition. 

This fact was already given by P. Kantorovitch, in (2). And we shall omitt 

the details of the proof, but it will be noted here that, for any element x of the 

group, the maximal subgroup M, of rank 1, which co.ntains x, is determined 

uniquely and these maximal subgroups of rank 1 are the components of the parti­

tion. The component M., containing the given element x is defined also to be the 

subset of the group, which consists of all the elements y such that yn=xm holds, 

where n and m are some rational integers. Renee the companents M., is non­

extensible, that is, y" E M., (n is an integer) implies alway y E M,. 

Accordingly, if the rank of a locally free group G is more than 1, G bas the 

proper complete partition and any subgroup of ra'nk 1 is contained e:ntirely in 

sorne one and only one of these camponents. Renee the complete partion of G is 
uniquely determined. 

* Next we consider complete! y reducible Jccally free groups. Let G= HAT be 

one of its free product decompositiom:, where all Ar are of rank 1. Such a de­

composition will be called a complete !ree product decomposition. 

According to the results due to F. Levi and R. Baer4 l, which follow from the 

subgroup-theorem5 ) in free products of groups, we see that, in any two such 

complete free product decompositions of G, any non cyclic factor of one is conju­

gate to one and only one such factor of the other and the numbers of infinite 

cyclic factors in both decompositions are the same. Therefore the free factors of 

rank 1 in complete free pmduct decompositions of G are determined uniquely 

to within isomorphisms. 

Conversely, if G and G' are two completely reducible locally free groups whose 

free factors correspond one-to-one and the corresponding factors are isomorphic 

to each ether, it is obvious that G and G' are isomorphic. 

4) Cf. F. Levi and R. Baer, L7J. 
5) Cf. F. Levi and R. Baer, (7], and M. Takahasi, (9]. 
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On the other band, in the complete partition of a completely reducible locally 
* free group G=IIAr, the free factors A-r and a11 their conjugate subgroups appear 

among the components and the other components besides them are all infinite 

cyclic subgroups. 6 ) 

Renee the system of non cyclic free factors in a complete free product decom· 

posiUon of a comp!etely reducible locally free group G is given, to withz"n iso· 

morphisms, by a complete system of non cyclic maximal rational subgroups of G, 

any two of which are not conjugate. 

To characterize rational groups we shall use the. notions of characteristics and 

overtypes. 7) 

The set u. of natural numbers is called the chm·acteristic, if 

1) m 1 n and nE u. imply mE a , and 

2) n, mE a always implies that the least common multiple of n and m belongs 

also to u.. 

The characteristics u. and {3 are equivalent, if there exist two natural numbers 

n and m such that, for any a E a. and any bE /3, we may find numbers n'! n and 

1n'! m, for which n' a=m'b holds. This equivalence relation is reflexive, symmetric 

and transitive, so that ali characteristics can be arranged into classes of equivalent. 

These classes are called overtypes. 

The natural number n is called a diviser of the element x of the locally free 

group G, when there exists such an element y E G that y" =x. 

It is evident that such an el.:':ment y that yn=x lies always in the component 

M., containing x. 
The set of all diviso.rs of x is a characteristic, and wi11 be denoted by X(x). 

The overtype containing X(x) is called the overtype of x and is denoted by a(x). 

It is obvious that any two elements x and y, which are contained in the same 

component of G, have the same overtypes a(x)=a(y ), bence we may define the 

overtype a(M,) of the component llf., by the overtype a(:x). If M., is an infinite 

cyclic subgroup, then a(M,)=l. 

Two components M., and My are isomorphic, as rational groups, if and only 

if a(M,)=a(My) holds. 

According to the considerations above, we see tb.at a comp!etely reducib!e 

locally free group G is characterized, to wzïhin isomorphisms, by the overtypes 

of the complete system of non cyclic maximal rational subgroups of G, an.y two 

of which are not conjugale, and by the rank of G. 

~ 3. Primitive locally free groups. 

Throughout the following, the group G is m:sumcd tn be a countable loc-ally 

6) Cf. M. Takahasi, [lO). 
7) Cf. E. Liapin, (8), or R.Baer, [1). 
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free group of finite rank n. 
A free subgroup H of rank n in G is called to be a basic subgroup of G, 

when, for any free subgroup K of rank n which contains H, there exists a suitable 

free genera tor system ar, ... , an of K such that a~l, . .. , a:Zn are contained in H 

for sorne positive integers mr, ... , mn. 

According to the subgroup-theorem8), we can conclude then tlmt there exüot a 

free genera tor system a1, ... , a.,. of K and positive integers m 11 ••• , mn such that 

* * K=II(at) and H=IICa;nt) 

hold. Here the integer mt is ~bviously the lf:ast positive integer such that a:12 i EH. 

First, we can prove easily that 

any !ree subgroup H' of rank n which contains a basic subgroup H is also a 

basic subgroup, 

Let K be a free subgroup of rank n, which contains H', then H CH' CK. 

Since H is a basic subgroup, there exists a free genera tor system a11 ... , an of K such 

that 

1 1 

Applying the subgroup-theorem to H', we see tha t ( a~t) * · · · * ( a:Zn) is a free 
' fractor of H', where mt is a divisor of mt, i =l, ... , n. Since the rank of H' is 

* ' n, H' must be identical with II(a111 t ). Therefore H' is also a basic subgroup. 

Let H be a basic subgroup of G and K be a free subgroup of rank n which 

contains H. If we take a free generator system a1, az, .. .",a.,. of K such that 

* * K=II(at) and H=II(a~1 i) 

hold, the system of n positive integers m1, m2, ... , mn is determined uniquely cmly 

by H and K and is independent on the choice of free generator system a1 , ... , a.,. 
of K. 

For, if we denote by H the normal subgroup of K generated by H in K, K/H 

is a free product of the form 

Ca1) * Caz) * · · · *Ca.,.) , 
where (iit) is a cyclic group of arder m;. Therefore, the system of m1. ... , mn is 

dependent only on the structure of K/H, which is determined only by the groups 

H and K. 

The system of n positive integers m1, ... , m.,. will be called the index set of 

H with respect to K. 

DEFINITION. If a locally free group G of rank n contains in it at least one 

basic subgroup H, G will be called to be primitive. 

Let G be a primitive locally free group of rank n and H be one of its 

8) Cf. (7) and [9). 
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basic subgroups. For any free subgroup K of rank n containing H, we shall 

denote by s(H, K) the number of rn; not equal to 1 in the index set of H with 

respect to K. 

Obviously s(H, K) is either 0 or is a positive integer equal to or less than n. 

Renee there exists the maximum value of s(H, K), which we shall denote by 

s(H). Again, 
o::;:s(H)~. 

If Hc:;,K~L, where K and L are both free subgroups of rank n, K is also a 

basic subgroup and we shall see that 

s(H, K)~s(H, L) and s(K, L)-::;s(H, L). 

For, as before, 
* * x. / 

L=II(a,)2K2H=II(a;n') implies K=Ù(a~1 ), 

where rn; is a divisor of rn;: m;=m;m;1
, i=l, 2, ... , n. 

The index set of H with respect to L, is m 1, •.. , mn while that of H with 
1 1 Il Il 

respect to K and that of K with respect to L. are m1, ... , m .. and m1 , •.. , mn 
respectively. 

Here m;cf=l or m;1o=f=l implies m;=Fl, bence the inequalities hold. 

Particularly, if s(H, K)=s(H), then s(H, L)=s(H). 

Among all the basic subgroups of G, we can find one, say H, such that s(H) 

is minimum. 

Such a basic subgronp we shaH call a principal subgroup, and this minimum 

value r of s(H), which is determined only by the group G itself, will be denoted 

by r(G) and called the reduced rank of G. 

Now, for any two basic snbgroups HCK, we tàke free snbgronps Land M 

of rank n respectively, such that 

HÇL, K~M and s(fl, L)=s(H), s(K, M)=s(K). 

Then there exists a free subgroup N of rank n which contains both L and M, 

because G is a locally; free group of rank n. As seen just above, since H~LÇN 

and Hc;;Kc:;,Mc:;,N, the inequalities 

hold and 

Therefore 

s(K,M)::;:s(K,N)~s(H,N), 

s(H, L)=s(H), Lç;,N imply s(H, N)=s(H). 

s(K)<s(H). 

From this inequality we have: 

Il H is a principal subgroup of G, then any free subgroup K of rank n, 

which contains H, is also a principal subgroup. 

Now we shall prove a following lemma which will be used in the proof of 

the main theorem in the next section. 
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LEMMA. Let F be a free group of rank n and H be a subgroup ofF such that 

H=IT(a":t), for a suitably chosen free generator system a1o ... , an ofF. Then an 

element ~ ofF, which does not belong to H but whose power ~· is contained in 

H, is necessarily of the form ~=ha)h-I, where hE H and t is a rational integer 

which is not a multiple of m1. 

Prao!. Let 

be the normal form of ~ with respect to the free generatcr system a1, ... , an of 

F, and assume that 

but 

or 

ai1 =ai,,• aiz =ai}-l' ··· • aip-1 =ai}-?+2 • 

El+ E;>. =ez+ EÀ-1 = ···=Ep-1 + EÀ-P+z=Ü, 

aip~ai,_-P+I • 

aip =ai),-P+l, Ep+eÀ-P+I=i=O. 

Obviously p-l<[À:lJ. since otherwise x must be equal to the identity. 

Putting 

and 

we can write 

Th en 

Er E2 Ep-I 
u=a. a. ···a. 

z1 tz zp-1 

Ep EÀ-P+l v=a. ···a. , 
lp Z). -P+l 

x=uvu- 1. 

x"=uv•u- 1. 
* m If x• be longs to H =II( ai t) , x• is represented in an irreducible word with 

respect to a711 , ••• , a::_zn. And this representation of r must be, at the same time, 

the normal form in F with respect to a1, ... , an. Therefore it can be concluded 

that uEH and v" EH. 

According to the assumption that x does not belong to H, v does not belong to 

H also, and if v contains more than two different genera tors in a1, ... , an, then the 

power v• can not belong to H. Renee v must be of the form aj and t is not a 

multiple of mJ. but st is divisible by m;. 

~ 4. Main Theorem. 

Retum to the countable primitive locally free group G of rank n and of 

reduced rank r, and represent it as the set-theoretical sum of an increasing 

sequence of free subgroups H 1 of rank n : 

G=UHJ, 

where H1CHzc;; ... ÇH/;;:, .... 

According to the primitivity of G, we may assume here that every H; is a 

principal subgroup,9l and that 

9) If we take a principal subgroup for Hr. then every HJ is also a principal subgroup. 
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s(l-h Hz)=s(H1)=r(G) 

holds. Then there can be chosen the free genera tor system aJl, ... , aJn of H1 

respectively such that 

and m 11 , ... , m1r are not equal to 1, but the other (n--r) members m;r+l, ... , m;n, 

if exist, are all 1. 

and 

Th en 
H,;=(aJl )*···*(aJr )*(a;r+I)*- .. *(aJ,) 

Hz=Ca21 )*···*(azr )*(azr+I)*···*(az,) 

Hr=(a~11 ) * ··· * Ca7:/) *(aJr+r) * ··· * (aJn) 

=(a~~21 ) * ··· * (a~2 r) ~<azr+l) * ··· * (az,). 

According to the subgroup-theorem, we see that 
1 1 

Hz=(a~~J 1)* ··· *(a;~J'")*(a1r+l)* ··· *(a1,.), 

where m;k is a divisor of m 1k for k=l, 2, ... , r. 

If mj~.;=m11, holds, then s(Hr, H2 )-s:r-1. This contradicts to the assumption 

that s(Hr. Hz)=r(G)=r. 

Now 

m;1c=\=m;k, k=l, 2, ... , r. 
1 Il 

Therefore the element a;~.;=a~Jk of H2 does not belong to Hr but a~JkEH, where 
1 Il 

m1k=mJI,m1~.;. According to the ]emma in the previous section, we can conclude 

that, for sorne l, 1 -s::: l ;-; r, 

where h~c E H 1 and t Jk is an integer not divisible by mu. 

Then the elements a1~c and h~ca21 hi; 1 must belong to the same component of the 

complete partion of H 1• Accordingly there must exist an'element b1k in H 1 such 

that 

where x and y are rational integers and given by 

t;k=x(ilk• m;~c), m;~c=y(tJk• m;k) 

for the greatest common divisor (t.lk• m;k) of t 11c and m;k. 

But since any proper power of any element in the free group H 1 can not be 

equal to the a1"" one of the members of a free genera tor system of H 1, x must 

be equal to 1, bence m;k=y·t1k and h1cauhi 1 =a~1c· 
Still more, we can see that y=m;k, because m;k is the least po.sitive integer 

1 

such that a'J!1k E Hz and a~1c E H2. 

After all, we have that, to every a1k, k=l, ... , r, there exists one au, l<l,>r such 
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that 

holds. 

Two different a1~c and a1, can not correspond to the same au in this manner. 
1 1 

Otherwise, amJk and amin must be conjugate, and this can not occur, because a11c 
jlc }" 

and a1, are two elements from one and the same free generator system of HJ. 

Similarly two different a21 and a2m can not be corresponded to the same a,~c in the 

same manner, because otherwise au and a2m must be conjugate with respect to 

H1(CH2 ) and this can not be the case by the same reason as above. 

Denote by H~ the subgroup generated by ali the elements 

hï; 1a1~chk (k=1, 2, ... , r) and a2r+1o ... , a2n, 

then obviously H~ÇH1 . Conversely holds 

H;-:_:; H 1 • 

Because H; contains h;, 1a1~ch~c, k=1,2, ... ,r, bence it contains (h;; 1a1"h.,ynS~c 
=a21 ,l=1,2, ... ,r, and a2r+1 , ... ,a2n also, therefore H~2H2~H1. 

Since h1o ... , hr E H 1 , 

a1k EH~ for k=1, 2, ... , r. 

The other a1 r+ 1 , ••• , a1n ate, of course, contained in H 2 bence also in l-J; . 

Thus we have, rearranging the suffices, 

where 

and 

HJ=(bJl) * ... * (bJr) *(b}r+l) * ... *(bJn), 
1 

b -h- 1 h bmik- k-1 2 ;~c- ~caJkk• Jk -a2k•-, , ... ,r, 
b;n=a2,., h=r+ 1, ... , n. 

Starting from the given free generator system a11 , ... , a1n of H;, we have 

succeeded in constructing a new free genera tor system b11. ... , b1n of H1, the 

powers of whose membe.\"s are equal ta a21, ... , a2n respectively. 

Now we consider the subgroup R, generated by all the elements b1t, j=3, 4, 5, .... 
This subgroup Rt is obviously of rank 1, because every b1, is contained in the 

same component of the complete partition of G, which contains a2i. And the 

group G is generated by all these Rt, i=1, ... , n. 

Moreover if we take a finite number of elements from one of thc.se Rt, these 

elements belong at least to sorne one of the free factors (b11), ... , (b1n) of sorne 

one H 1. Renee there exists no non-trivial relation between elements of these Rt. 

Therefore G is the free product of all these Rt. Naturally among these Rt, 

R1, R2, ... , Rr 

are non cyclic subgroups, but the other 

are all infinite cyclic subgroups. 
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Thus we have : 

Any countable Primitive locally free group of rank n and of reduced rank 

r is complete/y reducible and is decomposed into a free product of r non cyclic 

subgroups of rank 1 and n-r infinzïe cyclic subgroups. 

Conversely let 

where 
Rk, 1 <k<r, 

is a non cyclic locally free group of rank 1, and 

(c,.), r + 1 ~h ~n, 

is an infinite cyclic group respectively. 

Then it is easy ta prove that G is countable and is a primitive locally free 

group of rank n and of reduced rank r. 

Any finite number of elements in R~< are contained obviously in a cyclic 

subgroup (bk) of R1c, since R1c is of rank 1. Renee any finite number of elements 

in G can be embeded in a free subgroup H of the form 

H=(b1)*'" *(br)*(Cr+l)*'" *(Cn), 

which is of rank n. And it is almost evident that n is the least such integer. 

Therefore G is a locally free group of rank n. Each (c,.) is a maximal cyclic 

subgroup, bence any subgroup H of the form 

H=(bl)*'" *(br)*(Cr+I)*·" *(c,.), 

where bk E Rb k=1, ... , r, 

is a principal subgroup and r(G)=s(H)=r. 

Thus we have the following main 

THEOREM. A countable locally free group G of finite rank is completely 

reducible i!, and on! y i!, it is primitive. 

The reduced rank r of G is the number of non cyclic free factors of z'ts 

complete free product decomposition. 

~ 5. System of invariants. 

Let G be a countable primitive locally free group of rank n and of reduced 

rank r. The integers n and r are, of course, invariants of G. The group G is 

decomposed into a free product of the form 

G=R1 * ... *Rr*(cr+I) * ... *(c,). 

According to the investigations in ~ 2, the group G is characterized, to within 

isomorphisms, by the overtypes of the factors 

R1. ... , Rr, and (cr+I), ... , (en). 

Among these overtypes, the last n-r are, of course, equal to 1 but the first r 

are not equal ta 1, since R1, ... , Rr are non cyclic. 

Here 
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can be obtained directly from the group G, independently on its free product 

decomposition, as follows. 

ln the (unique) complete partition G=~S~r of G, we can take just r components 

which are non cyclic and not conjugate to each other. Then there exists always a 

free product decomposition of G with t' factors isomorphic to tqese r components 

and n- r infinite cyclic factors. Th us the group G is determined completely by 

the numbers n and r and the overtypes a1, ... , a,. of such components, that is, by 

the system of overtype·s : 
a1, a2, ... , a~, 1, ... , 1. 

~ 6. p-primitive locally free groups of finite rank. 

Finally we shall consider the special class of p-primitive groups. 

DEFINITION. For a prime number p, we shall call a free subgroup H of 

rank n in a locally free group G of rank n to be a p-basic subgroup, when any 

free subgroup K of rank n, containing H, has a free generator system ah ... , a,. 

such that there exists n non-negative integers e1, ... , en, and powers of P: pel, ... , pen, 
for which 

pei 
ar EH, i=l,2, ... ,n, 

hold. 

Ana logously as in ~ 3, we can prove : 

Any free subgroup of rank n containing a p-basic subgroup H is also a 

p-basic subgroup. 

If H is a p-basic subgroup and K is a free subgroup of rank n, which con­

tains H, the index set of H with respect to K consists of n powers of p, sorne of 

which may be equal to 1. 

DEFINITION. A locally free group G of rank n will be called p-primitive, 

when G has at ]east one P-basic subgroup. 

Now we have 

THEOREM. If p and q are two different prime numbers and if G is P­
primitive and, at the same time, q-primitive, then G is a free group of rank n. 

Proof Let H and K be a p-basic subgroup and a q-basic subgroup of G 

respective1y. We can take a free subgroup L of rank n, which contains both H 

and K, because HUK is of finite rank and G is of rank n. Then L is also a 

P-basic subgroup and, at the same time, a q-basic subgroup. 

Now take any element x of G. There exists a free subgroup M of rank n 
such that xE M and L~M. The index set of L with respect to M is 
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and, at the same time, 

Sinee p~q, all those powers must be equal to 1. That is, M =L. 

Renee any element x( E G) must belong to L, and 

G=L. 
Aecording to this theorem, 

if G is P-Primitive, the prime n.umber p is uniquely determined. 

11 

Renee this prime number p will be ealled the characten'stic of the group G. 

p-principal subgroups and p-reduced rank of a p-primitive loeally free group 

of rank n will be defined in the quite same manner as in ~ 3. 

p-primitive loeally free gtoups of rank 1 are either infinite eydic or are all 

immorphic to the additive group generated by the rational numbers 

1 
pP 

This group will be denoted by R 1,. 

i = 1,2, .... 

Then we have, quite analogously as in ~~ 3-4, 

TREOREM. A countable locally free group G of rank n is decomposed into 

a free product of r subgroups isomorphic to RP and n-r infinite cyclic sub­

groups, if, and only if, G is p-primitive and of reduced rank r. 

TREOREM. A P-Primitz"ve locally free group of finzïe rank z's completely 

characterized by three integers, namely, by the characteristic p, the rank n, and 

the reduced rank r. 
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